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Abstract

This survey investigates some developments in the second-order characterization of
generalized convex functions using the coderivative of subdifferential mapping. More
precisely, it presents the second-order characterization for quasiconvex, pseudoconvex
and invex functions. Furthermore, it gives some applications of the second-order
subdifferentials in optimization problems such as constrained and unconstrained

nonlinear programming.
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Introduction

Second-order subdifferentials and their application in
the optimization and characterization of various kinds of
convexity have attracted the attention of the literature. It
is well known that the second-order differential of a twice
continuously differentiable function g:R"™ - R is
convex if and only if V2g (its Hessian matrix) is positive
semidefinite and g is strictly convex when Vg is
positive definite everywhere.

This result is true even in normed spaces:

Theorem 1.1 (Flett, 1980) Let X be a real normed
space and let g: X — R be a twice Fréchet differentiable
function, then g is convex if and only if d?g(x)(y)? = 0
forall x,y € X.

Convex functions and their generalizations have
many applications in optimization, economy, control
theory and several other sciences; thus the

Regular second-order

characterization of convex functions is fundamental and
useful. We know that when a C? function g: R® -» R
attains its minimum at X, its Hessian is positive
semidefinite and conversely, the positive definiteness of
its Hessian is sufficient for g to reach its minimum at x
when (Vg)(x) = 0. Indeed the strict local convexity of g
guaranteed by positive definiteness of V2g(x). Some
authors have studied the characterization of convex
functions and their generalizations by their
subdifferentials. Also, the second-order optimality
conditions have received much attention in optimization
theory, in recent years; see (1,2,3) for example.

Theorem 1.2 (4, Rockafellar 1970) The maximal
monotonicity of Fréchet subdifferential of a lower
semicontinuous function is a necessary and sufficient
condition for its convexity.

Characterization of generalized convex functions by
second-order subdifferentials can be more useful,
especially in optimization.
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Second-order characterization of convex functions by
generalized second-order directional derivatives have
studied by some authors.

The upper Dini-directional derivative of g at x € X
in direction v € X is defined as an element of R by

gi(xv) = limsup 1 (g(x + tv) — g(x)). (1

The second-order upper Dini-directional derivative
of g at x € X in direction v € X for which g', (x; v) is
defined by

g, (x;v) = limlsup 2t72(g(x+ tv) —g(x) —

tlo
tg'+ (% V). 2

In the case of an infinite g', (x; v), the derivative

4. (x; v) will not be considered.

Theorem 1.3 (5, Ginchev and Ivanov 2003) Let
g:X - Rbe u.s.c. Then gis convex on X if and only if
the following Conditions (C;) and (C,) hold for each
X, u € X:

C)g+(xv)+g(x—v) =0,

if the expression on the left-hand side has the
sense
(€85 +EL (61 =0,
g,(x;u) = 0.

implies  that

Example 1.1 The function g(x) = —|x|,x € R,
satisfies the equality g, (x;v) = 0 for all x,v € R. It is
continuous, but not convex. Obviously, g',(x;v) +

g —v) =-2.

Example 1.2 The function g: R — R defined as
g(x) = {XZ, if x is rational ;
0, otherwise

satisfies conditions (C;) and (C,), but g is not
convex. This function is not u.s.c.

Some other authors used the second-order Fréchet
(Second-order regular subdifferentials) and
Mordukhovich (limiting) subdifferentials defined by the
coderivative of the subdifferential mappings. See (6,7)
for the following definitions and more details.

Let X be a Banach space endowed with a norm ||. ||
, X ™ its dual space, X** its second dual space and (., .) be
the dual pairing between X and X*. For a set-valued
mapping T: X 3 Y between Banach spaces, we define
the effective domain and the graph of T by

domT = {x € X:T(x) # 0}, gphT ={(xy)
eEXXY:yeTx)}

The sequential Painlevé-Kuratowski upper limit of T
at x in the topology of Y is defined by

limsup,_T(x) = {y € Y:3 sequences x;, —

X,y =y withy, € T(xy), Vk =
1,2,...}
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Given € 2 0 and Q S X, the € — normals to Q at
X € cl(Q) is defined by
(x*

Ne(xQ):={x"€X .llr)r{lgs;p TEE

where the symbol x 2 X means that x - X with x €
Q. When ¢ = 0, the set Ny (%, ) = N(%, Q) is named the
prenormal cone or Fréchet normal to () at X.

The limiting or Mordukhovich normal cone to () at X
is

N(X; Q): = limsupN,(x; ),
x-X,el0

where the sequential Painlevé-Kuratowski upper
limit is taking in the weak™ topology of X*. When X is
an Asplund Banach space and Q is closed, we can put
e=0.

Definition 1.1 (6) The Fréchet or regular coderivative
of T at (X,¥) is
D'TE NG = {x" eX: (X", —y")
€N((%¥),gph T)} vy* € Y".
The limiting or Mordukhovich coderivative of T at
& y)is
D'TE PG = X" €X": (x',—y")
. EN(®¥),gphT)} Vy* €Y".
ie.,
D'TE (") = {x" € X": g 1 0, (xi, y10)
with (X, —yi) € Ne, (X yi), gph T) as k — oo}

Definition 1.2 (6) The mixed coderivative of T at
&y is
DMTE P = {x* € X" 3 4 0, (X Yio Vid)
> &7,y).x - X’
with (xj, —y7) € N, (0710, gph T) as k — o).

Definition 1.3 (6) A single-valued mapping g: X - Y
is said to be strictly differentiable at X if there is a linear
continuous operator Vg(x): X — Y such that

i 8% 8w — (Ve®),u = x) _

U,x-% Ix—ull

0.

When g is single-valued and strictly differentiable at
X or continuously differentiable around x, with the
adjoint operator Vg(x)*:Y* — X*, we have
D*g®)(y") = D'g®)(y") = {Vg(X)'y"} forally” €
Y™
Let g X > R =[—o0,+] be an extended real-
valued function. We define
domg = {x € X: [§()]| < o0} and epi(g) = {(x, W)
€EXXR):p=gx)}
The Fréchet subdifferential or presubdifferential of g
at X € dom g is defined by
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dg(®) = {x X" (x',~1) € N((%, g(®)), epi £)}

and the basic or Mordukhovich limiting
subdifferential is defined by

0g(%) = {x" € X": (", ~1) € N((% (X)), epi £)}.

For X ¢ dom f, we put dg(x) = dg(x) = @. Also,
g is said to be lower regular at ¥ if dg (%) = dg(%).

Definition 1.4 (6) Let g: X — R be a function and its
value at X is finite,
(i) For any y € dg(X), the mapping 8%g(%,): X** =3
X* with the values
9’gXY)(v) = (D" 9g) (X, F)(V), (v € X™),
is called the limiting or Mordukhovich second-order
subdifferential of g at X relative to y.
(i) For any § € 0g(X), the mapping 9%g(X, §): X** =
X* with the values
0%g(x,y)(v) = (D" 9g) (X, 9)(v), (v € X™),
is called the Fréchet second-order subdifferential of g
at X relative to y.
(iii) For any ¥E€dg®),
0%g(x,¥): X** = X* with the values
0’gXY)(v) = (D" 9g) X, F)(V), (v EX™),
is called the Combined second-order subdifferential
of g at X relative to y.
(iv) For any yedgx) ,
0%8(X, ¥): X** 3 X* with the values
8% 7)(V) = (Di 09X T)(V), (v E X™),
is called the mixed second-order subdifferential of g
at X relative to y. When the function g is C? around X and
v € X**, we have
82g(0)(v) = 028D (v) = Bg®(V) = IR ()
= {(V’g(®)'v},
where (V2g(X))* is the adjoint operator of the
Hessian V2g(X).

the  mapping

the  mapping

Definition 1.5 (PSD) holds for g:X — R, in the
Fréchet sense, when (z,v) = 0 forevery v € X* and z €
9%g(x,y)(v) with (x,y) € gph dg.

When (z,v) > 0 whenever v # 0, (PD) holds in the
Fréchet sense for g.

Also, (PSD) holds in the limiting sense, when (z, v) >
0 for every v € X** and z € 9%g(x,y)(v) with (x,y) €
gphog.

When (z, v) > 0 whenever v # 0, (PD) holds in the
limiting sense for g.

Chieu and Huy considered these cases and extended
those results for the class of C! functions g: X - R,
where X is a Hilbert space or an Asplund space.

Theorem 1.4 (8, Chieu, Huy 2011) Let g: X - Rbe a
C! function and X be an Asplund space. Then g is convex
if the following condition holds:
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(z,v) = 0 forall v € X**,z € 9%g(x,y) (v)with (x,y)
€ gph dg.

Results

Definition 2.1 A proper subdifferentials and their
application in the optimization and characterization of
various kinds of convexity have attracted the attention of
the literature. It is well known that the second-order
differential of a twice continuously differentiable
function g: R™ - R is convex if and only if V2g (its
Hessian matrix) is positive semidefinite and g is strictly
convex when V2g is positive definite everywhere.

This result is true even in normed spaces:

Theorem 1.1 (Flett, 1980) Let X be a real normed
space and let g: X — R be a twice Fréchet differentiable
function, then g is convex if and only if d?g(x)(y)? = 0
forall x,y € X.

Convex functions and their generalizations have
many applications in optimization, economy, control
theory and several other sciences; thus the
characterization of convex functions is fundamental and
useful. We know that when a C? function g: R" » R
attains its minimum at x, its Hessian is positive
semidefinite and conversely, the positive definiteness of
its Hessian is sufficient for g to reach its minimum at x
when (Vg)(x) = 0. Indeed the strict local convexity of g
guaranteed by positive definiteness of V2g(x). Some
authors have studied the characterization of convex
functions and their generalizations by their
subdifferentials. Also, the second-order optimality
conditions have received much attention in optimization
theory, in recent years; see (1,2,3) for example.

Theorem 1.2 (4, Rockafellar 1970) The maximal
monotonicity of Fréchet subdifferential of a lower
semicontinuous function is a necessary and sufficient
condition for its convexity.

Characterization of generalized convex functions by
second-order subdifferentials can be more useful,
especially in optimization.

Second-order characterization of convex functions by
generalized second-order directional derivatives have
studied by some authors.

The upper Dini-directional derivative of g at x € X
in direction v € X is defined as an element of R by

g.(xv) = limsup t (g(x + tv) — g(x)). (1

The second-order upper Dini-directional derivative
of g at x € X in direction v € X for which g', (x; v) is
defined by

g (xv) = limlsup 2t2(g(x + tv) — g(x) —

tlo
tg'+ (x; V). 2
In the case of an infinite g', (x;v), the derivative
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g (x; v) will not be considered.

Theorem 1.3 (5, Ginchev and Ivanov 2003) Let
g:X = Rbe us.c. Then gis convex on X if and only if
the following Conditions (C;) and (C;) hold for each
X,u € X:

Cg+xv) +g+(x-v) =0,

if the expression on the left-hand side has the
sense
(€8 V) +EL () =0,
g.(x;u) = 0.

implies  that

Example 1.1 The function g(x) = —|x|,x € R,
satisfies the equality g (x;v) = 0 for all x,v € R. It is
continuous, but not convex. Obviously, g’ (x;v) +

g+(x—v) = -2

Example 1.2 The function g: R — R defined as
g(x) = {xz, if x is rational ;
0, otherwise
satisfies conditions (C;) and (C,), but g is not
convex. This function is not u.s.c.

Some other authors used the second-order Fréchet
(Second-order regular subdifferentials) and
Mordukhovich (limiting) subdifferentials defined by the
coderivative of the subdifferential mappings. See (6,7)
for the following definitions and more details.

Let X be a Banach space endowed with a norm ||. ||
,X* its dual space, X** its second dual space and (., .) be
the dual pairing between X and X*. For a set-valued
mapping T: X 3 Y between Banach spaces, we define
the effective domain and the graph of T by

domT ={x € X:T(x) # @}, gphT ={(x,y)

EXXY:yeT()}

The sequential Painlevé-Kuratowski upper limit of T
at x in the topology of Y is defined by

limsup,_zT (x) = {y € Y:3 sequences x;, —

X,y —y withy, € T(xy), Vk =
12,...}

Given € > 0 and Q € X, the € —normals to Q at

X € cl(Q) is defined by
(x*,x — X)

N.(%; Q): = {x* € X*:1i —<
X Q)= {x msup S

&},
o X—X
where the symbol x — X means that x — X with x €
Q. When ¢ = 0, the set Ny (%, Q) = N(%, Q) is named the
prenormal cone or Fréchet normal to () at X.
The limiting or Mordukhovich normal cone to ) at X
is
N(X; Q): = limsupN,(x; ),
x-X,el0
where the sequential Painlevé-Kuratowski upper
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limit is taking in the weak™ topology of X*. When X is
an Asplund Banach space and Q is closed, we can put
e=0.

Definition 1.1 (6) The Fréchet or regular coderivative
of T at (X,y) is
DTENEY) = {x" € X (x',—y")
€ N((X¥),gph T)} Vy* € Y™
The limiting or Mordukhovich coderivative of T at
&) is
D'TE YY) = {x" € X" (x",—y")
4 € N((X,¥),gph T)} Vy* € Y™
ie.,
DTE YY) = {x" € X3 4 0, (X Y1)
w
2 ED ey = &y
with (X, —yi) € Ne, (X, yi), gph T) as k — oo}

Definition 1.2 (6) The mixed coderivative of T at
&y is
DHTE ") = (x° € X 3y L 0, (540 o i)
> (& T,y X o X
with (xj, =) € Ney ((xio 10, gph T) as k — oo},

Definition 1.3 (6) A single-valued mapping g: X —» Y
is said to be strictly differentiable at ¥ if there is a linear
continuous operator Vg (x): X = Y such that

90— 9w — (Vg u—x) _

) 0.
ux—- X Fx—ull

When g is single-valued and strictly differentiable at
X or continuously differentiable around Xx , with the
adjoint operator Vg(x)*:Y* — X*, we have
D*g(®)(y") = D*"g(x)(y") = {Vg(x)"y"} forall y*
EY™
Let g:X > R =[—o,+m] be an extended real-
valued function. We define
domg = {x € X:|g(x)| < %} and epi(g) = {(x, 1)
EAXxR):u=gx)}
The Fréchet subdifferential or presubdifferential of g
at X € dom g is defined by
dg(x) = {x" € X": (x*,—1) € N((%, g(%)), epi 9)}
and the basic or Mordukhovich limiting
subdifferential is defined by
dg(x) = {x" € X: (x",—1) € N((%, f (X)), epi g)}-
For X € dom f, we put dg(x) = dg(x) = @. Also,
g is said to be lower regular at ¥ if dg (%) = dg(%).

Definition 1.4 (6) Let g: X — R be a function and its
value at X is finite,

(i) For any ¥y €adg(x)
0%g(x,y): X™* = X* with the values

, the mapping
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029 (%, y)(v) = (D"3g) (%, ) (v), (v € X™),
is called the limiting or Mordukhovich second-order
subdifferential of g at x relative to y.
(ii) For any y€dg(®) ,
0%2g(%,7): X** = X* with the values
929, y)(v) = (D"0g) (%, y)(v), (v € X™),
is called the Fréchet second-order subdifferential of g
at X relative to y.
(iti) For any ye€adg(x) ,
02g(%,7): X** 3 X* with the values
329(%, 7)) = (D*09) (% ) (v), (v € X™),
is called the Combined second-order subdifferential
of g at x relative to y.

(iv) For any yedg(x) ,
049(x,%): X** 3 X* with the values
07,9, 7)(v) = (Dydg) (% M), (v € X*),

is called the mixed second-order subdifferential of g
at x relative to y. When the function g is C? around X
and v € X™*, we have
829(2)(v) = 02g(DH(V) = A g(B) (V) = F2g(D) (W)
= {(V2g(x))"v},
where (V2g(%))* is the adjoint operator of the
Hessian V2g(X).

the mapping

the  mapping

the mapping

Definition 1.5 (PSD) holds for g:X — R, in the
Fréchet sense, when (z,v) = 0 forevery v € X** and z €
9%g(x,y)(v) with (x,y) € gph dg.

When (z,v) > 0 whenever v # 0, (PD) holds in the
Fréchet sense for g.

Also, (PSD) holds in the limiting sense, when (z, v) >
0 for every v € X** and z € 9%g(x,y)(v) with (x,y) €
gphog.

When (z, v) > 0 whenever v # 0, (PD) holds in the
limiting sense for g.

Chieu and Huy considered these cases and extended
those results for the class of C! functions g: X - R,
where X is a Hilbert space or an Asplund space.

Theorem 1.4 (8, Chieu, Huy 2011) Let g: X - Rbe a
C! function and X be an Asplund space. Then g is convex
if the following condition holds:
(z,v) = 0 forall v € X**,z € 9%g(x,y) (v)with (x,y)
€ gph dg.

Convex case

The following questions were raised (8, Chieu, Huy
2011):

1. Is it true that, for any Fréchet differentiable

function g: X — R, PSD implies convexity?

2. Which class of locally Lipschitz functions does
PSD, imply the convexity of the corresponding function?

3. How to extend the characterizations to a general
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Banach setting?

We proved in (11), that (PSD) holds for any function
g:X — R, defined on an arbitrary Banach space, where
g is a lower semicontinuous strongly convex.

Theorem 2 .1 (11, Nadi, Yao, Zafarani) Let X be a
Banach space and g: X — R be a lower semicontinuous
strongly convex function. Then (PSD) holds.

The foregoing result also holds when we replace
second-order Fréchet coderivative with mixed second-
order coderivative:

Corollary 2.1 (11, Nadi, Yao, Zafarani) Let X be a
Banach space and g:X — R be a lower semicontinuous
strongly convex function. Then (PSD) holds in the mixed
second-order sense, that is

(z,v) 2 0 foranyv € X and z € Dy; 0g(X, ¥) (V) =
g& (V).

Also, (PSD) guarantees the convexity of g:X - R
for some classes of functions. For example, (PSD)
guarantees convexity for the class of continuously
differentiable functions ( C! functions) defined on
Asplund spaces. Theorem 2.1 of (8, Chieu, Huy, 2011)
and (PSD) imply convexity of lower-C? functions on R™
(12, Theorem 4.1). In the following, we illustrate that
(PSD) is not a sufficient condition for convexity, when
the function is differentiable at a point.

Example 2.1 (11, Nadi, Yao, Zafarani) Consider the
function g: R — R as follows:

x €101 —<x<-,neN

nz’ n+
gx) =40, x<0
2, x>1,

It is clear that g is differentiable at zero, but is not
convex. Also, by an easy calculation, we can show that
(PSD) holds for g.

In the following theorem, we showed that (PD)
guarantees the convexity of g:X - R when g is
differentiable on X and g is non-empty on X.

We proved it for X = R and afterwards for Banach
spaces.

Theorem 2.2 (11, Nadi, Yao, Zafarani) Let g: R - R
be a differentiable function and (PSD) holds in the
Fréchet sense and dg’ be nonempty on R. Then g is
convex.

We concluded the following corollary for g on
Banach spaces by using the above argument. For
arbitrary a,v€X, g:X—>R and s€R, define
9av(s) = g(a + sv). We know that g is convex on X if
and only if g,, is convex on R for any a,v € X; See,
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(13) for more details.

Corollary 2.2 Let g:X—> R be a differentiable
function on X, (D*Vg)(x) (V) be non empty for any X,v €
X and (zv)=0 for every x,vEX and zE€
(D*Vg)(x) (V). Then g is convex.

Corollary 2.3 Let g:X—> R be a differentiable
function on X, (D*Vg)(x)(v) be non empty for any x,v €
X and (zv)=0 for every x,vEX and zE€
(D*Vg)(x)(v) or z € (D} Vg) (x)(v). Then g is convex.

We concluded that (PSD) and differentiability, imply
the continuity of differential mapping.

Corollary 2.4 Let g: X — R be differentiable on X
and D*(Vg)(x)(v) be non-empty for any x,v € X. If
(PSD) holds in the Fréchet sense, then g is of class C1.

Theorem 2.3 (14, Nadi, Zafarani) Let g: X - Rbe a
locally Lipschitz approximately convex function and X
be an Asplund Banach space. Then g is convex, if (PSD)
holds in the regular sense:

(z,v) = 0,vv € X and z € 9%g(x,y)(v) with (x,y)
€ gph dg

Theorem 2.4 (15, Nadi, Zafarani) Let g: X - Rbe a
lower semicontinuous approximately convex function, X
be an Asplund space and (PSD) holds. Then g is convex.

For X = R", two classes of lower-C* functions and
lower semicontinuous approximately convex functions
are the same (16, Daniilidis, Georgiev, 2004). The class
of lower- C! functions was initially introduced by
Spingarn (1981) and afterwards, the smaller class of
lower- C¥ functions was introduced in 1982 by
Rockafellar. The function g: R™ — R is said to be lower-
C* for (k € N) if, for each x € R", there exists a
neighbourhood of X as V such that g has the
representation

g(x) = maxg(x),

where the index set S is compact, the functions g
are of class C¥ on V, and g,(x) and all of the partial
derivatives of the functions g, of order k are jointly
continuous on (s, x).

Definition 2.4 We say that a locally Lipschitz
function g:X — R is directionally Clarke regular (d-
regular) at z if, for every v € X, the Clarke directional
derivative of g at z in the direction v coincides with
d~g(z,v), where

d7g(z,v): = liminf—g(Z ) g(z).
t—-0% t

Remark 2.1 The above Theorem is the lower-C*!
version of Theorem 4.1 (12, Chieu, Lee, Mordukhovich,
Nghia, 2016). We know that in finite dimensional spaces,
a lower- C' function g is approximately convex and
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locally Lipschitz (16, Daniilidis, Georgiev, 2004). Also,
we answer question 2 posed in (8, Chieu, Huy, 2011) by
this result. By a similar proof, we concluded that (PSD)
holds for d-regular and semismooth functions defined on
X =R"

We show by the following example that in the
foregoing theorem, approximate convexity is essential. It
means that, the class which was asked in question 2 of (8,
Chieu, Huy, 2011) is approximately convex functions
(the class of lower-C* functions when the space is finite-
dimensional). We show that the following function which
is Lipschitz and was given in (8, Chieu, Huy, 2011),
theorem 4.2, is not approximately convex (lower-C1).

Example 2.2 (15, Nadi, Zafarani) For all x € R;
define

gx) =/ OX Xg(t)dt, where E is a subset of R which is
measurable and the intersection of both E and its
complement with each nonempty open interval of R has
positive Lebesgue measure. The function g is Lipschitz,
and (PSD) holds but it is not convex.

Corollary 2.5 (15, Nadi, Zafarani) Let g: X - Rbe a
lower semicontinuous approximately convex function
and X be a Hilbert space. Then the function g is strongly
convex (with modulus x > 0) if and only if

(z,v)y=xllvi?VveXandz€E

9%g(x,y)(v) with (x,y) € gph dg. 3)

Convex mappings

We assume that the spaces X and Y are Banach
spaces and X is reflexive, K C Y is a closed convex and
pointed cone (K N —K = 0) and K™ is the positive dual
cone of K; that is K* = {y* € Y*:y*(k) = 0,forall k €
K}.

Definition 2.5 Let g:X — Y be a vector valued
function. g is K-convex on X if for any x4,x, € X and
A€[0,1],

g8(Ax; + (1 = M)xz) =k Ag(x1) + (1 = D)g(x2).

Theorem 2.5 (15, Nadi, Zafarani) Let g:X — Y be a
C* mapping. If (PSD) holds in the limiting sense, then g
is K-convex.

Also, the converse holds for twice continuously
differentiable case:

Theorem 2.6 (15, Nadi, Zafarani) Let Y and X be
Banach spaces and g: X - Y be a C? mapping. Then
(PSD) holds if and only if g is K-convex.

The following example illustrates the foregoing
theorem.
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Example 2.3 (15, Nadi, Zafarani) Consider g: R? —
R? with g(z) = g(z1,2,) = (2% + 22,22 + z;) and C =
{(z1,2,) € R*: 2,2z, > 0and z, < z,}. Then g is a C-
convex mapping, twice continuously differentiable and
(PSD) holds because for every z = (z;,z,) and v =
(v1,v,) € R? we have:

Vig(2)(v) = 21, ((1) 8) + 20, (8 é) + 20, ((1) 8)

= ")

But this means that

2v2 + 203
v12+ 1JZ)EC.
2vg

V9@ =

Quasi convex functions

Characterization ~ of  pseudoconvexity = and
quasiconvexity by their second-order subdifferentials
and their applications are studied in the literature. For
twice differentiable pseudoconvex and quasiconvex
functions g:C S R" >R , where Vg is locally
Lipschitz, the second-order characterization has been
extended by (13, Crouziex and Ferland, 1996).

Given a normed linear space X and a convex subset
K of X, a function g: K — R is called

(1) quasiconvex on K, where for every x,y € K and
t €]0,1],

g(x + t(y — X)) < max{g(x), 8(y)},

or equivalently where its level sets (Lev,g) are
convex, i.e.,

for every a ER, Leveg=:{x €Kig(x) < a} is
convex,

(i1) pseudoconvex on K if for every x,y € K, x # y
and x* € dg(x),

Xy —x) = 0= g(y) = gX.

Definition 2.6 [(14), Nadi, Zafarani] Let X be a
Banach space and F:X 3 X* be a set-valued mapping
and, for every X € X and v € X**, define:

D,F(X v): = sup{(z,v):z € D'F(x,y)(V),x > X,y
_ >3,y € FGO}.

D_FX v):=inf{(z,v):z € D'FX,y)(V),x 2> Xy =V, ¥
€ F®)}

Here we mention a result for the quasiconvex case:

Theorem 2.7 (14, Nadi, Zafarani) Let g: X — Rbe a
locally Lipschitz function. If the following assertions
hold for every X,u € X:

(1) @uX) = inf{{y,v):y € 0.g(X)} = 0 implies that
D, 9:8(% V) > 0;

(i) @u(®) =0, D;d.g(%v)=0,D_0.gXVv)<0
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and (yg v) > 0 (for some t < 0 and y; € d.g(X+ tv)),
implies that there exists £ > 0 such that (y,,v) > 0 for
every t € [0,] and y, € 3.g(X + tv).

(iii) g is approximately convex.

Then g is quasiconvex.

Example 2.4 (14, Nadi, Zafarani) Consider the
function g: S = {z: 1 z lI< %} C R? > R defined as
8(z1,2;) =f(z) = =l z I> +ll z II.
It is easy to see that g is continuously differentiable
on S\{(0,0)}. Also, the Clarke subdifferential at (0,0) is

For every 0# v € R?, we have inf{{y,v):y €
0.2((0,0))} <0, because the closed unit ball is a
balanced subset of R2. Therefore, clearly (i) holds.

For (ii), assume that v # (0,0) is arbitrary. Now, an
easy calculation shows that

(Vg(tv),v) = (v§ + v5) (-2t + ) >0,

vZ + v2
1
for every t € [0,f] with &= 2(v# +v3)72, which
means that (ii) holds.

Pseudo convex functions

A similar result holds for the pseudoconvex case:

Theorem 2.8 (14, Nadi, Zafarani) Let g: X - Rbe a
locally Lipschitz function. Suppose that the following
conditions hold for every X,v € X:

(1) @yX) = inf{{y,v):y € 0.g(X)} = 0 implies that
D, 9:8(% V) > 0;

(i) @y (X) = 0, D, d.g(X,v) = 0and D_d.g(%,v) <
0, implies that: there exists t > 0 such that (y,, u) > 0
for every t € [0,f] and y, € 9.f(X + tu).

(iii) g is approximately convex.

Then g is pseudoconvex.

For the case of strictly pseudoconvex functions, the
following result is interesting:

Theorem 2.9 (17, Khanh Phat 2020) Let g: R" - R
be a C1*-smooth function satisfying

x € R, v € R"\{0},(Vg(x),v) = 0,= (z,v)
> 0, for all z € 02g(x)(v).

Then g is a strictly pseudoconvex function.

Also, for the case of strictly quasiconvex functions,
the following result is interesting:

Theorem 2.10 (17, Khanh Phat 2020) Let g: R" —
R be a C11-smooth function satisfying

x € R", v € R"\{0},(Vg(x),v) = 0,= (z,V)

> 0,for all z
€ 0%g() (V) U — 0*g(x) (V).

Then g is a strictly quasicoconvex function.

Invex function

In recent years, the mathematical landscape has
witnessed numerous extensions and generalizations of
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classical convexity, particularly through the invex
functions by Hanson in 1981(18). This pivotal
advancement sparked a wave that has substantially
enriched the applications of invexity within nonlinear
optimization and related fields. Notably, Hanson
demonstrated that the Kuhn-Tucker conditions, which
are fundamental in optimization theory, serve as
sufficient criteria for optimality when dealing with invex
functions. This revelation has prompted further
exploration into the properties and applications of
generalized convexity.

Definition 2.7 A set C is said to be invex with respect
ton: X X X —» X, when forany x,y € Cand 0 <A <1,

y+M(xy) €C.

Definition 2.8 A vector valued function n: X X X — X
is said to be skew, if
nxy) +n(y,x) =0, forany x,y € X.
The following assumptions are frequently used in the
literature:
ASSUMPTION A: Let C be an invex set with respect
ton, and g: C = R. Then

g(y +n(x,y)) < g(x) forany x,y € C.

ASSUMPTION C: Letn: X X X — X. Then, for any
x,y € X and for any § € [0,1],
N,y + amxy)) = —énxy),
ne,y +amCxy)) =1 - Inlxy)

Definition 2.9 A differentiable function g: X — R is
said to be invex with respect to 1, if for any x,y € C, one
has

(Ve nxy)) < g(x) — 8-

Definition 2.10 A locally Lipschitz function g: C S
X — R s called invex with respect to 1, if for any x,y €
C and any & € dg(x), one has

EnxY)) < g —g).

Remark 2.2 Note that, in the above definitions by
letting N(x,y) = x —y, we reduce to the convex case.
Indeed, invex functions reduce to convex functions, and
invex sets, to convex sets.

Proposition 2.1 (19, Nadi, Zafarani) Let g: R" - R
be an invex function with respect to a skew n: R™ X
R" - R", be twice differentiable at x € R" and n(.,x)
be differentiable at x. Then (n, (%, x)v, D?g(x)v) = 0 for
any v € R".

Theorem 2.11 (19, Nadi, Zafarani) Suppose that
g:R" - R is C1, invex function with respect to a skew
n:R" X R" —» R", where 1 is differentiable in the first

M. T. Nadi and J. Zafarani.
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argument at X and continuous. Then (1, (X, x)v,x*v) = 0,
for any v € R" and x* € dg’(x).

Remark 2.3 The above results are the natural
extensions of the convex case. In fact, by replacing
n(x,y) with x —y, we have the classical form of Hessian.

In the following example, we show that sometimes
characterizing the invexity of a function by the second-
order condition is easier than using the first order
condition.

Example 2.4 (19, Nadi, Zafarani) Consider the
following C*?! function g: R - R,
—x% +x,
g() =1x% +x,

x<0
x> 0.

Consider, also nxy)=x3>—y3 An easy
calculation implies that
-2, x<0
s M{[-22]), x=0
9800 =13 x>0,

which means that (n,(x,x)v,x*v) = 3x2x* < 0, by
letting x = —1 and any arbitrary v € R.

Theorem 2.12 (19, Nadi, Zafarani) Let g: R™ — R be
a twice differentiable function, g and n satisfy
Assumptions A and C, n(.,y) be onto forany y € R" and
skew. If (n(x,x)v,V2g(x)v) = 0, for any x,v € R?,
then g is invex with respect to 1.

Optimization
Consider the nonlinear programming (NLP) as
follows, with C! data (f,gi:X—> R for 1 <i<n are
continuously differentiable):
minimize f(x) subject to
gi(x)=0, fori€E and g;(x) <0 fori €],
Where for the constrains, E:= {1,...,n;} and I: =
{n; +1,...,n; + n,} are finite index sets and n: = n; +
n,. The point x is called a feasible point of the foregoing
(NLP) problem if
x€lN={yeX:gi(y) =0fori€Eandg;(y) <0fori
el}
Also, the classical Lagrange function is:
L(xA): = f(x) + (A, g)(x), for x € X and A € RL

When X is a solution for (NLP), the first order
necessary condition is that there exist A; fori = 1,...n,
which are said to be the Lagrange multipliers, with



Second-ordered Characterization of Generalized Convex Functions and Their Applications in ...

)\lgl(i) =0 (fOI'i
n
=1,...,n) and VER) + Z AVeEi(R)
i=1

=0
and the standard second-order sufficient condition
(SSOSC) is that there exists k > 0 such that
VELED)(v,v) 2kl vI? withA = ,...,A) (4)
for all v € X, with (Vg;(%),v) = 0 fori € EUI*(})
and (Vg;(%),v) < 0 fori € I°(X), where
T ={i€l:;>0} and I°A) = {i € I: ;; = 0}.

Also, when X is finite-dimensional, we can change
the inequality (4) as follows:
VLA (v,v) >0 withA = (A,,..., A). 3)
Indeed, when X is finite-dimensional, the second-
order sufficient condition implies optimality of X (the
critical point) for Lagrange multipliers A, when V2L(X, 1)
is positive definite on the critical cone of (NLP) at (X, 7\) ;
it means that
C® = v (Vgi®,v)
= 0 for I*(A) U E and (Vg;(X), v)
< 0fori€I°Q)}.
We continue with the following second-order
sufficient condition for optimality of a KKT-point of
(NLP). In the following, X is a reflexive Banach space.

Theorem 3.1 (20, Nadi, Zafarani) (Point-based
sufficient condition) Assume the foregoing stated (NLP)
problem with Z € T' a KKT-point of (NLP) and Lagrange
multipliers A. Suppose that the second-order condition
holds:

D_VL(ZA,v) >0 forall v € C(Z)\{0}.

Then Z is a strictly local minimum for (NLP).

In condition (6), we use the coderivative of the
differential mapping and it is more efficient than the other
similar second-order optimality conditions which have
been introduced by the various kinds of generalized
second-order directional derivatives. As illustrated by the
following example, the following theorem due to (21,
Ben-Tal and Zowe) and its constrained version can not
be used for the C? data case.

Let g: R™ — R be differentiable at X. We denote by
g" (X, v), the second-order directional derivative of g at X
in direction v € R™ which is defined as an element of
R = R U {—o0} U {+o0}; that is

2
g'® V)= lim = (g +tv) — g(®) — tVg(Xv).

(6)

Theorem 3.2 (21, Ben-Tal and Zowe) Suppose that
g€ CYY(R™), Vg(X) =0 and g"(X,v) >0 for all vE
R™\{0}. Then X is a strict local minimizer of g.
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Example 3.1 (20, Nadi, Zafarani) Consider the

function g: R? - R defined as
4

8(24,2,): = (max(0,z, — ZZf))% + (max(0,z; — zz))%.

One can show that g"(%,v) > 0 for X = (0,0) and

all nonzero direction v, but X is not a strict local

minimum of g since g(z) = 0 for all z between the
4

Wb

W

;and z, = ZZf.
Letting (z) be an arbitrary sequence which
4

curves z, = z

converges to zero, we have (zy, % ZE) - (0,0). It is trivial
4

that Vg(zk,zzi) = 0 because g is equal to zero in a
4

neighbourhood of (zy, % ZE).

4

Now, it is easy to see that 0 € ﬁ*Vg(Zk,gzi) (v) for
all v € R?, which implies that D_Vg(X,v) < 0. This
means that condition (6) in the above theorem does not
hold.

Pseudoconvexity of the cost function in addition to
the quasiconvexity of constrained functions implies the
optimality of the point that satisfies the Karush Kahn-
Tucker conditions. More precisely, if the cost function or
one of the active constrained functions with positive
Lagrange multipliers is pseudoconvex and the rest are
quasiconvex, then the Lagrange function is
pseudoconvex. Booth of quasiconvexity and
pseudoconvexity of constrained functions imply the
convexity of the feasible set and optimality of a KKT-
point will be obtained. But we know that the convexity
of the feasible set is not necessary in (NLP). As
mentioned below, the pseudoconvexity of the cost
function and quasiconvexity of constraint functions at a
KKT-point is sufficient for its optimality.

Theorem 3.3 (Mangasarian) Let the set constraint be
open. The functions f and g; for i =1,...,n; are the
functions defined on X and X is a feasible point. Assume
that f is pseudoconvex at X, fand g; for i € I(X) are
differentiable at X, and g; for i € I(X) are quasiconvex at
X. If there exist Lagrange nonnegative multipliers
Ao, with A4gi(X) =0 for i=1,...,n; and
VL(X) = 0 where L = f+ Zi; Aig;, then X is a global
minimizer of (NLP).

The following example shows that the
pseudoconvexity at a point for the cost function in the
foregoing Theorem is more than what is required.

Example 3.2 (20, Nadi, Zafarani) Consider the
following (NLP) with C** data:
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1
minimize f(x):= —Ezl|zl| + 2,2, — 2, + 2, for z

= (21,22)
subjectto g,(z):=2z%+2z, — 2, <0,
g,(2):=2,+2,—1<0, g3(z):=-22, +2, < 0.

The Lagrangian function for A = (A4, A,,A3) is
1
L(z,A) = —Ezl|zl| + 292, + M (22 42, — 1) + A(2
+ 2, — 2) — A37;.

Now, we can show that z = (0,0) is a KKT-point for
(NLP) with Lagrange multipliers A = (1,0,0). Also, for
all z € R? we have

VL(z) = (—|zq| + 2, + 224, 24).

Forz,; > 0 andv = (v;,v,) € R?,

vLow=(; o)) = ")

and for z; < 0 and v = (v;,v;) € R? we have

mow=( )=

Thus, for z; >0 and pe€D*(VL)(2)W) =
V2L(z)(v) we derive
(p,v) = vZ + 2v,v,.

Also, for z; <0
V2L(z)(v) we deduce
(p,v) = 3vZ + 2v,v,.

and p€D*(VL)(z)(v) =

On the other hand, the set of active indexes in Z is
IZ)={1,3} and I*QQ)={1} and I1°QQ) = (3}.
Therefore, by an easy calculation, we conclude that the
critical direction cone at X is

C(@) = {v:(Vg1(2),v) = 0 and (Vg;(2),v) < 0}

={(vq,v3):v; =vyand — 2v; + v, < 0}
= {(vy,V2):v; =vyand vy, v, = 0}

This means that (p,v) > 0 for all p € D*(VL)(2)(V)
with z # 0 and v € C(Z)\{0}. It is not difficult to see that
D*(VL)(z)(v) = @ for all z = (0,2,). Therefore, the
second-order sufficient condition D_(VL)(z,v) > 0
holds for all v € C(Z)\{0} by our Theorem. Moreover, it
is easy to see that the cost function f is strictly
pseudoconvex in direction v = (1,1) € C(Z), because for
allt > 0:

_ 1 1 _
f(z + tv) = f(t,t) = _Etz + t2 —t+t=§t2 > f(z) = 0.

But for u = (1,0) ¢ C(z) and all t > 0:
1
f(Z + tu) = f(t,0) = _Etz —t<f(Z) =0

This means that f is not pseudoconvex at Z in the
direction u. Therefore, f is not pseudoconvex at z, but Z
is a minimizer for (NLP).

Instead of pseudoconvexity and quasiconvexity at a
point, we use the pseudoconvexity and quasiconvexity at
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a point in a direction and present the following extension
of Mangasarian’s theorem in the case of local solution.

Theorem 3.4 (20, Nadi, Zafarani) Let the set
constraint be open. The functions f and g; for i =
1,...,n; are defined on X and Z is a feasible point.
Suppose that there exist Lagrange nonnegative
multipliers Ay,...,A;; with A;g;(z) =0 fori=1,...,n4
and VL(Z) = 0 where L = f+ 221:1 Aig;. If f and g; for
i € I(z) are differentiable at z, fis pseudoconvex at Z in
all critical directions v € C(Z) and g; for i € I(Z) are
quasiconvex at X in all critical directions v € C(z), then Z
is a local minimizer of (NLP).

Now, we give some applications in tilt-stability
theory, as an application of our results in classical
optimization.

Proposition 3.1 (14, Nadi, Zafarani) Let (PSD) hold
for g:X > R that is a differentiable function and
D*(Vg)(z)(v) be non-empty for any z,v € X. If Vg(Z) =
0, then Z is a global minimizer of g.

Definition 3.1 (22, Tilt Stability, Poliquin-
Rockafellar 1998) Given g: X — R, a point Z € domfis a
tilt-stable local minimizer of g, if there is y > 0 such that
the mapping

M,:z* — argmin{f(z) — (z*,z): z € B, (2)}

is a single-valued mapping and Lipschitz continuous

on some vicinity of 0 € X* with M, (0) = Z.

Proposition 3.2 (14, Nadi, Zafarani) Letg: X — R
be a strongly convex lower semicontinuous function and
X be a Banach space. Then the following conditions hold:

(i) IfZ is a global minimizer for g, then it is the tilt-
stable local minimum of g.

(i) The point Z is a local minimizer for g when X is
an Asplund space. Also, there exist numbers r € (0, i)
and € > 0 such that

r
gx) =g +(y,z—y) — o lz—7Z 1> whenever z

€ B.(2).

Proposition 3.3 (20, Nadi, Zafarani) Let g: R" - R
be a twice differentiable function which satisfies
Assumption A with respect to some n and Vg(z) = 0.
Moreover, suppose that one of the following holds:

(i) (N,(z 2)v,V?g(z)(z)v) = 0, for any z,v € R®,
where 1) is skew and satisfies Assumption C and n(.,y)
is onto for any y € R".

(i) (n(y,2), V?g(@M(y,2)) = 0, forany y € R".

Then Z is a local minimizer of g.
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Consider the following constrained optimization
problem:

min g,(z) subjectto g;(z) <0 (i=1,...,m),(7)

which gg,81,...,8n are twice differentiable
functions defined on R".

Let g(z) = (g80(2),...,8n(z)) . We know that the
existence of a vector A= (A4,...,A;) € R" which
satisfies the following conditions, (Kuhn-Tucker
conditions) is necessary for Z to solve this problem:

Vg(@) + (A Vg(2) =0

Ag@)=0 (9

Ao Ay = 0.(10)

Hanson 1981 showed that the Kuhn-Tucker
conditions are also sufficient for Z to be a solution of (4),
when each g; is invex with respect to the same 7. Indeed,
only the invexity in a neighbourhood of Z for each g;
guarantees that the foregoing conditions are sufficien
(Craven 1982).

Now, we give some second-order sufficient
conditions for constrained optimization problems, by
using our results.

®)

Proposition 3.4 (20, Nadi, Zafarani) Suppose we
have the constrained optimization problem (4). If the
Kuhn-Tucker conditions hold in Z, each g; satisfies
Assumption A, and one of the following second-order
conditions holds (with respect to the same n):

(i) (y(z2)v,V?gi(z)v) =0, for any zveER",
where 1 is skew and satisfies Assumption C and (., y)
is onto for any y € R",

(i) (n(v,2), V2gi(z)n(y,2)) = 0 forany y € R",

then Z is a solution for the constrained optimization
problem (4).
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