
 

CONTENTS 
 

 

  
 

University of Tehran 
   

Abu Reyhan al-Biruni ISLAMIC REPUBLIC OF IRAN ISSN 1016-1104
(973-1048)    
Iranian Scientist Vol. 35,  No. 4,  Autumn 2024

INSTRUCTIONS TO AUTHORS 
 

 
BIOLOGY: 
•                        Identification of TYR Whole Gene Deletion in a Patient with Oculocutaneous Albinism by 
                                   Next Generation Sequencing 
   ◦                             M. R. Pourreza, Gh. Dargahi, M. Hoseinzadeh, N. Tabibi,  M. A. Tabatabaiefar 
•                       Comparison Between HLA-B Allele Groups Among Peripheral Blood Stem Cell Donation  
                                  Volunteers from Various Iranian Ethnicities 
   ◦                           F. Yari , F. Sabaghi, N. Bagheri, A. Teimurpour, M. Zaman-Vaziri, F. Mortezapour Barfi1,  
                                        M. Sobhani 
             

                        
MATHEMATICS, STATISTICS, AND COMPUTER SCIENCES: 

            •                         On Projection Invariant Rickart Modules 
◦                         Y. Maleki, A. Moussavi, Y. Kara 

            •                          A New Bivariate Shock Model Covering All Degrees of Dependencies 
◦                        H. A. Mohtashami-Borzadaran, H. Jabbari, M. Amini 

            •                         Modeling Mortality in Heart Failure Patients: Considering Time-Varying Effects –  
                                           A Bayesian Survival Analysis Utilizing Bayesian AFT Model with the INLA Method 

◦                       S. Vijayan, S Kavitha, V. Saranaya 
 
 

PHYSICS: 
            •                        Preparation of Polymer Nanocomposites Containing Multiwall Carbon Nanotubes  
                                           Functionalized by Chloroform Plasma 

◦                         F. Pourfayaz, A. Gholami 
 

 
           PERSIAN TRANSLATION OF ABSTRACTS 
 

AUTHOR INDEX 
KEYWORD INDEX 

 
 
 
  

          

303 
 
 
 

305 
 
 

311 
 
 
 
 
 
 

321 
 

329 
 

341 
 
 
 
 
 

351 
 
 
 

359 
 

367 
375 

 
 



 



JOURNAL OF SCIENCES 
ISLAMIC REPUBLIC OF IRAN 

CHAIRMAN AND EDITOR 
Mohammad Reza Noori-Daloii, Ph.D. 

EDITORIAL BOARD 
Alireza Abbsai, Ph.D. 

University of Tehran, Tehran, Iran 
Abdolhossein Amini, Ph.D. 

University of Tehran, Tehran, Iran 
Aziz N. Behkami, Ph.D. 

Shiraz University, Shiraz, Iran 
Farshad Ebrahimi, Ph.D. 

Shahid Beheshti University, Tehran, Iran 
Hassan Ebrahimzadeh, Ph.D. 

University of Tehran, Tehran, Iran 
Mehdi Ghandi, Ph.D. 

University of Tehran, Tehran, Iran 
Mehdi Khoobi, Ph.D. 

Tehran University of Medical Sciences, Tehran, Iran 

Hassan Mehdian, Ph.D. 
Kharazmi University, Tehran, Iran 
Mohsen Mohammadzadeh, Ph.D. 

Tarbiat Modares University, Tehran, Iran 
Mohammad Reza Noori-Daloii, Ph.D. 

Tehran University of Medical Sciences, Tehran, Iran 
Abdolhamid Riazi, Ph.D. 

Amir Kabir University, Tehran, Iran 
 Jafar Zafarani, Ph.D. 

Isfahan University, Isfahan, Iran 
Hossein Zakeri, Ph.D. 

Kharazmi University, Tehran, Iran 

EDITORIAL ASSISTANT 
Zahra Roshani 

MANAGERIAL ASSISTANTS 
Hasan Noori-Daloii 
Elaheh Poorakbar 

TYPESETTING AND LAYOUT 
Ali Azimi 

Journal of Sciences, Islamic Republic of Iran is published quarterly by The University of Tehran,  
16th St., North Kargar Ave, Tehran, Islamic Republic of Iran 

Tel.: (0098-21)88334188, 88012080-212 
Fax: (0098-21) 88334188 

P.O. Box 13145-478 
http://jsciences.ut.ac.ir 

E-mail: jsciences@ut.ac.ir 
E-mail: nooridaloii@sina.tums.ac.ir 

ISSN 1016-1104 



 



J. Sci. I. R. Iran  Vol. 35  No. 4  Autumn 2024 

303 

Instructions to Authors 
 
 

1. General Policy 
The Journal of Sciences, Islamic Republic of Iran (J. Sci. I. R. Iran) is published quarterly by 

the University of Tehran. Contributions from all fields of basic sciences may be submitted by 
scientists from all over the world. 

The papers submitted to this journal should not have been published previously, except in the 
form of a brief preliminary communication, nor submitted to another journal. The decision to 
accept a contribution rests with the Editorial Committee of the J. Sci. I. R. Iran. Manuscripts will 
be considered for publication in the form of articles, preliminary communications, notes and 
review articles. The work should be original or a through review by an authoritative person in a 
pertinent field. 

 
2. Copyright 

Submission of a manuscript implies that the author(s) agree to transfer copyright to the J. Sci. 
I. R. Iran when the contribution is accepted for publication. Reproduction of the text, figures, or 
tables of this journal is allowed only by permission of the Editorial Committee. 

 
3. Preparation of Manuscripts 

3.1. General considerations. Manuscripts must be submitted in English according to Journal 
Instructions ( It is necessary to submit at least 2 files including “Title page” and “Main file”). They 
must be typewritten in Microsoft Word (all versions). Authors are requested to reserve margins 
of at least 3 cm at the top and bottom of each page and at least 4 cm on the left-hand side. 

Tables and illustrations (both numbered in Arabic numerals) should be prepared on separate 
pages. Tables require a heading and figures a legend, also prepared on a separate page. In 
Electronic submission,  figures should be with the following caveats: all figures should be 
submitted at a minimum of 300 dpi and saved as TIFF files (avoid submitting JPEG files) after 
your text file. 

Manuscripts should be kept to a minimum length and should be subdivided into labeled 
sections (Introduction, Materials and Methods, Results, Discussion, Acknowledgement, 
References). A current issue of J. Sci. I. R. Iran should be consulted. 

3.2. Title page. The title of a manuscript should reflect concisely the purpose and findings of 
the work in order to provide maximal information for a computerized title search. Abbreviations, 
symbols, chemical formulae, references, and footnotes should be avoided.  

The authors’ full first names, middle initials and last names should be given, followed by the 
address(es) of the contributing department(s). (e.g. Department, Faculty, University, City, 
Country).  

Telephone, Fax and Email of corresponding author should be footnoted on the bottom of the 
first page of each manuscript.Footnotes may be added to indicate the present mailing address(es) 
of the author(s). (e.g. *Corresponding author, Tel: 00982188012080, Fax: 00982188012081, E-
mail: jsciences@ut.ac.ir). 

 
Special types of print should be indicated as follows: 
Type Mark Symbol Example Example (Printed) 
Boldfacea Single underline  Introduction Introduction 
Italicb Wave-like underline  In vivo In vivo 
Small capitalc Double underline  0.2 m 0.2 M 
Boldface italicd Underline with wavy line  R R 

a) Headings, designated numbers of chemical compounds, subheadings. 
b) Configurational prefixes ((R)-, (S)-, cis-, trans-, tert-, etc); Latin words or abbreviations, 

words in languages other than English; trade names of compounds (first letter should be 
capitalized); names of authors if mentioned in the text. 



Vol. 35  No. 4 Autumn 2024  J. Sci. I. R. Iran 

304 

c) Symbols of molar and normal concentrations (M and N), D- and L-, the names or initials of 
the nomenclature of species. 

d) Italicized terms and prefixes in headings. 
The total number of pages (including references, tables, copies of formula collections (if any), 

schemes and figures should be marked in the upper left-hand corner of the first page of each copy. 
The complete address, including phone number, and E-mail address of the correspondence author 
should also be given. 

3.3.  Main File:  
a) The title of the article (The first letter of each word must be capital). 
b) Abstract should be self-explanatory and intelligible without references to the text and titles, 

         it  must not exceed 250 words. 
c) At least between three to five keywords should be chosen by the author(s). 
d) Introduction 
e) Materials and Methods 
f) Results and Discussion ( they can be separate section too) 
g) Figures and Tables ( if There are any)  
Theoretical articles must have atleast two main title : Introduction and Results. 
3.4. References. References may be numbered alphabetically or sequentially in the order they 

are cited in the text. References typed with double spacing are to be listed in numerical order at the 
end of the main text. They should be addressed according to the following examples: 

 
Journals: 

Noori-Daloii M.R., Swift R.A., Kung H.J., Crittenden L.B., and Witter R.L. Specific 
integration of REV proviruses in avian bursal lymphomas. Nature, 294 (5841): 574-576 (1981). 

Noori Daloii M.R., Saffari  M., Raoofian R., Yekaninejad M., Saydi Dinehkabodi O., and Noori-
Daloii A.R. The multidrug resistance pumps are inhibited by silibinin and apoptosis induced in 
K562 and KCL22 leukemia cell lines. Leukemia Research, 38 (5): 575-580 (2014). 

 

Books: 
Rang G.M. and Petrocelli S.R. Fundamentals of Aquatic Toxicology. Hemisphere Publishing 

Corporation, New York, 1129 p. (1991). 
 

Chapters in Books: 
Walsh J.H. Gastrointestinal hormones. In: Johnson L., Christensen J., Jackson M., Jacobson E., 

and Walsh J.H. (Eds.), Physiology of the Gastrointestinal Tract, 2nd Ed., Raven, New York, pp. 
181-254 (1987). 

 

Thesis: 
Kossir A. Extraction liquid-liquid du Zinc (II) en milieu cyanure. Application ala valorization 

des minerais de zinc oxides, Ph.D. Thesis, University of Paris (VI), 116 p. (1991). 
Please note that papers with incorrect formatted references will be returned. 
 

4. Forwarding Address 
Manuscripts should be submitted to the journal  site (http://jscinces.ut.ac.ir). 
 

 M.R. Noori-Daloii, Ph.D. 
 J. Sci. I. R. Iran 
 University of Tehran 
 P.O. Box 13145-478 Tehran, I. R. Iran 
 http://jsciences.ut.ac.ir 
 E-mail: jsciences@ut.ac.ir 



Journal of Sciences, Islamic Republic of Iran 35(4): 305 - 310 (2024) http://jsciences.ut.ac.ir 
University of Tehran, ISSN 1016-1104 
 

305 

Identification of TYR Whole Gene Deletion in a Patient with 
Oculocutaneous Albinism by Next Generation Sequencing  

 
M. R. Pourreza1,5, Gh. Dargahi2,5, M. Hoseinzadeh1,5, N. Tabibi3,5,  M. A. 

Tabatabaiefar1,4,5* 
 

1 Department of Genetics and Molecular Biology, Isfahan University of Medical Sciences, Isfahan, 
Islamic Republic of Iran. 

2 Department of Genetics and Molecular Biology, Najafabad Branch, Islamic Azad University, 
Najafabad, Islamic Republic of Iran. 

3 Department of Medical Genetics, Faculty of Medical Sciences, Tarbiat Modares University, Tehran, 
Islamic Republic of Iran 

4 Pediatric Inherited Diseases Research Center, Research Institute for Primordial Prevention of 
Noncommunicable Disease, Isfahan University of Medical Sciences, Isfahan, Islamic Republic of Iran. 

5 Department of Research and Development, Harmonic Medical Genetics Lab, Isfahan, Islamic 
Republic of Iran 

 
Received: 16 March 2025  / Revised: 24 May 2025  / Accepted: 27 July 2025   

 
Abstract 

Oculocutaneous albinism (OCA) comprises a group of genetically heterogeneous, 
autosomal recessive disorders characterized by a partial or complete absence of melanin 
pigmentation in the skin, hair, and eyes, associated with visual impairment. In this study, 
we analyzed several genes in an Iranian male infant affected by OCA. Clinical 
investigations and laboratory evaluations were performed for the proband. A pedigree 
chart was also drawn. Genomic DNA was extracted from the proband and both parents. 
A targeted gene panel was sequenced by next-generation sequencing to identify 
pathogenetic variants. A deletion of exons 1–5 in the TYR gene was confirmed in the 
proband. Logically, the parents should be heterozygous for this mutation. The results of 
this research demonstrate the efficiency of targeted high-throughput sequencing in 
diagnosing heterogeneous disorders like OCA and detecting large genomic 
rearrangements. This deletion mutation may have resulted from an unequal crossing-over 
event in an ancestral lineage. 
 
Keywords: Oculocutaneous albinism (OCA); TYR gene deletion; Next-generation sequencing (NGS). 
 

Introduction 
Oculocutaneous albinism (OCA) comprises a group 

of rare genetically heterogeneous disorders caused by 
defects in the melanin biosynthesis pathway, resulting in 
complete or partial loss of pigmentation in the skin, hair, 

                                                        
* Corresponding Author: Tel: +989122886157; Email: tabatabaiefar@med.mui.ac.ir, tabatabaiefar@gmail.com 

and eyes (1). Optic system abnormalities, such as 
nystagmus, photophobia, iris translucency, foveal 
hypoplasia, strabismus, retinal hypopigmentation, and 
decreased visual acuity are also observed in affected 
individuals (2, 3). The incidence of OCA ranges from 1 
in 10,000 to 20,000 in newborns across different ethnic 



Vol. 35  No. 4  Autumn 2024 M. R. Pourreza, et al. J. Sci. I. R. Iran 

306 
 

populations. This indicates that approximately 1 in 70 
people carries an OCA-related gene mutation (3, 4) 
(Table 1). 

OCA is an autosomal recessive genetic disorder 
classified into a non-syndromic form, caused by 
mutations in several genes such as TYR, TYRP1, OCA2, 
SLC45A2, SLC24A5, SLC24A4 genes, and a syndromic 
form, which results from defects in various genes 
including AP3B1, HPS1, HPS3, HPS4, HPS5, HPS6, 
DTNBP1, BLOC1S3, PLDN, LYST, MYO5A, RAB27A, 
and MLPH genes (5, 6). Additionally, mutations in 
GPR143 are the only known and major cause of X-linked 
ocular albinism (6–8).  

Defects in the TYR gene cause OCA1, the most 
prevalent subtype of the disorder among Caucasian 
populations, representing approximately 50% of reported 
cases (9–11). The TYR gene spans more than 50 kb of 
genomic DNA on chromosome 11q14.3, consisting of 
five exons and encoding a 529 amino-acid protein (12, 
13). A tyrosinase-related gene (tyrosinase-like gene) 
exists on chromosome 11q, containing only exons 4 and 
5, and shares 98.5% homology with the TYR gene (14, 
15). Tyrosinase catalyzes essential steps in the melanin 
biosynthesis pathway, including the conversion of 
tyrosine to dopaquinone (16, 17).  

OCA1 is clinically classified into two forms: 
OCA1A, the most affected subtype, results from a total 
lack of TYR activity, whereas OCA1B is characterized by 
residual enzyme activity (18). It is impossible to 
accurately distinguish OCA subtypes based solely on 
clinical features. Therefore, molecular analysis is 
important for precise diagnosis and effective genetic 
counseling. Here, we report a patient affected by OCA. 
Targeted enrichment and next-generation sequencing 
(NGS) of 14 genes were performed to discover the 
causative mutation in this family. 

 

Material and Methods 
Subject and Clinical evaluations: 

A two-month-old boy was referred to Emam Hossein 
Children’s Hopital. The patient was the only child of a 
consanguineous Iranian parents, related as first cousins. 
He was delivered following an uneventful gestation and 
normal hospital birth. At birth, a weight of 4.2 kg was 
recorded, with a head circumference of 39 cm and a 
length of 51 cm. Gray-blue irises, nystagmus and 
generalized hypopigmentation of the hair, eyelashes, 
eyebrows, and skin were observed. Additionally, facial 
abnormalities were noted. However, ophthalmologic 

 
Table 1 . A List of genes involved in OCA. 

 Symbol Description Category Reference 
1 TYR Tyrosinase Protein Coding (30,31) 
2 SLC24A5 Solute Carrier Family 24 Member 5 Protein Coding (30,31) 
3 SLC45A2 Solute Carrier Family 45 Member 2 Protein Coding (30,31) 
4 TYRP1 Tyrosinase Related Protein 1 Protein Coding (30,31) 

5 LRMDA Leucine Rich Melanocyte Differentiation Associated Protein Coding  
(30,31) 

6 DCT Dopachrome Tautomerase Protein Coding (30,31) 
7 HPS6 HPS6 Biogenesis Of Lysosomal Organelles Complex 2 Subunit 3 Protein Coding (30,31) 

8 HPS4 HPS4 Biogenesis Of Lysosomal Organelles Complex 3 Subunit 2 Protein Coding  
(30,31) 

9 HPS3 HPS3 Biogenesis Of Lysosomal Organelles Complex 2 Subunit 1 Protein Coding  
(30,31) 

10 MC1R Melanocortin 1 Receptor Protein Coding (30,31) 
11 HPS1 HPS1 Biogenesis of Lysosomal Organelles Complex 3 Subunit 1 Protein Coding (30,31) 
12 HPS5 HPS5 Biogenesis Of Lysosomal Organelles Protein Coding (30,31) 
13 GPR143 G Protein-Coupled Receptor 143 Protein Coding (30,31) 
14 BLOC1S6 Biogenesis Of Lysosomal Organelles Complex 1 Subunit 6 Protein Coding (30,31) 
15 DTNBP1 Dystrobrevin Binding Protein 1 Protein Coding (30,31) 

16 LRMDA 
 

Leucine-Rich Melanocyte Differentiation-associated protein; LRMDA 
 

Protein Coding (30,31) 

17 
 

AP3B1 
 

Adaptor-Related Protein complex 3, Beta-1 Subunit; AP3B1 Protein Coding (30,31) 

18 MLPH 
 

Synaptotagmin-Like Protein lacking C2 Domains A; SLAC2A. 
 

Protein Coding (30,31) 
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evaluation and examination of internal organs revealed 
no abnormalities. His mental development was normal. 
A family history assessment showed no similar 
phenotype among any first-degree or second-degree 
relatives (Figure 1). High-performance liquid 
chromatography (HPLC) amino acid analysis was 
performed, and all results were within the normal range.   
 
Ethical approval  

This study was approved by the ethics community of 
Isfahan University of Medical Science (2400173). 
Informed consent was obtained from the parents in 
accordance with ethics guidelines. 
 
Next generation sequencing experiments 

Informed consent was obtained from the parents in 
accordance with the ethics committee guidelines of 
(Isfahan University of Medical Sciences). Genomic DNA 
was extracted from peripheral blood using the standard 
salting-out method (19,20). Genetic sequencing was 
carried out using a custom-designed NimbleGen capture 
chip targeting the genes of  TYR, OCA2, TYRP1, 
SLC45A2, AP3B1, HPS1, HPS3, HPS4, HPS5, HPS6, 
DTNBP1 and BLOC1S3 (20). Targeted next-generation 
sequencing was subsequently performed on an Illumina 
platform (San Diego, CA) at BGI Clinical Laboratories. 
The sequencing platform covered more than 95% of the 
target regions with a sensitivity of exceeding 99%. 
Deletions, duplications, point mutations and micro-
insertions (<20 bp) were simultaneously detected using 
tools provided by Thermo Fisher Scientific Inc. (USA). 

  

Results 
NGS data analysis revealed sixteen DNA variants in 

seven genes, one of which was identified as pathogenic 
(TYR). Three homozygous and two heterozygous variants 
were found in the OCA2 gene. Four homozygous variants 
were found within HPS4. Both AP3B1 and HPS5 had two 

homozygous variants each. Heterozygous variants were 
observed in the HPS1 and HPS3 genes. Seven 
synonymous variants, six nonsynonymous variants, and 
two intronic variants were found (17). The observation of 
the BAM files through the IGV software showed that the 
proband was homozygous for the exon 1–5 deletion 
mutation of the TYR gene. According to HGVS 
nomenclature (21), this variant is designated as 
NM_000372.5(TYR):c.(1-5)del at the cDNA level. This 
deletion is expected to disrupt the entire coding sequence 
of TYR, leading to an entire loss of tyrosinase function 
and fulfills the criteria American college of medical 
genetics guideline for being categorized as pathogenic. 

 

Discussion 
Oculocutaneous albinism (OCA) exists in two forms: 

syndromic and non-syndromic, and it is a genetically 
heterogeneous disorder (Table 1). In this study, we 
presented a case of albinism with facial anomalies and 
identified the mutation using targeted-enrichment high-
throughput sequencing. The results demonstrate the high 
efficiency of this technique in the molecular analysis of 
heterogeneous disorders and large genomic aberrations 
(17). In contrast to African and African-American 
populations, where OCA2 is the most common cause of 
albinism (1, 15, 22), about 60% of Iranian patients have 
a homozygous or compound heterozygous mutation 
within TYR, in agreement with the Caucasian population 
(23, 24). 

Surprisingly, despite being a rare inherited disease 
and the elevated prevalence of consanguineous marriages 
in Iran (25), it most often occurs in such families without 
previous history, as stated by Khordadpoor-Deilamani et 
al (24), and mentioned in this report. 

Approximately 500 causative mutations have been 
documented in the Human Gene Mutation Database 
(HGMD(26)). These mutations are all associated with the 
single TYR gene located on chromosome11q14.3 (13). 

 
 

Figure 1. Family pedigree. An infant boy affected by OCA1A resulted from a consanguineous marriage. There is no family history of the disease. 
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While most mutations found within TYR are missense 
mutations, a few small insertions and deletions have been 
reported (27) (Figure 2). Gross deletions are a rare cause 
of disease. Therefore, we aimed to gather data on some 
pathogenic or likely pathogenic deletions in TYR and 

their associated Phenotype (28) (Table 2). 
Whole gene deletions have been previously reported 

in compound heterozygous states, and the patients had 
the OCA1B phenotype (10,29). Due to the large deletion, 
verifying the mutation via Sanger sequencing was not a 

 
Figure 2. Prevalence of different types of TYR mutations. According to human gene mutation database (HGMD) missense mutations are the most 
common types of mutations found within TYR. Small deletion mutations stand at the second place and after that nonsense, splice site and small 
insertions have the major role respectively. Small indels and gross deletions are not very common in the pathogenesis of the disease. 
 

Table 2. Overview of TYR Gene deletions (28). 
Variation Condition Classification 

NM_000372.5(TYR): c.25del) Skin/Hair/Eye pigmentation 3, Light/Dark Skin Pathogenic 
NM_000372.5(TYR):c.69del Skin/Hair/Eye pigmentation 3, Light/Dark Skin Pathogenic 

NM_000372.5(TYR):c.178_179del  Skin/Hair/Eye pigmentation 3, Light/Dark Skin Pathogenic/Likely pathogenic 

NM_000372.5(TYR):c.216del Tyrosinase-negative oculocutaneous albinism 
 Pathogenic 

NM_000372.5(TYR):c.221_222del not provided 
 Pathogenic 

NM_000372.5(TYR):c.404_621del 
  not provided Pathogenic 

NM_000372.5(TYR):c.422del Skin/Hair/Eye pigmentation 3, Light/Dark Skin Likely pathogenic 
NM_000372.5(TYR):c.466_447del Skin/Hair/Eye pigmentation 3, Light/Dark Skin Pathogenic 

NM_000372.5(TYR):c.549del Skin/Hair/Eye pigmentation 3, Light/Dark Skin Likely pathogenic 
NM_000372.5(TYR):c.572del Skin/Hair/Eye pigmentation 3, Light/Dark Skin Pathogenic 
NM_000372.5(TYR):c.573del Skin/Hair/Eye pigmentation 3, Light/Dark Skin Pathogenic 
NM_000372.5(TYR):c.580del not provided Pathogenic 
NM_000372.5(TYR):c.649del Skin/Hair/Eye pigmentation 3, Light/Dark Skin Pathogenic 

NM_000372.5(TYR):c.692_696del Skin/Hair/Eye pigmentation 3, Light/Dark Skin Likely pathogenic 

NM_000372.5(TYR):c.696del not provided 
 Pathogenic/Likely pathogenic 

NM_000372.5(TYR):c.781_784del not provided Pathogenic 
NM_000372.5(TYR):c.787_790del not provided Pathogenic 

NM_000372.5(TYR):c.820_3del Tyrosinase-negative oculocutaneous albinism 
 Likely pathogenic 

NM_000372.5(TYR):c.825_828del not provided Pathogenic 
NM_000372.5(TYR):c.841del Skin/Hair/Eye pigmentation 3, Light/Dark Skin Pathogenic 

NM_000372.5(TYR):c.911_914del not provided Pathogenic 
NM_000372.5(TYR):c.943_948del nonsyndromic Oculocutaneous Albinism Likely pathogenic 

NM_000372.5(TYR):c.1037-10 1041del not provided Pathogenic 
NM_000372.5(TYR):c.1059del Skin/Hair/Eye pigmentation 3, Light/Dark Skin Likely pathogenic 

NM_000372.5(TYR):c.1141_1160del not provided Pathogenic 
NM_000372.5(TYR):c.1164del Skin/Hair/Eye pigmentation 3, Light/Dark Skin Pathogenic 
NM_000372.5(TYR):c.1177del Skin/Hair/Eye pigmentation 3, Light/Dark Skin Pathogenic 
NM_000372.5(TYR):c.1214del Skin/Hair/Eye pigmentation 3, Light/Dark Skin Likely pathogenic 
NM_000372.5(TYR):c.1237del not provided Pathogenic 
NM_000372.5(TYR):c.1267del Tyrosinase-negative oculocutaneous albinism Pathogenic 
NM_000372.5(TYR):c.1322del Tyrosinase-negative oculocutaneous albinism Pathogenic 

234
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simple task (15). however, employing a quantitative 
method such as MLPA, array CGH, or quantitative real-
time PCR could be considered to assess gene dosage (20). 

To our current understanding, this is the first report of 
a truly homozygous state of This deletion mutation and 
the first report of whole gene deletion in Iran. As a 
hypothesis, the mutation may have resulted from unequal 
crossing over between the gene and its pseudogene on 
chromosome 11q, which leads to gene deletion. Due to 
consanguineous marriages, it seems that the mutation has 
been inherited from a common ancestor.  

 
Conclusion 

The results support clinical diagnosis. The 
phenotypes of the infant and the molecular findings 
suggest OCA1A. We expect that identifying the mutant 
gene will significantly improve genetic counseling for 
the pedigree and assist in future pregnancies. Therefore, 
the parents and other family members should consider 
genetic counseling and testing. 
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Abstract 
This research included 2064 individuals from various ethnic groups in Iran, all hematopoietic 

stem cell donors. The primary goal of this research was to establish an HLA database and assess 
genetic diversity across different ethnicities. DNA was extracted using the magnetic method, and 
HLA-typing was performed at a low-resolution level using the PCR-SSP method. The results 
were analyzed manually by independent experts as well as through software. HLA data from four 
ethnic groups, including Gilak (n=510), Lur (n=465), Kurdish (n=719), and Arab (n=370), were 
examined for associations between alleles and ethnicity. Allele frequencies were assessed through 
statistical methods to identify significant relationships, with the significance level set at 0.05. 
Additionally, standardized residuals were calculated to determine which ethnic groups exhibited 
allele frequencies that exceeded expected values based on assumptions of independence. Among 
HLA-B alleles, HLA-B*35 and HLA-B*51 were found to have the highest frequencies, while 
HLA-B*67, *78, *81, *82, and *83 were absent in this research. Significant differences were 
observed in 17 alleles across the ethnic groups for HLA-B, with P< 0.05. Standardized residuals 
exceeding a threshold of 2 indicated statistically significant deviations between observed and 
expected values at the 0.05 significance level. All analyses were conducted using R software. 
Determining HLA allele frequencies helps identify similarities and differences among ethnic 
groups. This information can assist in developing donor services strategies in Iran's diverse 
regions and establishing stem cell registries. In the future, this data may also contribute to clinical 
applications in transplantation, vaccine development, and infectious disease research. 
 
Keywords: HLA, Hematopoietic Stem Cell; Donors; Ethnicity; Iran. 
 

 
 

Introduction 
Human Leukocyte Antigens (HLA) class I and II are 

                                                        
* Corresponding Author: Tel: +9821 82052115; Email: yarii.fatemeh@gmail.com 

cell surface glycoproteins encoded by genes located on 
the short arm of chromosome 6. The genomic region 
housing these genes is called the major 
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histocompatibility complex (MHC) and is typically 
inherited as a haplotype. The HLA system exhibits the 
most extraordinary genetic diversity in humans. 
Specifically, HLA-A, HLA-B, and HLA-C genes encode 
the corresponding class I antigens A, B, and C, while 
HLA-DRB1, HLA-DRB3, HLA-DRB4, HLA-DRB5, 
HLA-DQA1, HLA-DQB1, HLA-DPA1, and HLA-
DPB1 encode class II antigens (1). New HLA alleles are 
continuously being discovered, with over 38,000 (HLA) 
identified (2). 

Population migration and genetic mixing are critical 
drivers in the evolution and diversification of 
polymorphic HLA molecules. This wide diversity of 
alleles is shaped by natural selection and historical 
demographic events like migrations and population 
bottlenecks, contributing to human genetic variability. 
The adaptive importance of HLA variability is 
underscored by its critical role in the immune response, 
particularly in pathogen recognition and antigen 
presentation to T cells (3). 

Hematopoietic stem cell transplantation (HSCT) has 
emerged as a critical treatment for severe blood 
disorders, and its demand has surged over the last decade 
as a viable therapeutic option for many malignancies. To 
minimize graft-versus-host disease (GVHD), matching 
HLA molecules between donors and recipients across 
multiple loci is essential, as the degree of compatibility 
directly influences transplantation outcomes.  

Stem cell registries are designed to provide HLA-
matched unrelated volunteers for patients awaiting 
transplantation. However, finding a HLA-compatible 
hematopoietic stem cell donor is challenging due to the 
high level of HLA polymorphism. A registry's size and 
genetic diversity are critical factors in determining the 
likelihood of finding a suitable donor (4).  

Certain diseases are associated with specific HLA 
antigens in the population, highlighting the importance of 
investigating HLA-disease associations (5, 6). This 
research aims to determine the type and frequency of 
HLA allelic groups in four Iranian ethnic groups to 
expand the HLA database for patients. Moreover, 
understanding the prevalence of HLA alleles and 
haplotypes across different ethnicities is valuable for 
genetic investigations and insights into population 
relationships (7-9). Additionally, HLA polymorphism is 
a valuable tool in anthropological investigations (10, 11). 

While HLA-compatible siblings are the preferred 
donors for transplantation, due to the low likelihood of 
genetic similarity among siblings and the declining 
number of family members in many societies, more than 
70% of patients require HLA-compatible non-relative 
donors from stem cell registries. The greater the number 
of hematopoietic stem cell donors, the higher the chances 

of finding a non-relative donor with identical HLA for a 
patient (12). 

 

Materials and Methods 
1. Sample preparation, DNA extraction and HLA-
typing by PCR-SSP method 

Blood samples were collected from all stem cell 
donation volunteers at the Iranian Blood Transfusion 
Organization. Each volunteer provided a 10 mL volume 
of whole blood, with EDTA as the anticoagulant. The 
samples were stored at temperatures between 1 and 10°C 
before being transported to the laboratory. DNA 
extraction was performed using the magnetic bead 
method with the MagCore Automated Nucleic Acid 
DNA Extractor (Switzerland). The PCR-SSP 
(polymerase chain reaction with sequence-specific 
primers) method was used for HLA typing. This 
technique uses sequence-specific primers to target and 
amplify a particular HLA DNA sequence. It comprises 
multiple PCR reactions, each specific to an allele or 
group of alleles. After amplification, the alleles are 
detected through agarose gel electrophoresis. Since SSP 
primers target particular DNA sequences, the 
amplification product confirms the presence of the allele 
containing that sequence (1). In this method, a kit is used 
for each sample, and each HLA-ABDR determination kit 
contains 96 microtubes, with primers specific to the HLA 
sequences and internal control primers. 

For this research, HLA-typing kits from Olerup 
(Sweden) were the primary kits used, with Innotrain 
(Germany) kits employed to resolve ambiguities. Each 
kit contained 24 reactions for HLA-A, 48 reactions for 
HLA-B, and 24 reactions for HLA-DRB1 allele groups. 
After PCR, the samples were electrophoresed on a 1.5% 
agarose gel, and two independent experts analyzed the 
resulting images. If the image quality was adequate, the 
bands were counted and interpreted manually and by 
software. 

 
2. Statistical analysis 

This investigation employed the chi-square test to 
examine the association between ethnicity and allele 
frequency within the population sample. When 
applicable, Fisher's exact test was utilized. Standardized 
residuals were computed to identify notable deviations 
between the observed and expected allele frequencies 
under the null hypothesis of independence. A 
standardized residual with an absolute value greater than 
2 indicated a meaningful discrepancy at the 0.05 
threshold. All statistical analyses were conducted using 
R software. 
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Results 
1. HLA-Typing results in the studied population of four 
Iranian ethnicities 

Performing low-resolution HLA-typing tests on the 
samples of different ethnicities of Gilak (n= 510), Lur (n= 
465), Kurdish (n= 719), and Arab (n= 370) led to the 
determination of allelic groups in HLA-A, -B and -DRB1 
gene loci in the studied populations. 

 
2. Frequency of Alleles in the Studied Population 

The frequencies of allelic groups related to the HLA-
A, HLA-B, and HLA-DRB1 gene loci were identified. 
The highest allelic frequencies for HLA-A in the entire 

studied population were HLA-A*02 (19.6%), HLA-
A*24 (15.2%), and HLA-A*03 (12.1%). For HLA-B, the 
most frequent alleles were HLA-B*35 (19%) and HLA-
B*51 (14.2%) (Table 1). In terms of HLA-DRB1, the 
most frequent alleles were HLA-DRB1*11 (22.7%), 
HLA-DRB1*15 (11.7%), and HLA-DRB1*04 (11.1%). 
No alleles from the HLA-A*80 and HLA-B*67, *78, 
*81, *82, and *83 groups were detected in the studied 
population. Due to the volume of data, the allelic groups 
for HLA-B are exclusively presented in detail by ethnic 
group. 

 
 

Table 1. Frequencies of allelic groups related to HLA-B in the entire studied population 
HLA-B in the entire studied population 

HLA-B Frequency Percent Valid Percent Cumulative Percent 
Valid                 07 187 4.5 4.5 4.5 
 08 164 4.0 4.0 8.5 
 13 106 2.6 2.6 11.1 
 14 85 2.1 2.1 13.1 
 15 127 3.1 3.1 16.2 
 18 219 5.3 5.3 21.5 
 27 93 2.3 2.3 23.8 
 35 786 19.0 19.0 42.8 
 37 57 1.4 1.4 44.2 
 38 153 3.7 3.7 47.9 
 39 48 1.2 1.2 49.1 
 40 122 3.0 3.0 52.0 
 41 162 3.9 3.9 55.9 
 42 10 .2 .2 56.2 
 44 201 4.9 4.9 61.0 
 45 16 .4 .4 61.4 
 46 6 .1 .1 61.6 
 47 11 .3 .3 61.8 
 48 2 .0 .0 61.9 
 49 99 2.4 2.4 64.3 
 50 200 4.8 4.8 69.1 
 51 586 14.2 14.2 83.3 
 52 272 6.6 6.6 89.9 
 53 37 .9 .9 90.8 
 54 6 .1 .1 91.0 
 55 189 4.6 4.6 95.5 
 56 11 .3 .3 95.8 
 57 51 1.2 1.2 97.0 
 58 93 2.3 2.3 99.3 
 59 1 .0 .0 99.3 
 73 27 .7 .7 100.0 
 Tot

al 
4128 100.0 100.0  

HLA-B* 67, *78, *81, *82, *83 allele groups were not detected. 
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3. Frequencies of HLA-B Alleles in Different Ethnic 
Groups 

The HLA-B allele frequencies among the studied 
ethnic groups were also evaluated. As shown in Table 2, 
31 allelic groups for HLA-B were compared, and 
significant differences (P-value < 0.05) were found in 17 
of these allelic groups (Table 2). 

It should be noted that the results for HLA-B*07, 
HLA-B*13, HLA-B*18, HLA-B*40, HLA-B*44, HLA-
B*47, HLA-B*48, HLA-B*49, HLA-B*54, HLA-B*56, 
HLA-B*57, HLA-B*73, HLA-B*46, and HLA-B*59 
were  not statistically significant between the ethnic 
groups. 

 

Table 2. Comparison between the frequency distribution of allelic groups in the HLA-B gene locus in 4 ethnic groups of Iran: Lur, 
Gilak, Arab and Kurd 

Name Ethnic Allele N (%) Standardized Residuals P-value 
 
HLA-B*08 

Lur 
 
 

Gilak 
 
 

Arab 
 
 

Kurd 

Yes 
No 

 
Yes 
No 

 
Yes 
No 

 
Yes 
No 

36(3.87) 
894(96.13) 

 
24(2.35) 

996(97.65) 
 

49(6.62) 
691(93.38) 

 
55(3.82) 

1383(96.18) 

-0.18 
0.18 

 
-3.05 
3.05 

 
4.07 
-4.07 

 
-0.36 
0.36 

 
 
 
 
 

<0.001 

HLA-B*14 Lur 
 
 

Gilak 
 
 

Arab 
 
 

Kurd 

Yes 
No 

 
Yes 
No 

 
Yes 
No 

 
Yes 
No 

16(1.72) 
914(98.28) 

 
14(1.37) 

1006(98.63) 
 

29(3.92) 
711(96.08) 

 
26(1.81) 

1412(98.19) 

-0.83 
0.83 

 
-1.78 
1.78 

 
3.93 
-3.93 

 
-0.83 
0.83 

 
 
 
 
 

0.001 

 
HLA-B*15 

Lur 
 
 

Gilak 
 
 

Arab 
 
 

Kurd 

Yes 
No 

 
Yes 
No 

 
Yes 
No 

 
Yes 
No 

23(2.47) 
907(97.53) 

 
28(2.75) 

992(97.25) 
 

45(6.08) 
695(93.92) 

 
31(2.16) 

1407(97.84) 

-1.21 
1.21 

 
-0.71 
0.71 

 
5.22 
-5.22 

 
-2.5 
2.5 

 
 
 
 
 

<0.001 

 
HLA-B*27 

Lur 
 
 

Gilak 
 
 

Arab 
 
 

Kurd 

Yes 
No 

 
Yes 
No 

 
Yes 
No 

 
Yes 
No 

29(3.12) 
901(96.88) 

 
14(1.37) 

1006(98.63) 
 

11(1.49) 
729(98.51) 

 
39(2.71) 

1399(97.29) 

2.02 
-2.02 

 
-2.18 
2.18 

 
-1.55 
1.55 

 
1.45 
-1.45 

 
 
 
 
 

0.018 

HLA-B*35 Lur 
 
 

Gilak 
 
 

Arab 
 
 

Kurd 

Yes 
No 

 
Yes 
No 

 
Yes 
No 

 
Yes 
No 

188(20.22) 
742(79.78) 

 
232(22.75) 
788(77.25) 

 
84(11.35) 

656(88.65) 
 

282(19.61) 
1156(80.39) 

1.04 
-1.04 

 
3.47 
-3.47 

 
-5.88 
5.88 

 
0.68 
-0.68 

 
 
 
 
 

<0.001 
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Discussion 
This research focused on HLA-A, HLA-B, and HLA-

DRB1 loci polymorphism among four Iranian ethnic 
groups: Lur, Gilak, Kurd, and Arab. The study identified 
the frequencies of HLA allelic groups and observed 

significant variations in the frequency of specific HLA-
B alleles across the ethnicities (Table 2). When an 
important relationship was detected (P-value < 0.05), it 
indicated an association between the allele and the 
ethnicity. Further analysis using standardized residuals 
helped determine whether a specific ethnic group 

Table 2. Continued 
Name Ethnic Allele N (%) Standardized Residuals P-value 

HLA-B*37 Lur 
 
 

Gilak 
 
 

Arab 
 
 

Kurd 

Yes 
No 

 
Yes 
No 

 
Yes 
No 

 
Yes 
No 

5(0.54) 
925(99.46) 

 
25(2.45) 

995(97.55) 
 

4(0.54) 
736(99.46) 

 
23(1.60) 

1415(98.40) 

-2.5 
2.5 

 
3.38 
-3.38 

 
-2.16 
2.16 

 
0.88 
-0.88 

 
 
 
 
 

0.001 

HLA-B*38 Lur 
 
 

Gilak 
 
 

Arab 
 
 

Kurd 

Yes 
No 

 
Yes 
No 

 
Yes 
No 

 
Yes 
No 

33(3.55) 
897(96.45) 

 
30(2.94) 

990(97.06) 
 

42(5.68) 
698(94.32) 

 
48(3.34) 

1390(96.66) 

-0.29 
0.29 

 
-1.49 
1.49 

 
3.13 
3.13 

 
-0.92 
0.92 

 
 
 
 
 

0.016 

HLA-B*39 Lur 
 
 

Gilak 
 
 

Arab 
 
 

Kurd 

Yes 
No 

 
Yes 
No 

 
Yes 
No 

 
Yes 
No 

12(1.29) 
918(98.71) 

 
20(1.96) 

1000(98.04) 
 

5(0.68) 
735(99.32) 

 
11(0.76) 

1427(99.24) 

0.41 
-0.41 

 
2.74 
-2.74 

 
-1.36 
1.36 

 
-1.74 
1.74 

 
 
 
 
 

0.0257 

 
 
 
 

HLA-B*41 
 
 
 
 

Lur 
 
 

Gilak 
 
 

Arab 
 
 

Kurd 

Yes 
No 

 
Yes 
No 

 
Yes 
No 

 
Yes 
No 

37(3.98) 
893(96.02) 

 
50(4.90) 

970(95.10) 
 

41(5.54) 
699(94.46) 

 
34(2.36) 

1404(97.64) 

0.1 
-0.1 

 
1.85 
-1.85 

 
2.5 
-2.5 

 
-3.77 
3.77 

 
 
 
 

<0.001 

 
HLA-B*42 

Lur 
 
 

Gilak 
 
 

Arab 
 
 

Kurd 

Yes 
No 

 
Yes 
No 

 
Yes 
No 

 
Yes 
No 

1(0.11) 
929(99.89) 

 
1(0.10) 

1019(99.90) 
 

6(0.81) 
734(99.19) 

 
2(0.14) 

1436(99.86) 

-0.95 
0.95 

 
-1.08 
1.08 

 
3.47 
-3.47 

 
-0.99 
0.99 

 
 
 
 
 

0.018 

 



Vol. 35  No. 4  Autumn 2024 F. Yari, et al. J. Sci. I. R. Iran 

316 
 

exhibited a higher or lower allele frequency. Under the 
independence assumption, absolute values exceeding 2 
for standardized residuals indicated significant 
differences between observed and expected frequencies. 
Positive residuals indicate that the observed frequency 

exceeded the expected value, whereas adverse residuals 
suggest the observed frequency was lower than 
anticipated. 

The HLA-B*67, B*78, B*81, B*82, and B*83 allelic 
groups were not observed in the overall population 

Table 2. Continued 
Name Ethnic Allele N (%) Standardized Residuals P-value 

HLA-B*45 Lur 
 
 

Gilak 
 
 

Arab 
 
 

Kurd 

Yes 
No 

 
Yes 
No 

 
Yes 
No 

 
Yes 
No 

3(0.32) 
927(99.68) 

 
2(0.2) 

1018(99.8) 
 

8(1.08) 
732(98.92) 

 
3(0.21) 

1435(99.79) 

-0.36 
0.36 

 
-1.13 
1.13 

 
3.35 
-3.35 

 
-1.35 
1.35 

 
 
 
 
 

0.022 

HLA-B*50 Lur 
 
 

Gilak 
 
 

Arab 
 
 

Kurd 
 

Yes 
No 

 
Yes 
No 

 
Yes 
No 

 
Yes 
No 

34(3.66) 
896(96.34) 

 
29(2.84) 

991(97.16) 
 

57(7.7) 
683(92.3) 

 
80(5.56) 

1358(94.44) 

-1.92 
1.92 

 
-3.43 
3.43 

 
4 
-4 
 

1.57 
-1.57 

 
 
 
 
 

<0.001 
 

HLA-B*51 Lur 
 
 

Gilak 
 
 

Arab 
 
 

Kurd 
 

Yes 
No 

 
Yes 
No 

 
Yes 
No 

 
Yes 
No 

170(18.28) 
760(81.72) 

 
95(9.31) 

925(90.69) 
 

69(9.32) 
671(90.68) 

 
252(17.52) 
1186(82.48) 

4.05 
-4.05 

 
-5.15 
5.15 

 
-4.19 
4.19 

 
4.48 
-4.48 

 
 
 
 
 

<0.001 

HLA-B*52 Lur 
 
 

Gilak 
 
 

Arab 
 
 

Kurd 
 

Yes 
No 

 
Yes 
No 

 
Yes 
No 

 
Yes 
No 

50(5.38) 
880(94.62) 

 
87(8.53) 

933(91.47) 
 

46(6.22) 
694(93.78) 

 
89(6.19) 

1349(93.81) 

-1.69 
1.69 

 
2.88 
-2.88 

 
-0.45 
0.45 

 
-0.76 
0.76 

 
 
 
 
 

0.029 

HLA-B*53 Lur 
 
 

Gilak 
 
 

Arab 
 
 

Kurd 
 

Yes 
No 

 
Yes 
No 

 
Yes 
No 

 
Yes 
No 

3(0.32) 
927(99.68) 

 
8(0.78) 

1012(99.22) 
 

13(1.76) 
727(98.24) 

 
13(0.9) 

1423(99.1) 

-2.11 
2.11 

 
-0.44 
0.44 

 
2.74 
-2.74 

 
0.04 
-0.04 

 
 
 
 
 

0.021 
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studied. The most common alleles for HLA-B were 
HLA-B*35 (19%) and HLA-B*51 (14.2%). Research 
conducted by Shaigan in 2011, which examined the 
allelic frequencies of HLA-A, HLA-B, and HLA-DRB1 
in 244 individuals from the Fars ethnic group in Iran, 
reported results that aligned closely with the findings in 
the general population (13). 

Abedini and colleagues performed a systematic 
review and meta-analysis of HLA allele frequencies in 
Iranian populations. Their reported frequencies were also 
similar to those of this research. For instance, the two 
most common alleles, HLA-B*35 and HLA-B*51, were 
observed at 19% and 14.2%, respectively, closely 
matching Abedini's 18% and 14% findings. However, 
differences were noted for rare alleles such as HLA-B*42 
and HLA-B*45, which were absent (0%) in Abedini's 
research but appeared at 0.2% and 0.4% in this research. 
These discrepancies could be attributed to the larger 
sample size in this research (14). 

An exciting aspect of this investigation was the 
variation in allele frequencies among different ethnic 
groups compared to the overall population. For instance, 
in the general population, HLA-B*35 had a frequency of 
19%, and HLA-B*52 had a frequency of 14.2% (Table 
1). However, in the Arab population, these frequencies 
were lower, with HLA-B*35 at 11.35% and HLA-B*52 
at 9.32% (Table 2). Conversely, specific alleles, like 
HLA-B*15, had a higher frequency in the Arab 
population (6.08%) compared to the total population 
(3%). Similar trends were observed in other Arab 
populations. For instance, HLA-B*35 was highly 

prevalent among Palestinians (20.3%) and Lebanese-
Armenians (19.8%). In contrast, HLA-B*35 was found 
at varying frequencies in Iraqi Kurds (15.6%), Omanis 
(15.3%), Jordanians (14.9%), and Arab Emiratis 
(11.1%). The second most frequent allele, HLA-B*51, 
was also common among Saudis (19.3%), Omanis 
(17.5%), and Arab Emiratis (15.6%) (15). 

In 2017, Shaheswar and colleagues conducted 
genomic research analyzing the distribution of HLA-A 
and HLA-B alleles in the Lak population of Lorestan 
Province. This research aimed to compare these findings 
with data from the broader Iranian population. Their 
results showed significant parallels with the Lur 
population in this research. For example, the frequency 
of HLA-B*35 was 20.22% among Lurs, compared to 
24% among the Lak population (P< 0.05). Similarly, 
HLA-B*51 was found at 18.28% among Lurs and 16% 
in the Lak population (P< 0.05). Both investigations 
showed strong agreement in allele frequencies for 
common alleles; however, differences were observed in 
the less common alleles. For instance, HLA-B*48 and 
HLA-B*55 were found at 0.11% and 4.52%, 
respectively, compared to 1% for both alleles in 
Shaheswar's research (P-value < 0.05). These variations 
may result from the distinct subpopulations studied. 
Shaheswar's research focused exclusively on the Lak 
population, while this research included the Lur 
population. Furthermore, Shaheswar's research had a 
sample size of 100 individuals, while this research 
involved 465 participants (16). 

Suarez-Trujillo and colleagues researched the 

Table 2. Continued 
Name Ethnic Allele N (%) Standardized Residuals P-value 

HLA-B*55 Lur 
 
 

Gilak 
 
 

Arab 
 
 

Kurd 
 

Yes 
No 

 
Yes 
No 

 
Yes 
No 

 
Yes 
No 

42(4.52) 
888(95.48) 

 
82(8.04) 

938(91.96) 
 

9(1.22) 
731(98.78) 

 
56(3.89) 

1382(96.11) 

-0.1 
0.1 

 
6.09 
-6.09 

 
-4.83 
4.83 

 
-1.54 
1.54 

 
 
 
 

<0.001 
 

 
HLA-B*58 

Lur 
 
 

Gilak 
 
 

Arab 
 
 

Kurd 
 

Yes 
No 

 
Yes 
No 

 
Yes 
No 

 
Yes 
No 

14(1.51) 
916(98.49) 

 
32(3.14) 

988(96.86) 
 

23(3.11) 
717(96.89) 

 
24(1.67) 

1414(98.33) 

-1.75 
1.75 

 
2.19 
-2.19 

 
1.73 
-1.73 

 
-1.85 
1.85 

 
 
 
 
 

0.014 
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prevalence of HLA alleles in Saqqez-Baneh Kurds in 
Iran. Their findings reported frequencies for common 
alleles such as HLA-B*35:01 (21.67%), HLA-B*51:01 
(9.17%), HLA-B*18:01 (5.83%), and HLA-B*50:01 
(5.83%). This research yielded similar results to Suarez-
Trujillo's research; however, there was a notable 
difference in the frequency of HLA-B*51 (P-value < 
0.05). In the Kurdish population of this study, HLA-B*51 
was recorded at 17.52%, compared to 9.17% in Suarez-
Trujillo's research. This discrepancy may be attributed to 
the distinct Kurdish subpopulations examined in the two 
investigations. While Suarez-Trujillo's research focused 
solely on Saqqez-Baneh Kurds, this research included 
Kurds from various regions of Iran (17,18) .  

It is noteworthy that Hajighasemi and his team 
discovered prevalent HLA Class I and II alleles within 
the Iranian population through an immunoinformatic 
analysis of the database (www.allelefrequencies.net). 
This information could prove to be significant for vaccine 
development, organ transplantation, and donor matching. 
According to their research, the most frequently observed 
HLA-B alleles were HLA-B*35 (13%), B*51 (12%), and 
B*53 (13%). The findings of this study were consistent 
with Hajighasemi research (19).  

 
Conclusion 

Analyzing the distribution of HLA alleles across 
various ethnic populations reveals commonalities and 
distinctions within allelic groups. This analysis is critical 
in improving the efficiency of donor center programs in 
different regions and optimizing stem cell donation 
registries. The findings from this research can potentially 
drive groundbreaking clinical progress in fields like 
transplantation, vaccine creation, uncovering the genetic 
factors influencing drug responses, and combating 
infectious diseases. 
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Abstract 
This study examined π-Rickart modules, a module-theoretic analog of π-Rickart rings, from 

the perspective of their endomorphism rings. It is shown that π-Rickart conditions are located 
between π-e. Baer and p.q.-Baer conditions, and it is established that the corresponding 
endomorphism ring possesses the appropriate π-Rickart property. Besides, the notion of π-e.AIP 
modules is presented. Furthermore, connections to the aforementioned concepts of π-Rickart, 
endo-AIP, and π-e.AIP modules are examined. 
 
Keywords: Baer modules; Rickart ring; Endomorphism rings; Annihilators; Rickart modules. 
 

 
 

Introduction 
This study operated within the ring and module 

theory framework, where R represents a ring with a non-
zero identity, and M is a unitary right R-module. The 
notation 𝑆 signifies the ring of R-endomorphisms of M. 
We further define, 𝑙ௌ(𝑋) and 𝑟ெ(𝑋) as the left and right 
annihilators of a X within S and M, respectively, and 𝐼(𝑅) 
as the subring of R generated by its idempotent elements. 

Based on (1) and (2), a ring R is referred to as (quasi-
)Baer if, for any nonempty subset (or ideal) 𝑌 of 𝑅, it 
holds that 𝑟ோ(𝑌) ≤⊕ 𝑅ோ . Furthermore, R is designated 
right Rickart (3) if, given each  𝑥 ∈ 𝑅 , 𝑟ோ(𝑥) ≤⊕ 𝑅ோ . 
These classes of modules have applications in functional 
analysis. The concept of Rickart rings was initially 
introduced in (3) and has since been extensively studied 
by various researchers, including (4-9).  

The aforementioned ring-theoretic concepts are 
naturally generalized to the module setting. Specifically, 
as delineated in (10), 𝑀ோ is defined as (quasi-)Baer if, for 
every (fully invariant) submodule 𝐾  of 𝑀ோ , 𝑙ௌ(𝐾) ≤⊕  𝑆ௌ . The notion of p.q.-Baer modules, as 
                                                        
* Corresponding author: Tel: +98(21)82883446; Email: moussavi.a@modares.ac.ir and a.moussavi@gmail.com  

introduced in (11), pertains to 𝑀ோ where 𝑟ெ(𝜓𝑆) ≤⊕ 𝑀ோ 
for every 𝜓 ∈ 𝑆. Moreover, based on (12), a module 𝑀ோ 
is classified as Rickart if, for each 𝜓 ∈ 𝑆 , K𝑒𝑟𝜓 =rெ(𝜓) ≤⊕ 𝑀ோ. The absence of symmetry in the Rickart 
ring property, unlike in the Baer and quasi-Baer 
conditions, motivates the introduction of 𝔏 -Rickart 
modules. A module 𝑀ோ is referred to as 𝔏-Rickart (13) if, 
for every 𝑦 ∈ 𝑀, 𝑙ௌ(𝑦) ≤⊕  𝑆ௌ .  

A right (or left) ideal 𝐴 in a ring 𝑅 is called projection 
invariant if, for every element 𝑒 𝑖𝑛 𝑅 such that 𝑒ଶ = 𝑒, 
ideal A remains unchanged when multiplied by e, i.e., 𝑒𝐴 ⊆ 𝐴. The concept of π-Baer rings is introduced in 
(14), is based on these kinds of ideals. A ring 𝑅 is termed  𝜋-Baer if, for any projection-invariant left ideal 𝑋 of 𝑅, rோ(𝑋) ≤⊕ 𝑅ோ. Moreover, this idea extends to modules, 
where a submodule 𝑃 of 𝑀ோ is projection invariant if, for 
all idempotent elements 𝑔 ∈ 𝑆,  submodule satisfies 𝑔(𝑃) ⊆ 𝑃,meaning it is preserved under multiplication 
by g. A module 𝑀ோ is defined as π-e.Baer (15) if every 
projection-invariant submodule 𝑃  of 𝑀ோ  satisfies 𝑙ௌ(𝑃) ≤⊕  𝑆ௌ .. In recent studies, a more generalized form 
of π-Baer rings, called π-Rickart rings, was introduced. 
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As described in (16), a ring R is defined as left π-Rickart 
if, for any element 𝑥 ∈ 𝑅, 𝑙ோ(𝐼(𝑅)𝑥) ≤⊕  𝑅ோ . As with 
the Rickart ring condition, π-Rickart ring condition does 
not generally possess symmetry between the left and 
right aspects.  For more results related to this concept, see 
(17-20). 

Motivated by these studies, we aimed to explore the 
concepts of 𝜋-Rickart from rings to modules. We define 𝑀ோ as 𝜋-Rickart if 𝑟ெ(𝜓𝐼(𝑆)) ≤⊕ 𝑀ோ for all 𝜓 ∈ 𝑆. It is 
apparent that R being a right π-Rickart ring is equivalent 
to 𝑅ோ  being a π-Rickart module. This new module 
classification is situated between p.q.-Baer modules and 
π-e.Baer modules.  In our most recent study (21), we 
investigated π-endo.Rickart modules, which are an 
extension of the concept of left π-Rickart rings. The 
introduction of the concept of π-Rickart modules was 
motivated by the fact that the left and right π-Rickart 
properties are not necessarily symmetric, as previously 
mentioned. Thus, we found an interesting result stating 
that the endomorphism ring of a π-Rickart module is a 
right π-Rickart ring. However, this property does not 
generally hold for π-endo. Rickart modules.               

In Section 1, we introduced 𝜋-Rickart modules and 
explored their fundamental properties. We established 
that a module 𝑀 is 𝜋-Rickart if and only if, for every 
finitely generated left ideal 𝑌  of 𝑆 , 𝑟ெ(𝑌𝐼(𝑆)) ≤⊕ 𝑀ோ 
holds (Proposition 2.8). We showed that 𝜋 -e.Baer 
modules are equivalent to 𝜋-Rickart modules satisfying 
FI-SSIP condition (Proposition 2.21). We investigate 
when the direct summand of a 𝜋-Rickart module retains 
this property (Theorem 2.10). Moreover, we established 
that the ring of endomorphisms of a 𝜋-Rickart module 
forms a right 𝜋 -Rickart ring (Theorem 2.11). An 
analogous version of Chatters and Khuri’s Theorem is 
derived for 𝜋 -Rickart modules (Corollary 2.17). 
Therefore, for a right hereditary, right noetherian ring 𝑅, 
every injective right 𝑅-module 𝑀 is 𝜋-e.Baer if and only 
if 𝑀  is 𝜋 -Rickart (Corollary 2.22). For an 
indecomposable artinian 𝜋-Rickart module 𝑀, the ring of 
endomorphisms of 𝑀 is a division ring (Corollary 2.7). 
Furthermore, 𝑀 is 𝜋-e.Baer if and only if 𝑀 is 𝜋-Rickart 
and the set {𝑆𝑒|𝑒 ∈ 𝑆௥(𝑆)}  is a complete lattice 
(Theorem 2.25). 

In Section 2, we explore the concept of π -e.AIP 
modules, which encapsulated the definitions of 𝜋-Rickart 
and 𝜋-e.Baer modules, extending their applicability to a 
broader class of modules. The interconnections between 𝜋-Rickart, endo-AIP, and 𝜋-e.AIP modules are explored 
(Theorem 3.2). We investigated the conditions in which 
the characteristics of π-e.AIP, Rickart, and π-Rickart 
modules coincide (Proposition 3.4). Furthermore, we 
examine the theoretical characteristics of π-e.AIP 
modules.  The characteristic of π-e.AIP is not preserved 

by direct summands or direct sums, as seen in Example 
3.8. We therefore investigated the circumstances under 
which the aforementioned property was inherited by 
direct summands and direct sums (Theorems 3.6 and 
3.9). We also show that the ring of endomorphisms of a 𝜋-e.AIP module is left 𝜋-AIP (Theorem 3.11). 

The notations 𝑁 ⊆ 𝑀 , 𝑁 ≤ 𝑀 , 𝑁 ⊴ 𝑀 , 𝑁 ⊴௣ 𝑀 , 𝑁 ≤⊕ 𝑀 , and 𝑁 ≤௘௦௦ 𝑀  signify that 𝑁  is a subset, a 
right 𝑅 -submodule, a fully invariant 𝑅 -submodule, a 
projection invariant right 𝑅 -submodule, a direct 
summand of 𝑀 , and an essential submodule of 𝑀 , 
respectively. Recall that an idempotent element 𝑔 ∈ 𝑅 is 
termed left (right) semicentral if 𝑡𝑔 = 𝑔𝑡𝑔 (𝑔𝑡 = 𝑔𝑡𝑔) 
for all 𝑡 ∈ 𝑅 . The sets of left and right semicentral 
idempotents are denoted as 𝑆௟(𝑅)  and 𝑆௥(𝑅) , 
respectively. A ring 𝑅  is abelian if its idempotents 
commute with all elements of 𝑅, and a module is abelian 
if the ring of its endomorphisms is abelian. 

 

Results and Discussion 
1  𝝅- Rickart modules 

 The discussion on π-Rickart modules was initiated in 
this section, with an emphasis on their key attributes. 
Given the connections between Baer and Rickart 
modules, our objective was to explore the connections 
between 𝜋-e.Baer and 𝜋-Rickart modules. Additionally, 
we investigate the connections between extending 
modules and nonsingular modules by analyzing the 
properties of projection-invariant extending modules and 
projection-invariant nonsingular modules.  Furthermore, 
we investigate the endomorphism ring of π-Rickart 
modules.  The results that were employed throughout the 
investigation are summarized below for the sake of 
comprehensiveness. 

Lemma 2.1 [ (22), Lemma 1.1] The followings are 
equivalent for an idempotent element 𝑓 ∈ 𝑅: (1) 𝑓 ∈ 𝑆௟(𝑅). (2) 1 − 𝑓 ∈ 𝑆௥(𝑅). (3) (1 − 𝑓)𝑅𝑓 = 0. (4) 𝑓𝑅 ⊴ 𝑅. (5) 𝑅(1 − 𝑓) ⊴ 𝑅.  (𝑖𝑖) 𝑆௟(𝑅) ∩ 𝑆௥(𝑅) = 𝐵(𝑅), where 𝐵(𝑅) is the set of 
central idempotents.  

Lemma 2.2 [ (15), Lemma 3.1](𝑖) Let 𝑀 =⊕௜∈ூ 𝑀௜ 
and 𝑁 ⊴௣ 𝑀 . Then, 𝑁 =⊕௜∈ூ 𝑁 ∩ 𝑀௜  and 𝑁 ∩𝑀௜ ⊴௣ 𝑀௜ for all 𝑖 ∈ 𝐼. (𝑖𝑖) Let 𝑀 be a module. Then, 𝑒 ∈ 𝑆௟(𝑆) if and only 
if 𝑒𝑀 ⊴௣ 𝑀.  

Definition 2.3  We call 𝑀ோ  is 𝜋-Rickart, if for any 𝜂 ∈ 𝑆 , there exists an idempotent element 𝑓 ∈ 𝑆  such 
that 𝑟ெ(𝜂𝐼(𝑆)) = 𝑓𝑀.  

 Note that the idempotent 𝑓 in Definition 2.3 belongs 
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to 𝑆௟(𝑆) by Lemma 2.2.  
Example 2.4(𝑖) Every abelian von Neumann regular 

(strongly regular) ring is also 𝜋-Rickart. (𝑖𝑖) The module 𝑅ோ  is 𝜋-Rickart if and only if the 
ring 𝑅 is a right 𝜋-Rickart ring. (𝑖𝑖𝑖)  The classes of semisimple modules, Baer 
modules, and 𝜋-e.Baer modules are each examples of 𝜋-
Rickart modules. (𝑖𝑣)  Consider the ring 𝑅  given by 𝑅 = ቀ𝐴 𝐻0 ℂቁ , 
where 𝐴  denotes a Banach subalgebra of the ring of 
bounded linear operators acting on a Hilbert space 𝐻 , 
with the additional condition that 𝐴 contains all rank 1 
idempotents. As indicated in [ (16), Example 3.12], 𝑅 is 
a 𝜋-Baer ring and thus it is 𝜋-Rickart. Furthermore, by 
Theorem 2.10, it follows that 𝑒𝑅  also is a 𝜋 -Rickart 
module, where 𝑒 = ቀ1 00 0ቁ. (𝑣)  ℤ௣ಮ  is an injective ℤ-module, but it does not 
qualify as 𝜋-Rickart.  

In the forthcoming theorem, we showed that 𝜋 -
Rickart modules constitute a discrete category situated 
between 𝜋-e.Baer and p.q.-Baer modules. 

Proposition 2.5  𝑀ோ  is 𝜋-e.Baer ⇒ 𝑀ோ  is 𝜋-Rickart ⇒ 𝑀ோ is p.q.-Baer.  
Proof. Assume 𝑀ோ  is a 𝜋 -e.Baer module. For any 𝜓 ∈ 𝑆 , 𝑆𝜓𝐼(𝑆)  constitutes a left ideal of 𝑆  that is 

projection invariant. Consequently, we have 𝑔ଶ = 𝑔 ∈ 𝑆 
for which 𝑟ெ(𝜓𝐼(𝑆)) = 𝑟ெ(𝑆𝜓𝐼(𝑆)) = 𝑔𝑀. Thus, 𝑀ோ is 𝜋-Rickart. Now, suppose 𝑀ோ is 𝜋-Rickart. Then, for any 𝜓 ∈ 𝑆, we have 𝑔ଶ = 𝑔 ∈ 𝑆 such that 𝑟ெ(𝜓𝐼(𝑆)) = 𝑔𝑀. 
As 𝜓𝐼(𝑆) ⊆ 𝜓𝑆, it follows that 𝑟ெ(𝜓𝑆) ⊆ 𝑟ெ(𝜓𝐼(𝑆)) =𝑔𝑀. Additionally, since 𝑔 ∈ 𝑆௟(𝑆), we have (𝜓𝑆)𝑔𝑀 =(𝜓𝑔)(𝑔𝑆𝑔𝑀) ⊆ (𝜓𝐼(𝑆))𝑔𝑀 = 0 . Hence, 𝑟ெ(𝜑𝑆) =𝑔𝑀, and thus 𝑀 is p.q.-Baer.  

The subsequent example serves to show that the 
implications stated in Proposition 2.5 are not generally 
reversible.  

Example 2.6 (i) Consider the subring 𝑇 of ∏ஶ௡ୀଵ 𝐴௡, 
where 𝐴௡ = ℤ  for 𝑛 = 1,2,⋯ , defined as 𝑇 = {(𝑎௡) ∈∏ஶ௡ୀଵ 𝐴௡|𝑎௡𝑖𝑠 𝑒𝑣𝑒𝑛𝑡𝑢𝑎𝑙𝑙𝑦 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡}. Then 𝑇்  is a 𝜋-
Rickart module, which is not 𝜋-e.Baer [ (16), Example 
1.6]. (𝑖𝑖)  The ring of endomorphisms of a 𝜋 -e.Baer 
module is a 𝜋-e.Baer ring by [ (15), Theorem 2.5]. Let 𝐵 
be a 𝜋-Rickart ring that is not a 𝜋-Baer ring (see, [ (16), 
Example Example 1.6]). Consider the ring 𝑅 = ቂ𝐵 𝐵0 𝐵ቃ 
and idempotent 𝑔 = ቂ1 00 0ቃ ∈ 𝑅 . Then, based on 
Theorem 2.10, 𝑀ோ = 𝑔𝑅  is a 𝜋 -Rickart module. 
However, since 𝐸𝑛𝑑ோ(𝑀) ≅ 𝐵 is not a 𝜋-Baer ring, 𝑀ோ 
is not a 𝜋-e.Baer module. (𝑖𝑖𝑖) Suppose 𝑅 is a simple ring that only has trivial 

idempotents {0,1}, and is not a domain (see, (23)). Then, 𝑅 is a quasi-Baer ring and therefore p.q-Baer. It can be 
easily verified that 𝑅 does not satisfy the right 𝜋-Rickart 
property. Consequently, 𝑀 = 𝑅ோ is not 𝜋-Rickart.  

Proposition 2.7  (𝑖) For an indecomposable module 𝑀ோ, being 𝜋-Rickart, Baer, and 𝜋-e.Baer are equivalent 
properties. (𝑖𝑖)  If 𝑀ோ  is an indecomposable artinian 𝜋-Rickart 
module, then 𝐸𝑛𝑑ோ(𝑀) is a division ring.  

Proof. (𝑖)  It is straightforward, as 𝑀ோ  is 
indecomposable. (𝑖𝑖) It follows from the part (𝑖) and [ (12), Corollary 
4.11].  

Proposition 2.8 The following conditions are 
equivalent for 𝑀ோ.   

    1.  𝑀ோ is 𝜋-Rickart.  
    2.  For every finite subset 𝑋 = {𝜑ଵ, . . . ,𝜑௡} of 𝑆, 𝑟ெ(𝑋𝐼(𝑆)) ≤⊕ 𝑀.  
    3.  For each finitely generated left ideal 𝑌  of 𝑆 , 𝑟ெ(𝑌𝐼(𝑆)) ≤⊕ 𝑀.  
Proof. (𝑖) ⇒ (𝑖𝑖) It can be verified that 𝑟ெ(𝑋𝐼(𝑆)) =𝑟ெ(𝜑ଵ𝐼(𝑆)) ∩. . .∩ 𝑟ெ(𝜑௡𝐼(𝑆)) . Since 𝑀  is 𝜋 -Rickart, 

we can find elements 𝑔௝ ∈ 𝑆௟(𝑆) such that 𝑟ெ(𝜑𝑗𝐼(𝑆)) =𝑔௝𝑀  for each 𝑗 ∈ {1,2, … } . Therefore, 𝑟ெ(𝑋𝐼(𝑆)) =⋂௡௝ୀଵ 𝑔௝𝑀 = 𝑔𝑀, where 𝑔 = 𝑔ଵ𝑔ଶ ⋯𝑔௡ ∈ 𝑆௟(𝑆). 
 (𝑖𝑖) ⇒ (𝑖𝑖𝑖) It is straightforward. 
 (𝑖𝑖𝑖) ⇒ (𝑖) It is evident because every principal left 

ideal is finitely generated.  
The following example shows that a direct summand 

of a 𝜋-Rickart module may not necessarily be 𝜋-Rickart, 
in general. 

Example 2.9 Consider a prime ring 𝑅  where 𝑅ோ  is 
uniform and 𝑍(𝑅ோ) ≠ 0 . Now, let’s consider the free 
module 𝐴ோ=⊕௜ୀଵ௡ 𝑅௜  where 𝑅௜ ≅ 𝑅 for each 1 ≤ 𝑖 ≤ 𝑛. 
Based on [ (15), Example 4.1], we can deduce that 𝐴ோ is 𝜋-e.Baer. Using Proposition 2.5, we can further deduce 
that 𝐴ோ is 𝜋-Rickart. However, since each one sided ideal 
of 𝑅 is projection invariant and 𝑅 is not Rickart, we can 
conclude that 𝑅ோ is not 𝜋-Rickart.  

The forthcoming theorem establishes the conditions 
under which a direct summand of a 𝜋-Rickart module is 𝜋-Rickart. 

Theorem 2.10 Direct summands that are projection 
invariant in 𝜋-Rickart modules remain 𝜋-Rickart.  

Proof. Let 𝑀  be 𝜋 -Rickart and 𝑁  be a projection 
invariant direct summand of 𝑀ோ. Then, there exist 𝑒ଶ =𝑒 ∈ 𝑆  such that 𝑁 = 𝑒𝑀  and 𝐸 ≅ 𝑒𝑆𝑒 , where 𝐸 =𝐸𝑛𝑑ோ(𝑁). Note that 𝑒 ∈ 𝑆௟(𝑆), as 𝑁 ⊴௣ 𝑀. Observe that 𝜑 = 𝑒𝜑𝑒, so 𝐼(𝐸) = 𝑒𝐼(𝑆)𝑒. For every 𝑛 ∈ 𝑟ே(𝜑𝐼(𝐸)), 𝑛 = 𝑒𝑛 . So 𝜑𝐼(𝑆)𝑛 = 𝑒𝜑𝑒𝐼(𝑆)𝑒𝑛 = 𝜑(𝑒𝐼(𝑆)𝑒)𝑛 =𝜑𝐼(𝐸)𝑛 = 0 , and hence 𝑟ே(𝜑𝐼(𝐸)) ⊆ 𝑟ெ(𝜑𝐼(𝑆)) ∩ 𝑁 . 
Now let 𝑥 ∈ 𝑟ெ(𝜑𝐼(𝑆)) ∩ 𝑁  we have 𝑥 = 𝑒𝑥 ∈ 𝑁  and 
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𝜑𝐼(𝐸)𝑥 = 𝜑𝑒𝐼(𝑆)𝑒𝑥 = 𝜑𝐼(𝑆)𝑥 = 0.  This implies that 𝑟ே(𝜑𝐼(𝐸)) = 𝑟ெ(𝜑𝐼(𝑆)) ∩ 𝑁 . Since 𝑀  is 𝜋 -Rickart, 𝑟ெ(𝜑𝐼(𝑆)) = 𝑓𝑀  for some 𝑓ଶ = 𝑓 ∈ 𝑆 . Hence 𝑟ெ(𝜑𝐼(𝑆)) ∩ 𝑁 = 𝑓𝑀 ∩ 𝑒𝑀 = (𝑒𝑓𝑒)𝑒𝑀, and 𝑒𝑓𝑒 is an 
idempotent of 𝑒𝑆𝑒 . Therefore 𝑟ே(𝜑𝐼(𝐸)) =(𝑒𝑓𝑒)𝑒𝑀 ≤⊕ 𝑒𝑀 = 𝑁.  

Theorem 2.11 The endomoprhism ring of a 𝜋 -
Rickart module is a right 𝜋-Rickart ring.  

Proof. Consider 𝑀 as a 𝜋-Rickart module. For every 𝜓 ∈ 𝑆, there is 𝑔ଶ = 𝑔 ∈ 𝑆 such that 𝑟ெ(𝜓𝐼(𝑆)) = 𝑔𝑀. 
Consequently, 𝜓𝐼(𝑆)𝑔 = 0 , implying 𝑔𝑆 ⊆ 𝑟ௌ(𝜓𝐼(𝑆)) . 
Now, let 𝛼 ∈ 𝑟ௌ(𝜓𝐼(𝑆)) . Hence, 𝜓𝐼(𝑆)𝛼 = 0 , which 
leads to 𝛼(𝑀) ⊆ 𝑟ெ(𝜓𝐼(𝑆)) . This implies 𝛼 = 𝑔𝛼 , so 𝑟ௌ(𝜓𝐼(𝑆)) = 𝑔𝑆. Therefore, 𝑆 is right 𝜋-Rickart.  

Corollary 2.12 Let 𝑅 be a right 𝜋-Rickart ring and 𝑒 ∈ 𝑆௟(𝑅). Then 𝑒𝑅𝑒 is also a right 𝜋-Rickart ring. 
Proof. Since 𝑒 ∈ 𝑆௟(𝑅),it follows from Lemma 2.2 

that 𝑒𝑅 ⊴௣ 𝑅 . Note that 𝐸𝑛𝑑ோ(𝑒𝑅) ≅ 𝑒𝑅𝑒 . Thus, the 
conclusion is derived from Theorem 2.10 and 2.11.  

The following example shows that the converse of 
Theorem 2.11 does not hold, in general. 

Example 2.13 Let 𝒞 = ൤ℤ ℤଶ0 ℤଶ൨  and 𝑔 = ቂ1 00 0ቃ ∈𝒞 . Consider 𝑀𝒞 = 𝑔𝒞 . Then 𝐸𝑛𝑑𝒞(𝑀)  is a 𝜋 -Rickart 
ring. However 𝑀𝒞 is not a 𝜋-Rickart module.  

As defined in [20], 𝑀ோ is called local-retractable if, 
for each ⌀ ≠ 𝐴 ⊆ 𝑆 and for any 0 ≠ 𝑚 ∈ 𝑟ெ(𝐴), there 
exists a homomorphism 𝜓௠:𝑀 → 𝑟ெ(𝐴)  with 𝑚 ∈𝜓௠(𝑀) ⊆ 𝑟ெ(𝐴). Local-retractability paves the way for 
the establishment of the converse of Theorem 2.11. 

Theorem 2.14  Let 𝑀ோ be local-retractable module. 
Then, 𝑀ோ is a 𝜋-Rickart module if and only if 𝑆 is a right 𝜋-Rickart ring.  

Proof. Let 𝑆  be 𝜋 -Rickart and 𝜑 ∈ 𝑆 . Then, there 
exists 𝑔ଶ = 𝑔 ∈ 𝑆 such that 𝑟ௌ(𝜑𝐼(𝑆)) = 𝑔𝑆. By [ (13), 
Proposition 2.20], 𝑟ெ(𝜑𝐼(𝑆)) = 𝑟ௌ(𝜑𝐼(𝑆))(𝑀) . Thus, 𝑟ெ(𝜑𝐼(𝑆)) = 𝑔𝑆(𝑀) = 𝑔𝑀 . Therefore, 𝑀  is a 𝜋 -
Rickart module. The converse follows from Theorem 
2.11.  

Corollary 2.15  Consider 𝔉  as a free 𝑅 -module. 
Then, 𝔉 is 𝜋-Rickart if and only if 𝐸𝑛𝑑ோ(𝔉) is a right 𝜋-
Rickart ring.  

Proof. It is clear from [ (13),  Lemma 2.9 ] and 
Theorem 2.14.  

Based on (13), 𝑀ோ is identified as  𝜋-e.nonsingular if 𝑟ெ(𝐴) ≤௘௦௦ 𝑔𝑀 where 𝑔ଶ = 𝑔 ∈ 𝑆 and 𝐴 ⊴௣ 𝑆, leading 
to 𝑟ெ(𝐴) = 𝑔𝑀 . Thus, 𝑀ோ  is termed 𝔎-nonsingular in 
(13), if, for any 𝜑 ∈ 𝑆, 𝐾𝑒𝑟𝜑 ≤௘௦௦ 𝑀 implies 𝜑 = 0. 

Proposition 2.16  Given a 𝜋-Rickart module 𝑀ோ, we 
have the following properties:   

    1.  𝑀ோ is 𝜋-e.nonsingular.  
    2.  𝑆 is a semiprime ring if and only if every left 

semicentral idempotents of 𝑆 is central.  

3.  𝑀ோ is 𝔎-nonsingular, if every essential submodule 
of 𝑀 is an essential extension of a projection invariant 
submodule.  

Proof. (𝑖)  Let 𝑀ோ  be 𝜋 -Rickart, and let 𝑃  be a 
projection invariant left ideal in 𝑆 . Assume 𝑟ெ(𝑃) ≤௘௦௦ 𝑔𝑀 , with 𝑔ଶ = 𝑔 ∈ 𝑆 . Since 𝑟ெ(𝑃) =⋂ఝ∈ூ 𝑟ெ(𝜑𝐼(𝑆)), for any 𝜑 ∈ 𝑃, it follows that 𝑟ெ(𝑃) ≤𝑟ெ(𝜑𝐼(𝑆)) ∩ 𝑔𝑀 ≤௘௦௦ 𝑔𝑀 . As 𝑀  is 𝜋 -Rickart, there 
exists ℎ ∈ 𝑆௟(𝑆)  such that 𝑟ெ(𝜑𝐼(𝑆)) = ℎ𝑀 . Hence ℎ𝑀 ∩ 𝑔𝑀 = 𝑔ℎ𝑀 , 𝑔ℎ𝑀 ≤௘௦௦ 𝑔𝑀 . Since 𝑔ℎ  is an 
idempotent in 𝑆 , 𝑔ℎ𝑀 = 𝑔𝑀 . Thus, 𝑔𝑀 ≤ 𝑟ெ(𝜑𝐼(𝑆)) 
leading to 𝑔𝑀 ≤ ⋂ఝ∈ூ 𝑟ெ(𝜑𝐼(𝑆)) = 𝑟ெ(𝑃). Therefore, 𝑔𝑀 = 𝑟ெ(𝑃), so 𝑀 is 𝜋-e.nonsingular. (𝑖𝑖) Clearly, each left semicentral idempotents of a 
semiprime ring is central. Let 𝑀 be a 𝜋-Rickart module 
and all left semicentral idempotents in 𝑆  be central. 
Suppose 𝜑 ∈ 𝑆  and 𝜑𝑆𝜑 = 0 . Then, 𝜑𝐼(𝑆)𝜑 = 0 . 
Consequently, for every 𝑚 ∈ 𝑀, 𝜑(𝑚) ∈ 𝑟ெ(𝜑𝐼(𝑆)) =𝑔𝑀 for some 𝑔 ∈ 𝑆௟(𝑆). This implies 𝜑𝑔 = 0 and (1 −𝑔)𝜑(𝑚) = 0 for each 𝑚 ∈ 𝑀. As 𝑔 is a central, we have 𝜑 = 𝑔𝜑 + (1 − 𝑔)𝜑 = 0. Hence, 𝑆 is a semiprime ring.  (𝑖𝑖𝑖)  suppose 𝜓 ∈ 𝑆  and 𝐾𝑒𝑟𝜓 ≤௘௦௦ 𝑀 . By 
assumption, there exists 𝑁 ⊴௣ 𝑀  such that 𝑁 ≤௘௦௦ 𝐾𝑒𝑟𝜓 ≤௘௦௦ 𝑀 . Consequently, 𝜓𝐼(𝑆)𝑁 = 𝜓𝑁 =0 . Thus, 𝑁 ⊆ 𝑟ெ(𝜓𝐼(𝑆)) . Since 𝑀  is 𝜋 -Rickart, 𝑟ெ(𝜓𝐼(𝑆)) = 𝑔𝑀 for some 𝑔ଶ = 𝑔 ∈ 𝑆. As 𝑁 ≤௘௦௦ 𝑀, 𝑔 = 1. Consequently, 𝜓 = 0, implying that 𝑀  is a 𝔎-
nonsingular module.  

In their important 1980 publication, Chatters and 
Khuri demonstrated that a right nonsingular, right 
extending ring is accurately defined as a right 
cononsingular Baer ring. The objective of the 
forthcoming discussion was to further explore analogues 
of Chatters–Khuri Theorem, with insights to be drawn 
from the results presented in this paper. Based on (24), 𝑀ோ  is termed 𝜋-extending if for any 𝑁 ⊴௣ 𝑀, we have 𝑁 ≤⊕ 𝑔𝑀  where 𝑔ଶ = 𝑔 . As per (15), a module 𝑀ோ 
satisfies the 𝜋 -e.cononsingular property if, for all 𝑃 ⊴௣ 𝑀 , the condition 𝑟ெ(𝑙ௌ(𝑃)) ≤⊕ 𝑀  leads to 𝑃 ≤௘௦௦ 𝑟ெ(𝑙ௌ(𝑃)). 

Corollary 2.17  (𝑖) Any abelian right 𝜋-Rickart ring is a semiprime 
ring. (𝑖𝑖)  Any 𝜋 -extending 𝜋 -Rickart module is 𝜋 -
e.cononsingular and 𝜋-e.Baer. 

Proof. Proposition 2.16 and [6, Theorem 4.16] yield 
the result.  

A module 𝑀ோ has IFP (Insertion of Factors Property), 
if for any element 𝜑 ∈ 𝑆 , we have 𝑟ெ(𝜑) ⊴ 𝑀  (25). 
Following this idea, we define 𝜋 -IFP module as a 
generalization of IFP modules. This new class of 
modules strengthen the condition for modules with IFP.  
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Definition 2.18 We call a module 𝑀ோ is 𝜋-IFP, if for 
every 𝜙 ∈ 𝑆 , the submodule 𝑟ெ(𝜙)  is a projection 
invariant submodule of 𝑀 . (or equivalently, for each 𝑚 ∈ 𝑀, 𝑙ௌ(𝑚) is a projection invariant left ideal of 𝑆).  

Note that every ring with IFP has 𝜋 -IFP, but the 
converse is not true. For example, every simple abelian 
ring which is not a domain (see, (23)) has 𝜋-IFP but does 
not have IFP. Therefore, every abelian ring has 𝜋-IFP, 
but it does not have IFP in general [ (26), Example 14]. 

Example 2.19  Let 𝐴 be an abelian ring which does 
not have IFP. Consider 𝑅 = ቀ𝐴 𝐴0 𝐴ቁ  and 𝑀ோ = 𝑒𝑅 

where 𝑒 = ቀ1 00 0ቁ ∈ 𝑅 . Since 𝑆 = ቀ𝐴 00 0ቁ  and 𝐴  is 
abelian, 𝑀 has 𝜋-IFP. On the other hand, since 𝐴 does 
not satisfy IFP, there exist 𝑥,𝑦 ∈ 𝐴 such that 𝑥𝑦 = 0 and 𝑥𝐴𝑦 ≠ 0 . Consequently, there exists 𝑎 ∈ 𝐴  such that 𝑥𝑎𝑦 ≠ 0 . Set 𝑚 = ቀ𝑦 𝑦0 0ቁ  and 𝜙 = ቀ𝑥 00 0ቁ ∈ 𝑆.  It 
follows that 𝜙(𝑚) = 0 , thus 𝜙 ∈ 𝑙ௌ(𝑚) . However, 𝜙𝑎𝑚 ≠ 0  for ቀ𝑎 00 0ቁ ∈ 𝑆 . Thus 𝑙ௌ(𝑚)  is not a fully 
invariant left ideal of 𝑆. Hence, 𝑀 fails to satisfy the IFP.  

 An additional example of a 𝜋-IFP module that is not 
IFP can be constructed by taking 𝐴 as a simple abelian 
ring that is not a domain, as presented in Example 2.19. 

Proposition 2.20 The following statements are 
equivalent.   

    1.  𝑀ோ is both Rickart and abelian.  
    2.  𝑀ோ is 𝜋-Rickart and fulfills the 𝜋-IFP.  
Proof. (𝑖) ⇒ (𝑖𝑖)  It is evident that every abelian 

module satisfies 𝜋-IFP property. Let 𝜑 ∈ 𝑆. Since 𝑀ோ is 
Rickart, there exists 𝑓ଶ = 𝑓 ∈ 𝑆 such that 𝑟ெ(𝜑) = 𝑓𝑀. 
For any 𝑥 ∈ 𝑟ெ(𝜑𝐼(𝑆)), we have 𝜑𝐼(𝑆)𝑥 = 0. Thus, 𝑥 ∈ker(𝜑) = 𝑓𝑀 . Since 𝑀  is abelian, 𝜑𝐼(𝑆)𝑓𝑀 =𝜑𝑓𝐼(𝑆)𝑀 = 0. Therefore, 𝑟ெ(𝜑𝐼(𝑆)) = 𝑓𝑀, indicating 
that 𝑀ோ is 𝜋-Rickart.  (𝑖𝑖) ⇒ (𝑖)  Let 𝜑 ∈ 𝑆  and 𝑥 ∈ 𝑟ெ(𝜑) . Since 𝑀 
satisfies the 𝜋 -IFP, we have 𝐼(𝑆)𝑥 ⊆ 𝑟ெ(𝜑) . This 
implied that 𝑥 ∈ 𝑟ெ(𝜑𝐼(𝑆)). Therefore, we conclude that 𝑟ெ(𝜑) = 𝑟ெ(𝜑𝐼(𝑆)) . Since 𝑀ோ  is 𝜋 -Rickart, one can 
find an element 𝑓 ∈ 𝑆  satisfying 𝑓ଶ = 𝑓  and 𝑟ெ(𝜑) =𝑓𝑀. Now, we proceed to prove that 𝑀ோ is abelian. Since 𝑀  has 𝜋 -IFP, 𝑟ெ(𝑔) = (1 − 𝑔)𝑀 ⊴௣ 𝑀  for any 
idempotent 𝑔 ∈ 𝑆 . Consequently, 𝑔 ∈ 𝑆௟(𝑆)  and 
similarly 𝑔 ∈ 𝑆௥(𝑆). Therefore 𝑆 is an abelian ring. 𝑀ோ is said to possess the FI–strong summand 
intersection property (FI–SSIP) if every family of 
completely invariant direct summands of M_R has an 
intersection that is a direct summand of 𝑀ோ .  The 
following conclusion clarifies the conditions under which 
the π-e.Baer and π-Rickart modules are interchangeable. 

Proposition 2.21  𝑀ோ is 𝜋-e.Baer if and only if 𝑀ோ is 𝜋-Rickart and has the FI-SSIP.  

Proof. Assume 𝑀 is 𝜋-e.Baer and {𝑁ఊ}ఊ∈୻ is a family 
of fully invariant direct summands of 𝑀. For every 𝛾 ∈Γ, there exist an element 𝑒ఊ ∈ 𝑆௟(𝑆) such that 𝑁ఊ = 𝑒ఊ𝑀. 
Let 𝐽 = ∑ఊ∈୻ 𝑆(1 − 𝑒ఊ). Then 𝐽 is a projection invariant 
left ideal of 𝑆, as 1 − 𝑒ఊ ∈ 𝑆௥(𝑆) for each 𝛾 ∈ Γ. Hence 𝑟ெ(𝐽) ≤⊕ 𝑀. It follows that ⋂ఊ∈୻ 𝑁ఊ = ⋂ఊ∈୻ 𝑟ெ(𝑆(1 −𝑒ఊ)) = 𝑟ெ(𝐽). Therefore, 𝑀 has FI-SSIP. By Proposition 
2.5, every 𝜋-e.Baer module is 𝜋-Rickart. Conversely, let 𝐴 be a projection invariant left ideal of 𝑆. Then, we have 𝐴 = ∑ఝ೔∈஺ 𝜑௜𝐼(𝑆) . So 𝑟ெ(𝐴) = ⋂ఝ೔∈஺ 𝑟ெ(𝜑௜𝐼(𝑆)) . 
Since 𝑀ோ  is 𝜋-Rickart, for each 𝜑௜ ∈ 𝐴, there is 𝑒ఝ೔ ∈𝑆௟(𝑆) such that 𝑟ெ(𝜑௜𝐼(𝑆)) = 𝑒ఝ೔𝑀. As 𝑀 has FI-SSIP, 𝑟ெ(𝐴) = ⋂ఝ೔∈஺ 𝑒ఝ೔𝑀 ≤⊕ 𝑀. Therefore 𝑀 is 𝜋-e.Baer.  

Corollary 2.22  Let 𝑅  be a right hereditary, right 
noetherian ring. Then every injective module 𝑀ோ  is 𝜋-
e.Baer if and only if 𝑀ோ is 𝜋-Rickart.  

Proof. [ (27), Corollary 2.30] and Proposition 2.21 
complete the result.  

Lemma 2.23  Suppose 𝑀ோ is a 𝜋-Rickart module and 𝐽 is a nonzero projection invariant left annihilator in 𝑆. 
Then 𝐽 contains a nonzero idempotent.  

Proof. Let 0 ≠ 𝐽 = 𝑙ௌ(𝑋) for some nonempty subset 𝑋  of 𝑀  and 𝜑 ∈ 𝐽 . Due to 𝜋 -Rickart property of 𝑀 , 𝑟ெ(𝜑𝐼(𝑆)) = 𝑓𝑀 , where 𝑓ଶ = 𝑓 ∈ 𝑆 . Since 𝐽  is 
projection invariant left ideal of 𝑆, it follows from (15) 
that 𝑟ெ(𝐽) ⊴௣ 𝑀 . Consequently, 𝑟ெ(𝐽) ⊆ 𝑟ெ(𝜑𝐼(𝑆)) =𝑓𝑀 . Define 𝑒 = 1 − 𝑓 . Hence, 𝑒𝑟ெ(𝐽) ⊆ 𝑒𝑓𝑀 = 0, so 𝑒 ∈ 𝑙ௌ(𝑟ெ(𝐽)) = 𝐽.  

Theorem 2.24 If 𝑆 does not contain any infinite set of 
nonzero orthogonal idempotents, then 𝑀ோ  is the 𝜋 -
Rickart if and only if 𝑀ோ is 𝜋-e.Baer if and only if  𝑀ோ is 𝜋-e.Rickart.  

Proof. Suppose 𝑁 ⊴௣ 𝑀 . By Lemma 2.23, 𝑙ௌ(𝑁) 
contains a nonzero idempotent. By assumption and [ (12), 
Lemma 4.3], we can select an idempotent 𝑓 ∈ 𝑙ௌ(𝑁) 
such that 𝑆(1 − 𝑓) = 𝑙ௌ(𝑓𝑀) is minimal. We aimed to 
prove that 𝑙ௌ(𝑁) ∩ 𝑙ௌ(𝑓𝑀) = 0 . On the contrary, 
suppose 𝑙ௌ(𝑁) ∩ 𝑙ௌ(𝑓𝑀) ≠ 0 . Then 𝐽 = 𝑙ௌ(𝑁 ∪ 𝑓𝑀) ≠0 . Now, by Lemma 2.23, 𝐽  must contain a nonzero 
idempotent 𝑔. Since 𝑔𝑓 = 0, ℎ = 𝑓 + (1 − 𝑓)𝑔 is also 
an idempotent in 𝑙ௌ(𝑁) . As ℎ𝑔 = 𝑔 , ℎ ≠ 0 . 
Additionally, 𝑙ௌ(ℎ𝑀) ⊆ 𝑙ௌ(𝑓𝑀) . However, 𝑔ℎ = 𝑔𝑓 +𝑔(1 − 𝑓)𝑔 = 𝑔 ≠ 0 . Consequently, 𝑙ௌ(ℎ𝑀) ⊂ 𝑙ௌ(𝑓𝑀) , 
contradicting the choice of 𝑓 . Therefore, 𝑙ௌ(𝑁) ∩𝑙ௌ(𝑓𝑀) = 0. Now, for any 𝜑 ∈ 𝑙ௌ(𝑁), we have 𝜑(1 −𝑓) = 𝜑 − 𝜑𝑓 . Since 𝑓 ∈ 𝑙ௌ(𝑁) , 𝜑(1 − 𝑓) ∈ 𝑙ௌ(𝑁) ∩𝑙ௌ(𝑓𝑀) = 0 . Thus, 𝜑 = 𝜑𝑓 ∈ 𝑆𝑓 . This implies that 𝑙ௌ(𝑁) = 𝑆𝑓, and hence 𝑀ோ is 𝜋-e.Baer. The converse is 
deduced from Proposition 2.5. The other equivalent 
comes from [ (21) Theorem 3.7]. 

Theorem 2.25 A module 𝑀ோ possesses the 𝜋-e.Baer 
property if and only if it is π-Rickart and the set 𝐿 =
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{𝑆𝑒|𝑒 ∈ 𝑆௥(𝑆)}  forms a complete lattice in terms of 
inclusion. 

Proof. Let 𝑀ோ  be 𝜋 -Rickart, 𝐿 = {𝑆𝑒|𝑒 ∈ 𝑆௥(𝑆)}  a 
complete lattice under inclusion, and 𝑋  a projection 
invariant left ideal of 𝑆. Since 𝑋 is projection invariant, 𝑋 = ∑ఊ∈୻ 𝑥ఊ𝐼(𝑆)  for each 𝑥ఊ ∈ 𝑋 . Given 𝑀ோ  is 𝜋 -
Rickart, for each 𝛾 ∈ Γ, there exists an idempotent 𝑒ఊ ∈𝑆௟(𝑆)  such that 𝑟ெ(𝑥ఊ𝐼(𝑆)) = 𝑒ఊ𝑀 . Thus, we have 𝑟ெ(𝑋) =∩ఊ∈୻ 𝑟ெ(𝑥ఊ𝐼(𝑆)), implying 𝑟ெ(𝑋) =∩ఊ∈୻ 𝑒ఊ𝑀. 
Hence, 𝑙ௌ(𝑟ெ(𝑥ఊ𝐼(𝑆))) = 𝑆(1 − 𝑒ఊ)  for each 𝛾 ∈ Γ . 
Since 𝐿  is a complete lattice under inclusion, and 1 −𝑒ఊ ∈ 𝑆௥(𝑆), there exists an element 𝑒 ∈ 𝑆௥(𝑆) such that 𝑆𝑒 ⊆∩ఊ∈୻ 𝑆(1 − 𝑒ఊ) . Consequently, 𝑆𝑒 ⊆ 𝑙ௌ(𝑟ெ(𝑋)) , 
yielding 𝑟ெ(𝑋) = 𝑟ெ(𝑙ௌ(𝑟ெ(𝑋))) ⊆ 𝑟ெ(𝑆𝑒) = (1 −𝑒)𝑀. As 𝑒 ∈ 𝑙ௌ(𝑟ெ(𝑥ఊ𝐼(𝑆))) for each 𝛾 ∈ Γ, 𝑒𝑚 = 0 for 
each 𝑚 ∈ 𝑟ெ(𝑋). Therefore, for each 𝑚 ∈ 𝑟ெ(𝑋), 𝑚 =(1 − 𝑒)𝑚, implying 𝑟ெ(𝑋) ⊆ (1 − 𝑒)𝑀. Thus, 𝑀ோ is 𝜋-
e.Baer. Conversely, by Proposition 2.5, 𝑀ோ is 𝜋-Rickart. 
Additionally, as 𝑀ோ is 𝜋-e.Baer, by [ (15), Theorem 5.1], 𝑆 is a 𝜋-Baer ring and hence by [ (16), Theorem 2.7], 𝑆 
is a complete lattice under inclusion. 

2  𝝅-endo.AIP Modules 
 A new class of modules, referred to as π-e.AIP, is 

introduced in this section.  This class of modules extends 
its applicability to a considerably wider class by 
including the classes of π-Rickart and π-e.Baer modules. 
The interconnections between 𝜋–Rickart, endo-AIP, and 𝜋 -e.AIP modules are explored. Moreover, the present 
work aimed to investigate potential connections between 𝜋-e.AIP module and the ring of its endomorphisms. 

As defined in (28), a left ideal 𝐴 of 𝑅 is right s-unital 
if for every 𝑥 ∈ 𝐴, there is some 𝑦 ∈ 𝐴 for which 𝑥𝑦 =𝑥. 

Definition 3.1 We say 𝑀ோ  is a 𝜋-endo.AIP module, 
denoted by 𝜋-e.AIP, if 𝑙ௌ(𝐿) forms a right s-unital ideal 
of 𝑆 for all 𝐿 ⊴௣ 𝑀. A ring 𝑅 is considered left 𝜋-AIP, if 𝑅ோ is a 𝜋-e.AIP module.  

If 𝐾 ≤ 𝑀  and for all right 𝑅 -module 𝐿 , the map 𝐿 ⊗ோ 𝐾 → 𝐿⊗ோ 𝑀  is a monomorphism, then 𝐾  is 
called pure. Whenever 𝑙ௌ(𝐾) stands as a pure left ideal 
for any fully invariant submodule 𝐾 of 𝑀, it is recalled 
from (29) that 𝑀ோ is termed endo-AIP. 

Theorem 3.2  The following implications holds true. (𝑖) 𝑀ோ is 𝜋-e.AIP ⇒ 𝑀ோ is endo-AIP. (𝑖𝑖) 𝑀ோ is Rickart ⇒ 𝑀ோ is 𝜋-e.AIP. (𝑖𝑖𝑖) 𝑀ோ  is 𝜋-e.Baer ⇒ 𝑀ோ  is 𝜋-Rickart ⇒ 𝑀ோ  is 𝜋-
e.AIP. 

Proof. (𝑖)  Assume 𝑀  is 𝜋 -e.AIP and 𝐾 ⊴ 𝑀 . For 𝑥 ∈ 𝑙ௌ(𝐾), since 𝐾 ⊴௣ 𝑀, there exist 𝑐 ∈ 𝑙ௌ(𝐾) such that 𝑥 = 𝑥𝑐. Consequently, 𝑙ௌ(𝐾) is right s-unital. According 
to [ (30), Proposition 11.3.13], 𝑙ௌ(𝐾)  is pure as a left 
ideal. Therefore, 𝑀ோ is endo-AIP. 

(𝑖𝑖)  Suppose 𝑀  is Rickart, 𝑃 ⊴௣ 𝑀  and 𝜑 ∈ 𝑙ௌ(𝑃) . 
Then, 𝑃 ⊆ 𝑟ெ(𝜑). As 𝑀ோ  is Rickart, there exists 𝑔ଶ =𝑔 ∈ 𝑆  such that 𝑟ெ(𝜑) = 𝑔𝑀 . Consequently, 1 − 𝑔 ∈𝑙ௌ(𝑃) and 𝜑(1 − 𝑔) = 𝜑. Therefore, 𝑀 is 𝜋-e.AIP. (𝑖𝑖𝑖) By Proposition 2.5, 𝜋-e.Baer implies 𝜋-Rickart. 
Let 𝑀ோ  be 𝜋 -Rickart, 𝑃 ⊴௣ 𝑀  and 𝜓 ∈ 𝑙ௌ(𝑃) . Then 𝜓(𝑃) = 0 , so 𝜓𝐼(𝑆)𝑃 = 0 . Consequently, 𝑃 ⊆𝑟ெ(𝜓𝐼(𝑆)). Since 𝑀 is a 𝜋-Rickart module, there exists 𝑐ଶ = 𝑐 ∈ 𝑆  such that 𝑃 ⊆ 𝑟ெ(𝜓𝐼(𝑆)) = 𝑐𝑀 . This 
implies that 1 − 𝑐 ∈ 𝑙ௌ(𝑃) and 𝜓(1 − 𝑐) = 𝜓. Hence, 𝑀 
is 𝜋-e.AIP.  

The following example illustrates that the converse of 
Theorem 3.2 does not necessarily hold in general. 

Example 3.3  (𝑖) endo-AIP ⇏ 𝜋-e.AIP: Based on [ 
(16), Example 1.6], there exists a right p.q.-Baer ring 𝑅 
with trivial idempotents that is not right 𝜋-Rickart. By [ 
(29), Theorem 2.5], every right p.q.-Baer ring is endo-
AIP. Thus, 𝑅ோ  is endo-AIP. Since 𝑅ோ  has 𝜋-IFP, 𝑅ோ  is 𝜋-e.AIP if and only if 𝑅ோ is 𝜋-Rickart by Proposition 3.4. 
Therefore, 𝑅ோ is not 𝜋-e.AIP. (𝑖𝑖) 𝜋-e.AIP ⇏ 𝜋-Rickart: Let 𝑅 be the ring in [ (22), 
Example 1.6]. Then, 𝑅 is a right Rickart ring that is not 
right 𝜋-Rickart by[ (16), p.5]. Consider 𝑀 = 𝑅ோ. Then, 𝑀 is a 𝜋-e.AIP module, but not 𝜋-Rickart By Theorem 
3.2(𝑖𝑖). (𝑖𝑖𝑖) 𝜋-e.AIP ⇏ Rickart: Let 𝑅 = ቀℤ ℤ0 ℤቁ and 𝑀 =𝑅ோ. By [ (31), Proposition 3.12], 𝑀ோ is endo-AIP. Note 
that 𝐼(𝑆) = 𝑆 , so 𝑀  is 𝜋-e.AIP. However, 𝑀ோ  is not a 
Rickart module [ (12), Example 2.9]. 

Proposition 3.4  The following conditions are 
equivalent for module 𝑀 with 𝜋-IFP.   

    1.  𝑀ோ is 𝜋-e.AIP.  
    2.  𝑀ோ is Rickart.  
    3.  𝑀ோ is 𝜋-Rickart.  
Proof. (𝑖)  ⇒  (𝑖𝑖)  Consider 𝜂 ∈ 𝑆  and 𝑋 = 𝑟ெ(𝜂) . 

Given that 𝑀  has 𝜋-IFP, 𝑟ெ(𝜂) ⊴௣ 𝑀ோ . Since 𝑀  is 𝜋-
e.AIP and 𝜂 ∈ 𝑙ௌ(𝑋) , there exists 𝜓 ∈ 𝑙ௌ(𝑋)  such that 𝜂𝜓 = 𝜑 . Consequently, 𝜂(1 −𝜓) = 0  and 𝑟ெ(𝜂) ⊆𝑟ெ(𝜓) . Hence, 𝜓(1 − 𝜓) = 0 , implying 𝜓ଶ = 𝜓 ∈ 𝑆 . 
Let 𝑒 = 1 − 𝜓, then 𝑋 = 𝑒𝑀. Thus, 𝑀ோ is Rickart. (𝑖𝑖) ⇒ (𝑖𝑖𝑖) Let 𝑀ோ be Rickart. Then, for any 𝜓 ∈ 𝑆, 
there exists 𝑔ଶ = 𝑔 ∈ 𝑆  such that 𝑟ெ(𝜓) = 𝑔𝑀 . It is 
evident that 𝑟ெ(𝜓𝐼(𝑆)) ⊆ 𝑟ெ(𝜓). As 𝑀 has 𝜋-IFP, for 
every 𝑚 ∈ 𝑟ெ(𝜓), it follows that 𝑚 ∈ 𝑟ெ(𝜓𝐼(𝑆)). Thus, 
we can deduce that 𝑟ெ(𝜓𝐼(𝑆)) = 𝑔𝑀. Consequently, 𝑀ோ 
is 𝜋-Rickart. (𝑖𝑖𝑖) ⇒ (𝑖) follows directly from Theorem 3.2.  

The necessity of 𝜋-IFP condition in Proposition 3.4 
is illustrated by the following example. Notably, there is 
a module 𝑀  within 𝜋 -e.AIP class that lacks both the 
Rickart property and the 𝜋-IFP property. 

Example 3.5 (i) Consider 𝑅 and 𝑀ோ as described in 
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Example 3.3 (ii) . 𝑀ோ  is a 𝜋 -e.AIP module but not 
Rickart. Now, let 𝑒௜௝  denote a 2 × 2  matrix with the 
element 1 in (𝑖, 𝑗)-position and 0 elsewhere. Define 𝜑 as 𝜑 = ቀ1 00 0ቁ and 𝑓 as 𝑒ଵଵ + 𝑒ଵଶ. Note that 𝑓ଶ = 𝑓. Since 𝜑𝑒ଶଶ = 0 while 𝜑𝑓𝑒ଶଶ ≠ 0, 𝑀 fails to satisfy 𝜋-IFP. (𝑖𝑖) Let 𝑅 = 𝑀ଶ(ℤ[𝑥]) and 𝑀 = 𝑅ோ . since ℤ[𝑥] is a 
domain, it is 𝜋 -Rickart. Utilizing [ (16), Proposition 
3.10], we conclude that 𝑀 is 𝜋-Rickart. Nonetheless, 𝑀 
is not Rickart as seen in [ (32), Example 3.1.28]. Similar 
to the part (𝑖), 𝑀ோ fails to satisfy 𝜋-IFP.  

A straight summand of a π-e.AIP module doesn't 
always inherit the π-e.AIP property.  Example 2.9 shows 
that the module M_R meets the π-e.AIP requirement, 
which is supported by Theorem 3.2.  However, the direct 
summand R_R does not fit this criterion, as shown in 
Example 3.3. The following discussion investigated the 
specific conditions under which a direct summand of a π-
e.AIP module also retains the π-e.AIP property. 

Theorem 3.6 In a π-e.AIP module, any direct 
summand that remains invariant under projection also 
fulfills the π-e.AIP condition. 

Proof. Consider 𝑀 to be a 𝜋-e.AIP module, and let 𝑃 = 𝑔𝑀 ⊴௣ 𝑀  for some 𝑔ଶ = 𝑔 ∈ 𝑆 , with 𝐴 ⊴௣ 𝑃 . 
Then, 𝑔 ∈ 𝑆௟(𝑆) and 𝐸 = Endோ(𝑃) = 𝑔𝑆𝑔. For any 𝜂 ∈𝑙ா(𝐴), it follows that 𝜂(𝐴) = 0, and one can find 𝜓 ∈ 𝑆 
with the property 𝜂 = 𝑔𝜓𝑔. Observe from Lemma 2.2 
that 𝐴 ⊴௣ 𝑀 . Since 𝜂 ∈ 𝑙ௌ(𝐴)  and 𝑀  is 𝜋 -e.AIP, we 
have 𝑎 ∈ 𝑙ௌ(𝐴) with 𝜂 = 𝜂𝑎. Note that 𝑔𝑎𝑔 ∈ 𝑙ா(𝐴) and 𝜂(𝑔𝑎𝑔) = (𝑔𝜓𝑔)(𝑔𝑎𝑔) = 𝑔𝜓𝑔 = 𝜂 . It follows that 𝑃 
is 𝜋-e.AIP module. 

Corollary 3.7 (𝑖) Given that 𝑀 is a 𝜋-e.AIP module 
with an abelian endomorphism ring, it follows that all 
direct summands of 𝑀 are also 𝜋-e.AIP. (𝑖𝑖) Let 𝑅ோ be 𝜋-e.AIP and 𝑒 ∈ 𝑆௟(𝑅). Then 𝑒𝑅 is a 𝜋-e.AIP module.  

The example below shows that direct sums of 𝜋 -
e.AIP modules may not inherit the 𝜋-e.AIP property. 

Example 3.8  Consider the  ℤ -module 𝑀 =  ℤ ⊕ ℤ ଶ . It is evident that both  ℤ  and  ℤ ଶ  are 𝜋 -e.Baer, 
implying they are 𝜋-e.AIP. Nevertheless, 𝑀 itself is not 𝜋-e.AIP, as shown in [ (29), Example 2.13].  

Theorem 3.9  Let 𝑀 =⊕ఊ∈௰ 𝑀ఊ such that each 𝑀ఊ 
meets 𝜋-e.AIP criterion while also being subisomorphic 
to 𝑀ఎ for all 𝛾 ≠ 𝜂 ∈ 𝛤. Then, 𝑀ோ is a 𝜋-e.AIP module.  

Proof. For every 𝛾 ∈ Γ , let 𝑆ఊ  denote the ring of 
endomorphisms of 𝑀ఊ . The ring of endomorphisms of 𝑀, denoted by 𝑆, is structured as a matrix ring. In this 
ring, the entry in the (𝛾, 𝛾)-position comes from 𝑆ఊ, and 
the entry in (𝛾, 𝜂) -position (for 𝛾, 𝜂 ∈ Γ  with 𝛾 ≠ 𝜂  ) 
corresponds to a map from 𝑀ఎ  to 𝑀ఊ . Let 𝑃 ⊴௣ 𝑀ோ . 
Then 𝑃 =⊕ఊ∈୻ 𝑃 ∩ 𝑀ఊ =⊕ఊ∈୻ 𝑃ఊ  and 𝑃ఊ = 𝑃 ∩

𝑀ఊ ⊴௣ 𝑀ఊ  for all 𝛾 ∈ Γ  by Lemma 2.2. Consider 𝜑 ∈𝑙ௌ(𝑃). since 𝜑(𝑃) = 0, it follows that 𝜑ఊఊ ∈ 𝑙ௌം(𝑃ఊ) for 𝛾 ∈ Γ. As 𝑀ఎ  and 𝑀ఊ are subisomorphic, there exists a 
monomorphism 𝜓ఊఎ:𝑀ఎ → 𝑀ఊ . Clearly, for 𝛾 ≠ 𝜂 ∈ Γ, 𝜓ఊఎ𝜑ఎఊ(𝑃ఊ) = 0 . Since 𝑀ఊ  satisfies the 𝜋 -e.AIP 
property, 𝑙ௌം(𝑃ఊ) is right s-unital, and there exists a finite 
subset {𝜂ଵ, … 𝜂௡} of Γ such that 𝜑ఎఊ ≠ 0. Hence there is 𝑢ఊ ∈ 𝑙ௌം(𝑃ఊ)  such that 𝜑ఊఊ𝑢ఊ = 𝜑ఊఊ  and 𝜓ఊఎ𝜑ఎఊ𝑢ఊ =𝜓ఊఎ𝜑ఎఊ  for 𝛾 ≠ 𝜂 ∈ Γ . Since 𝜓ఊఎ  is a monomorphism 
for 𝛾 ≠ 𝜂 ∈ Γ, 𝜑ఎఊ𝑢ఊ = 𝜑ఎఊ . We construct an element 𝑥 = (𝑢ఊఎ)ఊ,ఎ∈୻, where 𝑢ఊఊ = 𝑢ఊ and 𝑢ఊఎ = 0, if 𝛾 ≠ 𝜂. 
Then 𝜑𝑥 = 𝜑. Thus, 𝑀 exhibits the 𝜋-e.AIP property.  

Corollary 3.10 If a module is π-e.AIP, then its direct 
sum with any number of copies also preserves the π-e.AIP 
condition. 

Theorem 3.11 For a 𝜋-e.AIP module 𝑀ோ , then the 
ring of its endomorphisms, denoted 𝐸𝑛𝑑ோ(𝑀), is a left 𝜋-
AIP ring.   

Proof. Assume 𝐴 is a projection invariat right ideal in 𝑆 . For every 𝜑 ∈ 𝑙ௌ(𝐴) , 𝜑𝐴(𝑀) = 0 . Then, 𝜑 ∈𝑙ௌ(𝐴𝑀). Since 𝐴𝑀 ⊴௣ 𝑀 and 𝑀 is 𝜋-e.AIP, there is 𝜓 ∈𝑙ௌ(𝐴𝑀) such that 𝜑𝜓 = 𝜑 . It follows that 𝜓𝐴 = 0, so 𝜓 ∈ 𝑙ௌ(𝐴). Therefore, we can deduce that 𝑆 is left 𝜋-AIP 
ring.  

The subsequent example indicates that the converse 
of Theorem 3.11 is not necessarily valid. It shows that a 
module having a left 𝜋-AIP endomorphism ring does not 
ensure that the module itself is 𝜋-e.AIP. 

Example 3.12 Let’s consider ℤ -module 𝑀 = ℤ (𝑝ஶ), where 𝑝 is a prime number. The endomorphism 
ring 𝐸𝑛𝑑(𝑀 ℤ ) is a commutative domain, specifically the 
ring of 𝑝-adic integers. Therefore, 𝐸𝑛𝑑(𝑀 ℤ ) is a 𝜋-Baer 
ring, and by Theorem 3.2, it is 𝜋 -AIP. From [ (33), 
Theorem 1.2], it follows that 𝑀 ℤ  being a duo module 
implies that it satisfies the 𝜋-IFP condition. However, as 
illustrated in [ (12), Example 2.17], 𝑀 ℤ  does not possess 
the Rickart property. Thus, based on Proposition 3.4, 𝑀 ℤ  
does not fulfill the condition of being 𝜋-e.AIP.  

For the converse of Theorem 3.11 to be valid, the 
concept of being locally 𝜋-quasi-retractable is exactly the 
required condition. 

Definition 3.13 We say that 𝑀ோ  is locally 𝜋-quasi-
retractable if for each 𝛾 ∈ 𝑆  where 𝑟ெ(𝑆𝛾𝐼(𝑆)) ≠ 0 , 
there is a nonzero element 𝛽 ∈ 𝑆  satisfying 𝛽(𝑀) =𝑟ெ(𝑆𝛾𝐼(𝑆)).  

Proposition 3.14 Given that 𝑀ோ  is locally 𝜋-quasi-
retractable and 𝑆 is a left 𝜋-AIP ring, it follows that 𝑀ோ 
is 𝜋-e.AIP. 

Proof. Suppose 0 ≠ 𝑋 ⊴௣ 𝑀 and 𝛾 ∈ 𝑙ௌ(𝑋). Because 𝑋 ⊴௣ 𝑀, it follows that 𝑆𝛾𝐼(𝑆) ⊆ 𝑙ௌ(𝑋). Therefore, 0 ≠𝑋 ⊆ 𝑟ெ(𝑆𝛾𝐼(𝑆)) . Based on the concept of 𝜋 - quasi-
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retractability, there exists a nonzero 𝛽 ∈ 𝑆  such that 𝛽(𝑀) = 𝑟ெ(𝑆𝛾𝐼(𝑆)). Consequently, 𝑋 ⊆ 𝑟ெ(𝑆𝛾𝐼(𝑆)) =𝛽(𝑀) and 𝛾 ∈ 𝑙ௌ(𝐼(𝑆)𝛽𝑆), where 𝐼(𝑆)𝛽𝑆 is a projection 
invariant right ideal of 𝑆. Given that 𝑆 is a left 𝜋-AIP 
ring, 𝑙ௌ((𝐼(𝑆)𝛽𝑆) is right s-unital. Therefore, there exists 𝛾′ ∈ 𝑙ௌ(𝐼(𝑆)𝛽𝑆) such that 𝛾 = 𝛾𝛾′. Since 𝑋 ⊆ 𝛽(𝑀), it 
follows that 𝛾′(𝐼(𝑆)𝑋) ⊆ 𝛾′(𝐼(𝑆)𝛽(𝑀)) = 0 . Hence, 𝛾′ ∈ 𝑙ௌ(𝑋), considering 𝑋 ⊴௣ 𝑀ோ. Consequently, 𝑀 is a 𝜋-e.AIP module.  

According to [ (16), Definition 2.1], a ring 𝑅  is 
defined as right 𝜌-regular if, for each 𝛾 ∈ 𝑅 there exists 𝜂 = 𝜂ଶ ∈ 𝑅 such that 𝑅𝛾𝐼(𝑅) = 𝑅𝜂. 

Proposition 3.15  A right ρ-regular ring S ensures 
that 𝑀ோ possesses the π-e.AIP condition. 

Proof. Based on [ (16), Lemma 2.2], 𝑆  is right 𝜋-
Rickart. Consequently, 𝑆  is is a left 𝜋 -AIP ring by 
Theorem 3.2. For any 𝛾 ∈ 𝑆, since 𝑆 is right 𝜌-regular, 
there exists a central idempotent 𝑔 ∈ 𝑆  such that 𝑆𝛾𝐼(𝑆) = 𝑔𝑆 as per [ (16), Proposition 2.4]. Note that 𝑔 ≠ 1 and 0 ≠ 𝛽 = 1 − 𝑔 ∈ 𝑆. Given that 𝑔 is central, 
we have 𝛽(𝑀) = 𝑟ெ(𝑆𝛾𝐼(𝑆)). As a result, 𝑀 is locally 𝜋 -quasi-retractable. Consequently, Proposition 3.14 
concludes the proof.  

Corollary 3.16 The ring of endomorphisms of a free 
module over a 𝜌-regular ring is a left 𝜋-AIP ring.  

Proof. Tis conclusion is derived from Corollary 3.10 
and Theorem 3.11.  
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Abstract 
This paper presents a bivariate distribution that improves the Marshall-Olkin 

exponential shock model. The new construction method enhances the model’s capacity 
to include a common joint shock across components, making it especially suitable for 
reliability and credit risk assessments. The model features a single component and 
supports negative dependence structures. We investigate the key dependence properties 
and conduct a stress-strength analysis. After evaluating the performance of the parameter 
estimator,  chemical engineering data is analyzed. 
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Introduction 
The univariate exponential distribution is known for 

its applications in different fields such as reliability, 
telecommunication, hydrology, medical sciences and 
environmental science; see, e.g., Balakrishnan (1). 
Several bivariate and multivariate extensions have been 
proposed in the literature (Lai and Balakrishnan (2), 
Chapter 10), with a significant multivariate extension 
introduced Marshall and Olkin (3) through a shock 
model. For three independent exponential random 
variables 𝑇ଵ ∼ 𝐸ሺ𝜃ଵሻ , 𝑇ଶ ∼ 𝐸ሺ𝜃ଶሻ , and 𝑇ଵଶ ∼ 𝐸ሺ𝜃ଵଶሻ , 
the Marshall-Olkin (MO) shock model is derived from 
the stochastic representation ሺ𝑋,𝑌ሻ = ሺmin{𝑇ଵ,𝑇ଵଶ}, min{𝑇ଶ,𝑇ଵଶ}ሻ,                         (1) 

with the joint survival function given by 𝑆ሺ𝑥,𝑦ሻ = exp{−𝜃ଵ𝑥 − 𝜃ଶ𝑦 − 𝜃ଵଶmaxሺ𝑥,𝑦ሻ}.       (2) 
Due to the common shock identified by 𝑇ଵଶ in (1), we 

have 𝑃ሺ𝑋 = 𝑌ሻ = ఏభమఏభାఏమାఏభమ, if 𝜃ଵଶ > 0, the distribution 
(1), has a singular component along the line {𝑥 = 𝑦}. 
                                                        
* Corresponding Author: Tel: +98 9151778318; Email: Jabbarinh@um.ac.ir 

Therefore, the MO exponential distribution has both 
singular and continuous parts in its density and covers a 
positive dependence structure. 

Numerous studies have examined models and 
modifications based on the foundational work of 
Marshall and Olkin (3), particularly in reliability, 
finance, actuarial science, and credit risk (e.g., Cherubini 
et al. (4), Lindskog and McNeil (5)). Recently, Cherubini 
and Mulinacci (6) emphasized the MO model’s 
importance and adaptability for analyzing systemic crises 
in credit risk and financial contexts. They noted that the 
MO model captures unobserved shocks affecting 
individuals either independently or collectively, using 
common shocks to explain simultaneous defaults within 
clusters influenced by the same factor. The model also 
maintains the marginal exponential distribution for 
observed default times. 

Several bivariate and multivariate extensions of the 
exponential distribution have been developed for 
reliability applications. For instance, Esary and Marshall 
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(7) characterized a multivariate exponential distribution 
and established conditions for positive dependence 
among distributions with exponential minima. Raftery 
(8) introduced a continuous multivariate exponential 
distribution that accommodates various correlation 
structures while achieving Fréchet bounds in the 
bivariate case. A multivariate exponential distribution 
based on the limiting behavior of normalized maxima or 
minima was introduced by Tawn (9). Lin et al. (10) 
examined a shared-load model of the multivariate 
exponential distribution for dependent redundancies. 
Constant failure rate multivariate exponential 
distributions were defined by Basu and Sun (11), while 
Gomez et al. (12) introduced the multivariate power 
exponential distribution. An analytical method for 
assessing the reliability of coherent systems with 
dependent components based on the MO model was 
proposed by Cui and Li (13). Additionally, Fan et al. (14) 
developed a multivariate exponential survival tree 
procedure utilizing a score test statistic from a parametric 
exponential frailty model, and Kundu and Gupta (15) 
presented parameter estimation for a new bivariate 
exponential distribution using an EM algorithm. 
Generalized bivariate MO distributions, with the 
common MO model as a special case, were investigated 
by Li and Pellerey (16). Bayesian estimation for the MO 
bivariate Weibull distribution was conducted by Kundu 
and Gupta (17), and Bayramoglu and Ozkut (18) applied 
the MO model considering system structure. A 
multivariate proportional reversed hazard model derived 
from the MO copula was discussed by Kundu et al. (19), 
while Cha and Badia (20) proposed a multivariate 
exponential distribution model based on dependent 
dynamic shock models. A multivariate weighted 
exponential distribution for failure time data analysis was 
developed by Al-Mutairi et al. (21). Recently, 
Mohtashami-Borzadaran et al. (22) enhanced the MO 
shock model by incorporating a distortion function, 
broadening its applicability. Additionally, El Ktaibi et al. 
(23) introduced a bivariate copula based on a bivariate 
exponential distribution with negative dependence, 
Bentoumi et al. (24) developed by using the counter-
monotonic shock model. Lee and Cha (25) developed a 
new class of continuous bivariate distributions based on 
a shock model. Agrawal et al. (26) proposed a bivariate 
distribution for modelling competing risks data with 
singularity originating from a shock model. A variant of 
the bivariate Poisson common shock model was 
presented in Genest et al. (27). 

From a shock model perspective, the MO model (1) 
has limitations due to the assumption of shock equality in 
the common shock 𝑇ଵଶ , suggesting that 𝑇ଵଶ  is likely 
equal for components 𝑋ଵ  and 𝑋ଶ . Our new model 

addresses this limitation by allowing for a random 
percentage of common stock on each component. Most 
existing bivariate and multivariate exponential 
distribution extensions exhibit positive dependence 
structures, with negative dependence structures being 
rare. 

In this paper, which was first posted at arXiv 
Mohtashami-Borzadaran et al. (28), we propose a new 
bivariate exponential shock model that accommodates 
negative dependence structures as well. Section 2 
presents the new shock model and its flexibility 
compared to the MO model. Section 3 outlines the 
model’s main properties, including dependence structure, 
association measures, tail dependence measures, and 
stress-strength index. Section 4 focuses on parameter 
estimation for the new model, which poses challenges 
due to its singular component, followed by a performance 
analysis of the estimators. Section 5 applies the model to 
real data, demonstrating its superior fit. 

 

Materials and Methods 
Consider three independent exponential random 

variables 𝑇ଵ ∼ 𝐸ሺ𝜃ଵሻ , 𝑇ଶ ∼ 𝐸ሺ𝜃ଶሻ , and 𝑇ଵଶ ∼ 𝐸ሺ𝜃ଵଶሻ , 
along with an independent uniform random variable 𝑈 ∼𝑈ሺ0,1ሻ, which is independent of 𝑇ଵ, 𝑇ଶ, and 𝑇ଵଶ. Let 𝛼ଵଶ 
(taking values ±1) be the dependence structure of the 
model where 𝛼ଵଶ = +1  concludes positive and 𝛼ଵଶ =−1  gives negative dependence structure. When 𝛼ଵଶ =+1 , set 𝑇ଵଶ∗ ሺ𝛼ଵଶሻ = 𝑇ଶଵ∗ ሺ𝛼ଵଶሻ = 𝐹 భ்మିଵሺ𝑈ሻ  or 𝑇ଵଶ∗ ሺ𝛼ଵଶሻ =𝑇ଶଵ∗ ሺ𝛼ଵଶሻ = 𝐹 భ்మିଵሺ1 − 𝑈ሻ . If 𝛼ଵଶ = −1 , put 𝑇ଵଶ∗ ሺ𝛼ଵଶሻ =𝐹 భ்మିଵሺ𝑈ሻ,𝑇ଶଵ∗ ሺ𝛼ଵଶሻ = 𝐹 భ்మିଵሺ1 − 𝑈ሻ  or 𝑇ଵଶ∗ ሺ𝛼ଵଶሻ =𝐹 భ்మିଵሺ1 − 𝑈ሻ,𝑇ଶଵ∗ ሺ𝛼ଵଶሻ = 𝐹 భ்మିଵሺ𝑈ሻ  where 𝐹 భ்మ  is the 
corresponding distribution function of 𝑇ଵଶ . Then, the 
bivariate MO random vector ሺ𝑅, 𝑆ሻ covering all degree 
of dependence is ሺ𝑅, 𝑆ሻ = ሺmin{𝑇ଵ,𝑇ଵଶ∗ ሺ𝛼ଵଶሻ}, min{𝑇ଶ,𝑇ଶଵ∗ ሺ𝛼ଵଶሻ}ሻ.        (3) 

Clearly, when 𝛼ଵଶ = +1, the vector ሺ𝑅, 𝑆ሻ reduces to ሺ𝑅, 𝑆ሻ = ሺmin{𝑇ଵ,𝑇ଵଶ}, min{𝑇ଶ,𝑇ଵଶ}ሻ, 
which is the well-known MO model given in 

Marshall and Olkin (3) that has positive dependence 
structure. When 𝛼ଵଶ = −1 , the random vector ሺ𝑅, 𝑆ሻ 
gives a new MO model with negative dependence 
structure (see Proposition 2.2) which is called the 
bivariate negative MO model, denoted by 𝐵𝑁𝑀𝑂ሺ𝜃ଵ,𝜃ଶ,𝜃ଵଶሻ. This model is obtained by ሺ𝑅, 𝑆ሻ = ൫min{𝑇ଵ,𝐹 భ்మିଵሺ𝑈ሻ}, min{𝑇ଶ,𝐹 భ்మିଵሺ1 − 𝑈ሻ}൯, (4) 

or ሺ𝑅, 𝑆ሻ = ൫min{𝑇ଵ,𝐹 భ்మିଵሺ1 − 𝑈ሻ}, min{𝑇ଶ,𝐹 భ்మିଵሺ𝑈ሻ}൯. (5) 
Throughout this paper, we focus on the (𝑅, 𝑆ሻ given 

in (4). 
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A similar construction for a bivariate Poisson model 
has been given by Genest et al. (27). 

The interpretation for this construction is different 
from the well-known MO model. Consider Figure 1 
given based on the relation (4). If 𝑈 > ଵଶ , then the 
dependent shock is more likely to be powerful on the first 
component 𝑅 (Figure 1 (A)) and, if 𝑈 < ଵଶ, the dependent 
shock is more likely to be powerful on 𝑆 (Figure 1 (B)). 
The survival function of both vectors (4) and (5) for 𝜃ଵ,𝜃ଶ,𝜃ଵଶ > 0 is 𝐹⃐ோ,ௌ(𝑟, 𝑠ሻ = 𝑃 ቀ𝑇ଵ > 𝑟,𝑇ଶ > 𝑠,𝐹 భ்మ(𝑟ሻ < 𝑈 < 1 − 𝐹 భ்మ(𝑠ሻቁ ,= 𝑒ିఏభ௥𝑒ିఏమ௦max{𝑒ିఏభమ௥ + 𝑒ିఏభమ௦ − 1,0}.     
                                         (6)

 

This model has a singular part at 𝑒ିఏభమ௥ + 𝑒ିఏభమ௦ =1. The probability density function of (4) when 𝑒ିఏభమ௥ +𝑒ିఏభమ௦ > 1 is 𝑓ோ,ௌ(𝑟, 𝑠ሻ = 𝑒ିఏభ௥ିఏమ௦൫𝜃ଶ(𝜃ଵ + 𝜃ଵଶሻ𝑒ିఏభమ௥ +𝜃ଵ(𝜃ଶ + 𝜃ଵଶሻ𝑒ିఏభమ௦ − 𝜃ଵ𝜃ଶ൯.
                       (7) 

The following statement gives the probability of the 
singular part. 

 Proposition 2.1. Suppose (𝑅, 𝑆ሻ ∼𝐵𝑁𝑀𝑂(𝜃ଵ,𝜃ଶ,𝜃ଵଶሻ  and let 𝛼 : = ఏభమఏభାఏభమ , 𝛽 : = ఏభమఏమାఏభమ . 
Then 𝑃൫𝑒ିఏభమோ + 𝑒ିఏభమௌ = 1൯ = 𝐵𝑒𝑡𝑎 ൬1𝛽 , 1𝛼൰, 

where 𝐵𝑒𝑡𝑎(𝑎, 𝑏ሻ = ׬ 𝑥௔ିଵଵ଴ (1 − 𝑥ሻ௕ିଵ𝑑𝑥. 
Proof. Based on (Joe (29), Theorem 1.1, p. 15), for 𝑒ିఏభమ௥ + 𝑒ିఏభమ௦ = 1, we have 1 −න 𝑓ௌ|ோ௚(௥ሻ
଴ (𝑠|𝑟ሻ𝑑𝑠 = 𝜃ଵଶ𝜃ଵ + 𝜃ଵଶ (1 − exp{−𝜃ଵଶ𝑟}ሻఏమ/ఏభమ , 

where 𝑔(𝑟ሻ = ିଵఏభమ ln(1 − exp{−𝜃ଵଶ𝑟}ሻ . Let ℎ(𝑟ሻ =1 − ׬ 𝑓ௌ|ோ௚(௥ሻ଴ (𝑠|𝑟ሻ𝑑𝑠. By using the construction in (4) 
and Theorem 1.1 in Joe (27), we get 

𝑃൫𝑒ିఏభమோ + 𝑒ିఏభమௌ = 1൯ = ׬ ℎାஶ଴ (𝑟ሻ𝑓ோ(𝑟ሻ𝑑𝑟= ׬ 𝜃ଵଶାஶ଴ ሾ1 − 𝑒𝑥𝑝(−𝜃ଵଶ𝑟ሻሿ ഇమഇభమexp(−(𝜃ଵ + 𝜃ଵଶሻ𝑟ሻ𝑑𝑟= 𝐵𝑒𝑡𝑎 ቀଵఉ , ଵఈቁ .
    

                   

                       
(8)                       

Remark 2.1. If 𝜃ଵ = 𝜃ଶ = 𝜃ଵଶ  or equivalently 𝛼 =𝛽 = ଵଶ, then 𝑃൫𝑒ିఏభమோ + 𝑒ିఏభమௌ = 1൯ = 16. 
The survival copula associated with (6) is achieved 

by 𝐶መ(𝑢, 𝑣ሻ = 𝑢ଵିఈ𝑣ଵିఉmax{𝑢ఈ + 𝑣ఉ −1,0}, 𝛼,𝛽,𝑢, 𝑣 ∈ (0,1ሻ,                                                 (9) 
and the corresponding copula density is given as 𝑐(𝑢, 𝑣ሻ = (1− 𝛼ሻ𝑢ିఈ + (1 − 𝛽ሻ𝑣ିఉ − (1 − 𝛼ሻ(1 − 𝛽ሻ𝑢ିఈ𝑣ିఉ𝐼{௨ഀା௩ഁିଵவ଴}(𝑢,𝑣ሻ  + 𝐵𝑒𝑡𝑎 ቀଵఈ , ଵఉቁ 𝐼{௨ഀା௩ഁିଵୀ଴}(𝑢, 𝑣ሻ, 𝛼,𝛽,𝑢, 𝑣 ∈ (0,1ሻ,

     
       (10)

 

where 𝐼஺(𝑢, 𝑣ሻ is an indicator function getting 1 if (𝑢, 𝑣ሻ ∈ 𝐴 and zero elsewhere. 
Remark 2.2. El Ktaibi et al. (23) introduced only the 

survival copula (9) in parallel with this paper in an almost 
similar way to the present study by defining 𝜃 : = 𝛼 = 𝛽. 
They used four independent exponential random 
variables that have a common parameter, which is the 
factor that creates the dependency. One part of this 
parameter ultimately appears as the dependence 
parameter of the survival copula. Instead, this paper uses 
three independent exponential random variables with 
different parameters, and one of them is included as a 
factor for establishing dependence in the model (1). 
Therefore, unlike, El Ktaibi et al. (23) the present study 
uses a common random variable instead of a parameter 
to develop the dependency. So, the results of El Ktaibi et 
al. (23) are a special case of the present study with only 
one dependence parameter. 
 

 
 

Figure 1. Shock models based on the construction in (4) 
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1. Some distributional properties 
In this section, we present some properties of BNMO 

model such as dependence structure, association 
measures, tail dependence measures and stress-strength 
index. 

1.1. Dependence structure 
Let (𝑋,𝑌ሻ  be a random vector with a survival 

function 𝐹⃐. The pair (𝑋,𝑌ሻ is said to be the right corner 
set decreasing, denoted by 𝑅𝐶𝑆𝐷(𝑋,𝑌ሻ , whenever for 
any 𝑥ଵ < 𝑥ଶ and 𝑦ଵ < 𝑦ଶ we have 𝐹⃐(𝑥ଵ,𝑦ଵሻ𝐹⃐(𝑥ଶ,𝑦ଶሻ − 𝐹⃐(𝑥ଵ,𝑦ଶሻ𝐹⃐(𝑥ଶ,𝑦ଵሻ ≤ 0, 

that is equivalent to ∂ଶ∂𝑟 ∂𝑠 ln ቀ𝐹⃐(𝑟, 𝑠ሻቁ ≤ 0. 𝑅𝐶𝑆𝐷(𝑋,𝑌ሻ implies negative dependence structures 
like 𝑅𝑇𝐷(𝑋|𝑌ሻ , 𝑅𝑇𝐷(𝑌|𝑋ሻ  and 𝑁𝑄𝐷(𝑋,𝑌ሻ  (for more 
information see Nelsen (30)). The following statement 
specifies the dependence structure of the proposed 
model. 

Proposition 2.2. If (𝑅, 𝑆ሻ ∼ 𝐵𝑁𝑀𝑂(𝜃ଵ,𝜃ଶ,𝜃ଵଶሻ , 
then we have 𝑅𝐶𝑆𝐷(𝑅, 𝑆ሻ.  

Proof. For all 𝜃ଵ,𝜃ଶ,𝜃ଵଶ ∈ 𝑅, we obtain ∂ଶ∂𝑟 ∂𝑠 ln ቀ𝐹⃐ோ,ௌ(𝑟, 𝑠ሻቁ = −𝜃ଵଶଶ 𝑒ିఏభమ௥ିఏభమ௦(1 − 𝑒ିఏభమ௥ − 𝑒ିఏభమ௦ሻଶ ≤ 0, 
which implies 𝑅𝐶𝑆𝐷(𝑅, 𝑆ሻ and the proof is complete. 
The random vectors (𝑋ଵ,𝑌ଵሻ  and (𝑋ଶ,𝑌ଶሻ  can be 

compared in terms of their dependence structure via the 
upper orthant (UO) order. For any two vectors such as (𝑋ଵ,𝑌ଵሻ, (𝑋ଶ,𝑌ଶሻ, we say (𝑋ଵ,𝑌ଵሻ is less than (𝑋ଶ,𝑌ଶሻ in 
UO order and write (𝑋ଵ,𝑌ଵሻ ≺௎ை (𝑋ଶ,𝑌ଶሻ  whenever 

𝐹⃐௑భ,௒భ(𝑥, 𝑦ሻ ≤ 𝐹⃐௑మ,௒మ(𝑥, 𝑦ሻ for all 𝑥,𝑦. 
Proposition 2.3. Let (𝑅, 𝑆ሻ ∼ 𝐵𝑁𝑀𝑂(𝜃ଵ, 𝜃ଶ,𝜃ଵଶሻ 

and (𝑅ᇱ, 𝑆ᇱሻ ∼ 𝐵𝑁𝑀𝑂(𝜃ଵ, 𝜃ଶ,𝜃ଵଶᇱ ሻ . If 𝜃ଵଶ ≤ 𝜃ଵଶᇱ  then (𝑅ᇱ, 𝑆ᇱሻ ≺௎ை (𝑅, 𝑆ሻ. 
Proof. For every 𝑟, 𝑠,𝜃ଵ,𝜃ଶ > 0  and 𝜃ଵଶ ≤ 𝜃ଵଶᇱ , we 

have 𝐹⃐ோ,ௌ(𝑟, 𝑠ሻ = 𝑒ିఏభ௥𝑒ିఏమ௦൫𝑒ିఏభమ௥ + 𝑒ିఏభమ௦ − 1൯≥ 𝑒ିఏభ௥𝑒ିఏమ௦൫𝑒ିఏభమᇲ ௥ + 𝑒ିఏభమᇲ ௦ − 1൯≥ 𝐹⃐ோᇲ,ௌᇲ(𝑟, 𝑠ሻ. 
Hence, (𝑅ᇱ,𝑆ᇱሻ ≺௎ை (𝑅, 𝑆ሻ  and this completes the 

proof.                                                           
1.2. Association measures and tail dependence 
Two common measures of concordance between 

continuous random variables 𝑋 and 𝑌 are Kendall’s tau 
(𝜏) and Spearman’s rho (𝜌௦). In the following, after some 
elementary (but tedious) algebra, we provide explicit 
expressions for these measures based on the survival 
function (6). 

Proposition 2.4. If (𝑅, 𝑆ሻ ∼ 𝐵𝑁𝑀𝑂(𝜃ଵ, 𝜃ଶ,𝜃ଵଶሻ with 
the survival function 𝐹⃐ோ,ௌ in (6), then we have 𝜏 = 4𝐸 ቀ𝐹⃐ோ,ௌ(𝑅, 𝑆ሻቁ − 1= −2𝑎𝑏, 

and 𝜌௦ = 12න ൣ𝐹⃐ோ,ௌ(𝑟, 𝑠ሻ − 𝐹⃐ோ(𝑟ሻ𝐹⃐ௌ(𝑠ሻ൧(଴,ஶሻమ 𝑓ோ(𝑟ሻ𝑓ௌ(𝑠ሻ𝑑𝑟𝑑𝑠= −3𝑎𝑏, 
where 𝑎 = ఏభమଶఏభାఏభమ and 𝑏 = ఏభమଶఏమାఏభమ. 
The plots of 𝜏  and 𝜌௦  with respect to 𝑎  and 𝑏  are 

 
 
 

Figure 2. Kendall’s 𝜏 plots against 𝑎 and 𝑏 
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shown in Figures 2 and 3, respectively. Based on Figure 
2, as the value of 𝑎  and 𝑏  tend to 1 , the value of 
dependence measure 𝜏  decreases to −1  and the 
dependency becomes stronger. Also, Figure 3 illustrates 
that the strength of dependence increases to 𝜌௦ = −1 as 𝑎 and 𝑏 become large. 

The lower and upper tail dependence coefficients 𝜆௅ 
and 𝜆௎ are another dependence measures that are defined 
by 𝜆௅ = lim௧→଴శ𝑃൫𝑅 ≤ 𝐹ோି ଵ(𝑡ሻ|𝑆 ≤ 𝐹ௌି ଵ(𝑡ሻ൯  and 𝜆௎ =lim௧→ଵష𝑃൫𝑅 > 𝐹ோି ଵ(𝑡ሻ|𝑆 > 𝐹ௌି ଵ(𝑡ሻ൯ , respectively (see 
Nelsen (28)). The following proposition presents the tail 
dependence coefficients for 𝐹⃐ோ,ௌ in (6). 

Proposition 2.5. If (𝑅, 𝑆ሻ ∼ 𝐵𝑁𝑀𝑂(𝜃ଵ,𝜃ଶ,𝜃ଵଶሻ , 
then 𝜆௅ = 𝜆௎ = 0. 

Proof. Let 𝛼 = ఏభమఏభାఏభమ  and 𝛽 = ఏభమఏమାఏభమ  as defined in 
Proposition 2.1. For every 𝛼,𝛽 ∈ (0,1ሻ, we have 𝐹⃐ோ,ௌ ቀ𝐹ோି ଵ(𝑡ሻ,𝐹ௌି ଵ(𝑡ሻቁ= (1 − 𝑡ሻଶିఈିఉ൫(1 − 𝑡ሻఈ + (1 − 𝑡ሻఉ − 1൯. 

So, 
 𝜆௅ = lim௧→଴శ𝑃 ቀ𝑅 ≤ 𝐹ோି ଵ(𝑡ሻ|𝑆 ≤ 𝐹ௌି ଵ(𝑡ሻቁ= lim௧→଴శ 1𝑡 ൬2𝑡 − 1 + 𝐹⃐ோ,ௌ ቀ𝐹ோି ଵ(𝑡ሻ,𝐹ௌି ଵ(𝑡ሻቁ൰= lim௬→ଵష 11 − 𝑦 ቀ1 − 2𝑦 + 𝑦ଶିఈିఉ൫𝑦ఈ + 𝑦ఉ − 1൯ቁ = 0. 
Also, 

𝜆௎ = lim௧→ଵష𝑃൫𝑅 > 𝐹ோି ଵ(𝑡ሻ|𝑆 > 𝐹ௌି ଵ(𝑡ሻ൯= lim௧→ଵష 11 − 𝑡 ቀ𝐹⃐ோ,ௌ(𝐹ோି ଵ(𝑡ሻ,𝐹ௌି ଵ(𝑡ሻቁ= lim௬→଴శ 1𝑦 ቀ𝑦ଶିఈିఉ൫𝑦ఈ + 𝑦ఉ − 1൯ቁ = 0. 
So, the proof is complete. 
1.3. Stress-strength index 
In reliability analysis, the stress-strength model 

evaluates a system’s reliability using random variables 𝑅 
for stress (supply) and 𝑆  for strength (demand). The 
system fails when stress exceeds strength, leading to the 
reliability expression 𝑃(𝑅 < 𝑆ሻ . The stress-strength 
index can be calculated using competing risk models, 
where failure times 𝑅  and 𝑆  are considered latent. We 
define the failure time as 𝑇 = min(𝑅, 𝑆ሻ and the failure 
cause 𝐶 = 1 , if 𝑅 < 𝑆  and 𝐶 = 2 , if 𝑅 > 𝑆 . The 
corresponding sub-distribution functions are given by: 𝐹∗(1, 𝑡ሻ = 𝑃(𝐶 = 1,𝑇 ≤ 𝑡ሻ = න 𝑓∗௧

଴ (1, 𝑧ሻ𝑑𝑧, 
and 𝐹∗(2, 𝑡ሻ = 𝑃(𝐶 = 2,𝑇 ≤ 𝑡ሻ = න 𝑓∗௧

଴ (2, 𝑧ሻ𝑑𝑧, 
 
where 𝑓∗(1, 𝑡ሻ = −∂𝐹⃐(𝑥,𝑦ሻ/ ∂𝑥|௫ୀ௬ୀ௧  and 𝑓∗(2, 𝑡ሻ = −∂𝐹⃐(𝑥,𝑦ሻ/ ∂𝑦|௫ୀ௬ୀ௧  are sub-density 

functions. Consequently, the stress-strength index is 
defined as 𝑃(𝑅 < 𝑆ሻ = 𝐹∗(1,∞ሻ  and 𝑃(𝑅 > 𝑆ሻ =𝐹∗(2,∞ሻ. According to the competing risk model, the 
stress-strength index for the proposed model is expressed 
as follows. 

Proposition 2.6. Let (𝑅, 𝑆ሻ ∼ 𝐵𝑁𝑀𝑂(𝜃ଵ,𝜃ଶ,𝜃ଵଶሻ , 

 
 

Figure 3. Spearman’s 𝜌௦ plots against 𝑎 and 𝑏 
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then 𝑃(𝑅 < 𝑆ሻ = 2𝜃ଵ + 𝜃ଵଶ𝜃ଵ + 𝜃ଶ + 𝜃ଵଶ − 𝜃ଵ𝜃ଵ + 𝜃ଶ, 
or equivalently 𝑃(𝑅 < 𝑆ሻ = 2𝛽 − 𝛼𝛽𝛽 + 𝛼 − 𝛼𝛽 − 𝛽 − 𝛼𝛽𝛽 + 𝛼 − 2𝛼𝛽. 
Proof. Based on (6), we have 𝑓∗(1, 𝑡ሻ = −∂𝐹⃐ோ,ௌ(𝑟, 𝑠ሻ∂𝑟 |௥ୀ௦ୀ௧= 𝜃ଵ𝑒ି(ఏభାఏమሻ௧൫2𝑒ିఏభమ௧ − 1൯+ 𝜃ଵଶ𝑒ି(ఏభାఏమାఏభమሻ௧. 
Thus, 𝐹∗(1, 𝑡ሻ = න 𝑓∗௧

଴ (1,𝑢ሻ𝑑𝑢= 2𝜃ଵ + 𝜃ଵଶ𝜃ଵ + 𝜃ଶ + 𝜃ଵଶ ൫1 − 𝑒ି(ఏభାఏమାఏభమሻ௧൯ − 𝜃ଵ𝜃ଵ + 𝜃ଶ ൫1 − 𝑒ି(ఏభାఏమሻ௧൯. 
Therefore, 𝑃(𝑅 < 𝑆ሻ = lim௧→ାஶ𝐹∗(1, 𝑡ሻ= 2𝜃ଵ + 𝜃ଵଶ𝜃ଵ + 𝜃ଶ + 𝜃ଵଶ − 𝜃ଵ𝜃ଵ + 𝜃ଶ . 
 
Using 𝛼 = ఏభమఏభାఏభమ  and 𝛽 = ఏభమఏమାఏభమ , we obtain the 

second statement. 
As a result, the obtained stress-strength parameter can 

be estimated as follows: 𝑃෠(𝑅 < 𝑆ሻ = 2𝜃෠ଵ + 𝜃෠ଵଶ𝜃෠ଵ + 𝜃෠ଶ + 𝜃෠ଵଶ − 𝜃෠ଵ𝜃෠ଵ + 𝜃෠ଶ . 
Remark 2.3. If 𝜃ଵ = 𝜃ଶ or equivalently 𝛼 = 𝛽, then 𝑃(𝑅 < 𝑆ሻ = ଵଶ. 
Figure 4 illustrates the stress-strength index for 

different values of 𝛼 and 𝛽. According to this figure, we 
conclude that as 𝛼  increases, the estimated stress-
strength index decreases approximately. Also, if 𝛽 
increases, then 𝑃෠(𝑅 < 𝑆ሻ increases approximately. 

Results and Discussion 
In this section, we introduce the generation of random 

data from the proposed model 𝐵𝑁𝑀𝑂(𝜃ଵ,𝜃ଶ,𝜃ଵଶሻ  and 
estimate of its parameters. 
 
1. Random number generation 

Simulating random numbers is essential for 
understanding the behavior of a model. To generate the 
random numbers from 𝐵𝑁𝑀𝑂(𝜃ଵ, 𝜃ଶ,𝜃ଵଶሻ, the following 
algorithm is introduced. 

Algorithm 3.1. Random number generation from 𝐵𝑁𝑀𝑂(𝜃ଵ,𝜃ଶ,𝜃ଵଶሻ 
The algorithm is carried out in the following three 

steps: 
• Step 1: Generate three independent random 

variables 𝑇௜ ∼ 𝐸(𝜃௜ሻ for 𝑖 = 1,2 and 𝑈 ∼ 𝑈(0,1ሻ. 
• Step 2: Set 𝑅 = min{𝑇ଵ,𝐹 భ்మିଵ(𝑈ሻ}  and 𝑆 =min{𝑇ଶ,𝐹 భ்మିଵ(1 − 𝑈ሻ} , where 𝐹 భ்మିଵ(. ሻ  is the quantile 

function of 𝑇ଵଶ ∼ 𝐸(𝜃ଵଶሻ. 
• Step 3: The desired pair is (𝑅, 𝑆ሻ. 
 
Figure 5 shows scatterplots of 750 generated data 

from Algorithm 3.1. As the dependence parameter 𝜃ଵଶ 
increases, the dependence increases. 
 
2. Estimation method 

Here, we estimate the parameters using the maximum 
likelihood (ML) method. Consider the random sample of 
size 𝑚 , namely {(𝑟ଵ, 𝑠ଵሻ, … , (𝑟௠, 𝑠௠ሻ}  distributed from 𝐵𝑁𝑀𝑂(𝜃ଵ,𝜃ଶ,𝜃ଵଶሻ . Let 𝑚ଵ  and 𝑚ଶ  be the number of 
observations for which 𝑒ିఏభమ௥ + 𝑒ିఏభమ௦ > 1  and 𝑒ିఏభమ௥ + 𝑒ିఏభమ௦ = 1, respectively, such that 𝑚ଵ + 𝑚ଶ =𝑚. Then, the log-likelihood function for a given sample 
of observations is obtained by 

 
 

Figure 4. Stress-strength index for varying dependence parameters, 𝛼 and 𝛽 
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𝑙(𝜃ଵ,𝜃ଶ,𝜃ଵଶሻ = −𝜃ଵ ∑ 𝑟௝௠భ௝ୀଵ − 𝜃ଶ ∑ 𝑠௝௠భ௝ୀଵ  + ∑ ln௠భ௝ୀଵ ൫𝜃ଶ(𝜃ଵ + 𝜃ଵଶሻ𝑒ିఏభమ௥ೕ + 𝜃ଵ(𝜃ଶ + 𝜃ଵଶሻ𝑒ିఏభమ௦ೕ − 𝜃ଵ𝜃ଶ൯  + 𝑚ଶln ቀ ఏభమఏభାఏభమቁ + ఏమఏభమ ∑ ln௠௝ୀ௠భାଵ ൫1 − 𝑒ିఏభమ௥ೕ൯,
     

 

(11) 
where the observations are classified such that {(𝑟ଵ, 𝑠ଵሻ, … , ൫𝑟௠భ , 𝑠௠భ൯} ∈ 𝐴  and {൫𝑟௠భାଵ, 𝑠௠భାଵ൯, … , (𝑟௠, 𝑠௠ሻ} ∈ 𝐴௖  and 𝐴 ={(𝑟௜ , 𝑠௜ሻ|𝑒ିఏభమ௥ + 𝑒ିఏభమ௦ > 1} . 

Based on the normal equations (given in the Appendix), 
if either 𝑚ଵ or 𝑚ଶ are zero, then the ML estimator may 
lack uniqueness. However, this will not pose a problem 
since 𝑃(𝑚ଵ = 0ሻ = ൣ𝑃൫𝑒ିఏభమோ + 𝑒ିఏభమௌ > 1൯൧௠ → 0  𝑎𝑠  𝑚 → ∞, 

and 𝑃(𝑚ଶ = 0ሻ = ൣ𝑃൫𝑒ିఏభమோ + 𝑒ିఏభమௌ = 1൯൧௠ → 0  𝑎𝑠  𝑚 → ∞. 
For moderate sample size 𝑚 , the events ሾ𝑚ଵ = 0ሿ 

and ሾ𝑚ଶ = 0ሿ  are rare. When 𝑚ଵ,𝑚ଶ > 0 , the normal 
equations (detailed in the Appendix) cannot be solved 
analytically, necessitating numerical methods. However, 
we found these methods to be less efficient than directly 
maximizing the log-likelihood function in (11). This 
maximization can be executed using the optim function 
in R. Initial values for optimization are obtained through 
the global non-linear optimization package "Rsolnp" in R 
version 3.6.1 (Ghalanos et al. (31)). We consider the 
constraints 𝜃ଵ,𝜃ଶ, 𝜃ଵଶ > 0  and identified local maxima 
for various values of 𝜃ଵ, 𝜃ଶ,𝜃ଵଶ. The global maximum is 
selected using the relation: ൫𝜃෠ଵ,𝜃෠ଶ,𝜃෠ଵଶ൯ = argmaxఏభ,ఏమ,ఏభమ∈௵𝑙(𝜃ଵ,𝜃ଶ,𝜃ଵଶሻ.    (12) 

 
3. Performance analysis 

Next, a finite sample performance of the estimators 

for marginal parameters (𝜃ଵ,𝜃ଶሻ  and dependence 
parameter 𝜃ଵଶ  is given. The performance is evaluated 
according to the bias and mean squared error (MSE) of 
the ML estimators introduced in the previous section. A 
specific sample size 𝑚  has been taken from 𝐵𝑁𝑀𝑂(1,3,0.8ሻ and MSEs have been calculated based 
on 10,000 iterations. The results are shown in Figure 6. 
The ML estimator performs very well for small sample 
sizes. Notably, after some fluctuations, the bias values 
stabilize around zero as the sample size increases. It is 
important to mention that the MLE consistently found a 
unique global maximum that did not lie on the boundary 
of the parameter space. The computational time to 
determine this global maximum, after testing all initial 
value combinations, was under 7 hours. 

 
4. A real data analysis 
This section illustrates the results of applying the 

BNGM distribution to a dataset on mercury (Hg) 
concentration in large-mouth bass, as explored by 
Mohsin et al. (32). Data were collected from 53 Florida 
lakes to study the factors affecting mercury levels in bass. 
Water samples were collected from the surface middle of 
each lake on specific dates, where measurements of 
alkalinity (mg/l), calcium (mg/l), and chlorophyll (mg/l) 
were taken, using averages from August and March. Fish 
samples, ranging from 4 to 44 individuals per lake, were 
then analyzed for minimum mercury concentration 
( 𝜇 g/g).  Lange et al. (33) noted that mercury 
bioaccumulation in large-mouth bass is significantly 
influenced by the lakes’ chemical characteristics, making 
calcium and minimum mercury concentration key 
variables of interest. We apply the proposed distribution 

 
 

Figure 5. Scatterplot of 750 generated data using Algorithm 3.1 for different values of dependence parameter 𝜃ଵଶ = 1.5,3,7 (from 
left to right) and fixed marginal parameters 𝜃ଵ = 𝜃ଶ = 1 
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to model this data, noting that the 40௧௛ row, considered 
an outlier, was omitted as stated by Mohsin et al. (32). A 
summary of the data is presented in Table 1. The 
dependency values of 𝜌௦  and 𝜏  indicate a moderate 
relationship between the variables. We have fitted an 
exponential distribution to the marginal data, which are 
summarized in Table 2 and illustrated in Figure 7. Clearly 
the marginal distributions are well fitted to the data. With 
the confirmation that the marginal data follows an 
exponential distribution, we will fit the joint model to the 
Mercury and Calcium data and compare it to the results 
in Mohsin et al. (32). These results are shown in Table 3. 
The BNMO model outperforms the BALE model from 
Mohsin et al. (32). Both models fit the data well 
according to the Kolmogorov-Smirnov goodness-of-fit 
criteria. Figure 8 illustrates the scatter plot of actual 
versus simulated Mercury and Calcium data derived from 
the fitted BNMO model. 
 

Conclusion 
In practical applications, systems of components are 

frequently subjected to various shocks, which impact 
their reliability. According to the well-known MO 
bivariate shock model in (1), it is challenging to assign 
the probability of a common shock ( 𝑇ଵଶ ) to each 
component (𝑋ଵ  and 𝑋ଶ). We address this limitation by 
proposing a new MO shock model, which offers 
beneficial properties such as dependency characteristics 
and a closed-form formula for the strength parameter, 
enhancing its applicability. There are few bivariate 
exponential distributions with a negative dependence 
structure, making our model particularly appealing. 
However, the presence of a singular component 
complicates parameter estimation. We have developed an 
estimation method and conducted a performance analysis 
to assess its effectiveness. Applying our model to real 
data demonstrates that it outperforms existing models. 

 

 
 

Figure 6. Performance analysis of ML estimators based on MSE and bias for (𝜃ଵ, 𝜃ଶ,𝜃ଵଶ)=(1,3,0.8) using 10,000 independent 
replications 

 

 
 

Table 1. Descriptive statistics of data vectors Mercury and Calcium 
Statistics Mercury Calcium 
Minimum 0.04 1.1 𝟏𝐬𝐭-Quantile 0.09 3.3 

Median 0.25 12.6 
Mean 0.27 22.2 𝟑𝐫𝐝-Quantile 0.33 35.6 

Maximum 0.92 90.7 
SD 0.22 24.93 

Spearman’s rho -0.536 
Kendall’s tau -0.392 
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Appendix 

Let 𝜃෨ = (𝜃ଵ, 𝜃ଶ, 𝜃ଵଶሻ and for all 𝑗: 𝛥௝ = 𝜃ଶ(𝜃ଵ + 𝜃ଵଶሻ𝑒ିఏభమ௥ೕ + 𝜃ଵ(𝜃ଶ + 𝜃ଵଶሻ𝑒ିఏభమ௦ೕ − 𝜃ଵ𝜃ଶ. 
The normal equations for estimating parameters are as follows: ∂𝑙൫𝜃෨൯∂𝜃ଵ = −෍𝑟௝௠భ

௝ୀଵ + ෍ 1𝛥௝௠భ
௝ୀଵ ൫𝜃ଶ𝑒ିఏభమ௥ೕ + (𝜃ଶ + 𝜃ଵଶሻ𝑒ିఏభమ௦ೕ − 𝜃ଶ൯ − 𝑚ଶ𝜃ଵ + 𝜃ଵଶ ,

∂𝑙൫𝜃෨൯∂𝜃ଶ = −෍𝑠௝௠భ
௝ୀଵ + ෍ 1𝛥௝௠భ

௝ୀଵ ቀ(𝜃ଵ + 𝜃ଵଶሻ𝑒ିఏభమ௥ೕ + 𝜃ଵ𝑒ିఏభమ௦ೕ + 𝜃ଵቁ
+ 1𝜃ଵଶ ෍ log௠

௝ୀ௠భାଵ ൫1 − exp{−𝜃ଵଶ𝑟௝}൯,
and∂𝑙൫𝜃෨൯∂𝜃ଵଶ = ෍−1𝛥௝௠భ

௝ୀଵ ൫𝜃ଶ(𝜃ଵ + 𝜃ଵଶሻ𝑒ିఏభమ௥ೕ𝑟௝ + 𝜃ଵ(𝜃ଶ + 𝜃ଵଶሻ𝑒ିఏభమ௦ೕ𝑠௝൯
+𝑚ଶ𝜃ଵଶ − 𝑚ଶ𝜃ଵ + 𝜃ଵଶ − 𝜃ଶ𝜃ଵଶଶ ෍ log௠

௝ୀ௠భାଵ ൫1 − exp{−𝜃ଵଶ𝑟௝}൯
+ 𝜃ଶ𝜃ଵଶ ෍ 𝑟௝𝑒ିఏభమ௥ೕ1 − exp{−𝜃ଵଶ𝑟௝}௠

௝ୀ௠భାଵ .
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Abstract 
Heart failure and disease ranks among the most common illnesses globally. Heart 

failure is a condition where the heart cannot pump blood efficiently, posing a growing 
global public health challenge with a high mortality rate. This study aimed to identify 
factors influencing the survival time of heart failure patients. Using secondary data, 299 
heart failure patients were studied based on medical records from a 12-month enrollment 
period. The analysis employed Kaplan-Meier plots and Bayesian parametric survival 
models, utilizing SPSS and R software, with Integrated Nested Laplace Approximation 
methods. The Bayesian lognormal accelerated failure time model was deemed 
appropriate based on model selection criteria. The results indicated that factors such as 
age, gender, height, systolic and diastolic blood pressure, smoking, alcohol consumption, 
and the presence of heart disease significantly affected survival times. Cholesterol levels 
notably impacted survival outcomes in older patients. The Bayesian Weibull accelerated 
failure time model also described the survival data well. The study's findings suggested 
that the age groups 59 to 95 and above were most affected by heart failure, significantly 
impacting survival time. 
 
Keywords: Heart Failure; Kaplan-Meier; Bayesian; Survival time; INLA. 
 

Introduction 
Individuals suffering from heart failure often face a 

steady clinical decline over time. The factors leading to 
this adverse progression are unpredictable, as various 
distinct variables can influence them. These include 
pump failure, the impact on the Autophagy panic system, 
heart arrhythmias, metabolic disturbances, and 
frequently undiagnosed or subclinical complications like 
pulmonary embolism. These potential complications can 

                                                        
* Corresponding Author: Tel: +919791650315; Email: pustatkavitha@gmail.com 

arise despite current therapeutic approaches, and their 
predictability over time remains limited. Some 
complications, such as progressive pump failure, may 
follow a more predictable, linearly deteriorating 
trajectory, while others may not. A study has indicated 
that the leading causes of heart failure are ischemic heart 
disease (20.05%), rheumatic valvular heart disease 
(22.25%), cardiomyopathy (23.72%), and hypertensive 
heart disease (25.43%). The rest of the causes make up 
8.55% of the cases, with these sources contributing 
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significantly to the total number of combinations of heart 
failure (1). According to recent primary data analysis in 
the United Kingdom, the number of the public with heart 
failure increased by 23% from 2002 to 2014, reaching 
920,616 (1.4% of the population) (2). Epidemiologists 
have predicted several risk factors for the development of 
heart failure, such as age, hypertension (3), and anemia 
(4); the following factors were initiated to be linked to an 
advanced risk of mortality in patients with heart failure. 
A recent study has shown that half of the heart failure 
patients who underwent treatment had a survival period 
of 31 months or more. It was found that around 59.90% 
of these patients were censored (right censored), while 
the remaining 40.10% passed away during the study. This 
outcome is consistent with another study conducted by 
experts in coronary failure (5). The study found that 
31.3% of patients with heart failure had died, while the 
remaining 68.7% were still alive at the end of the study. 
Heart failure (HF) is a condition where the heart is unable 
to pump blood effectively. It is characterized by 
symptoms such as shortness of breath, persistent 
coughing or wheezing, ankle swelling, fatigue, and signs 
such as jugular venous pressure, pulmonary crackles, 
increased heart rate, and peripheral edema. HF is caused 
by a structural or functional abnormality of the heart, 
which leads to reduced cardiac output and elevated 
intracardiac pressures. Indeed, it is crucial to understand 
that Heart Failure (HF) is a syndrome rather than a 
disease. Its diagnosis depends on a clinical examination, 
which can sometimes pose challenges (6, 7).  

Heart failure is a significant death cause worldwide 
and remains an increasing public health concern, 
affecting around 40 million people globally. Each year, 
an estimated 287,000 deaths are caused by heart failure, 
making it the fastest-rising cardiovascular illness. The 
growing prevalence of this condition in both developed 
and developing countries is leading to complications, 
particularly among an aging population (8). In the United 
States of America, there are nearly 6.5 million people 
with heart failure (HF). Indeed, it has been reported that 
each year, almost 960,000 new diagnoses of Heart 
Failure. This underscores the significance of ongoing 
research and treatment advancements in this field, which 
means that the incidence of HF is about 21 in every 1000 
people. Unfortunately, in 2017, an estimated 1 in 8 deaths 
were caused by cardiovascular diseases, a group of 
medical conditions that affect the heart and blood vessels. 
Some examples of these conditions include coronary 
heart disease. Which can cause heart attacks, a 
cerebrovascular disease that can lead to strokes, heart 
failure (also known as HF), and other forms of pathology 
(9).  

The study's main objective is to assess the survival 

time of heart failure patients at the Jimma University 
Medical Center in Jimma, Ethiopia. The study employs a 
Bayesian approach with the Integrated Nested Laplace 
Approximation (INLA) method. This approach is used to 
identify prognostic factors in heart failure patients, 
determine the most suitable parametric survival models 
for the heart failure dataset, estimate the survival time of 
heart failure patients, and explore the Bayesian 
accelerated failure time models using the INLA method 
(10). This comprehensive methodology provides a robust 
framework for understanding and predicting outcomes in 
heart failure patients.  

 

Materials and Methods 
1. Data collection 

The study used a descriptive database design to 
examine medical heart failure patients using secondary 
data. Participants aged 18-95 were included, while those 
above 30 and those unwilling to participate were 
excluded. Patient demographic facts and physical 
appearance were collected from uniform medical 
records. Investigations, including death profiles, 
cholesterol, glucose, and cardiovascular assessments, 
were conducted, and the data were tabulated for 
statistical analysis. We used Kaplan-Meier estimation to 
analyze the factors that affect the survival time of patients 
with heart failure (11). The ‘Starting Time’ refers to the 
commencement of the intermission, measured in days. 
'Origin of Time,' or the beginning of exploration, is from 
the day the patients were considered to have heart failure 
and heart disease and began their diagnosis, precisely 
when they are usually the target at first. The ‘ending time’ 
denotes the time (in days) the event transpired, either 
once the patient with heart failure passed away or 
survived until the study's conclusion. This indicates that 
the survival information is a right-censored type. 

The Kaplan-Meier estimator is a statistical tool that 
helps assess survival function from lifetime data. It is 
commonly used in medical research to determine the 
proportion of patients who survive for an explicit 
duration after handling. The Kaplan-Meier formula 
calculates this estimation. 

                                              (1) 
                                                                                                           
i) The variables ti  represent the times of the events,     
ii) The text looks clear and error-free. It states that di 

refers to the no. of events, such as deaths that occurred at 
a specific time ti. 

iii) ni represents the number of individuals who have 
survived up to time ti without an event or being censored. 

We can use the Kaplan-Meier estimator to determine 
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the survival probability group of individuals over time. 
This involves calculating the probability of surviving up 
to a specific point based on the number of events (such 
as deaths) and individuals who have not yet had an event 
or been censored. For instance, in the case of heart 
failure, we could track the survival time of patients from 
day to day of diagnosis until their death or the end of the 
study. The Kaplan-Meier plots are used to compare the 
survival times of different groups of covariates. 
However, these plots cannot determine whether the 
survival time of heart failure patients in each covariate is 
different.  

H0: There is no difference in survival between the two 
groups. 

H1: There is a difference in survival between the two 
groups. 

 
2. Bayesian AFT Model Using INLA 

       meaning the event rate is constant regardless of 
how long a subject has been under observation. Suitable 
for modeling time-to-event data with a constant hazard 
rate. Assumes the logarithm of survival times follows a 
normal distribution. This allows for a variable hazard rate 
that can change over time. Suitable for modeling time-to-
event data where the hazard rate is not constant and can 
either decrease or increase.  Generalizes the exponential 
distribution by allowing the hazard rate to increase or 
decrease over time. This provides more flexibility in 
modeling survival data. Suitable for modelling time-to-
event data with a flexible hazard rate that can change over 
time.  

 
3. Exponential Distribution  

The exponential AFT model specifies that the 
survival time T is related to the covariates X through the 
following relationship.  

 
   logሺ𝑇ሻ =  𝛽ᇱ𝑋 +  𝜖                                               (2) 
 
In the study, β represents the vector of regression 

coefficients, X denotes the vector of covariates, and ϵ is 
the variance. These parameters are integral in analyzing 
the statistical dynamics and understanding the factors 
influencing heart failure patient outcomes. 

 
4. Log-Normal Distribution  

The Log-Normal AFT model assumes that the 
logarithm of the survival time follows a normal 
distribution. The formula for the log-likelihood function 
is  ℓ (𝛽, 𝜎ଶ ; t)  = −௡ଶ log(2π𝜎ଶ) − ଵଶఙమ  ∑  (𝑙𝑜𝑔 (𝑡_𝑖 ) −  𝛽′𝑋_𝑖)ଶ௡௜ୀଵ                                                           (3) 

 
In this study, ti represents the observed survival time, 

β denotes the vector of regression coefficients, Xi is the 
vector of covariates, and σ2is the variance. These 
parameters are crucial for analyzing the statistical 
properties and understanding the underlying factors 
affecting heart failure patient outcomes. 

 
5. Weibull Distribution 

The Weibull AFT model assumes that the survival 
time follows a Weibull distribution. The likelihood 
function is 

      ℓ (𝛽, 𝜆;  𝑡)  =  𝑛𝑙𝑜𝑔(𝜆) + (𝜆 −1) ∑ log (𝑡௜௡௜ୀଵ ) −  𝜆 ∑ ቀ ௧೔௘௫௣(ఉᇱ௑௜)ቁఒ௡௜ୀଵ                           (4) 
      In the context of this study, ti represents the 

observed survival time, β denotes the vector of regression 
coefficients, Xi is the vector of covariates, and σ2 is the 
shape parameter of the distribution. These parameters 
collectively contribute to understanding the statistical 
properties and dynamics influencing heart failure patient 
outcomes. 

 
6. Posterior Distribution 

The formula for the adequate number of parameters, 
often denoted as pD, in the context of the Deviance 
Information Criterion (DIC)  

 𝑝஽ = 𝐷(𝜃) − 𝐷(𝜃)                                                        (5) 
 i) D(θ) is the mean deviance, calculated as the 

average of the deviance values over the posterior 
samples. ii) D(θ) is the deviance evaluated at the posterior 
mean of the parameters. 

 
This measure helps understand the difficulty of the 

model by accounting for the number of parameters well 
used in fitting it. Lower values of pD indicate a simpler 
model, while higher values suggest a more complex 
model. This is crucial in model comparison, especially 
when using criteria like DIC and WAIC. 

 
7. Follow-up Method 

Secondary Data was collected from Kaggle to study 
the mean population's age, gender, body weight, height, 
systolic and diastolic blood pressure, cholesterol levels, 
cardio activity, alcohol consumption, and smoking 
habits. The study identified significant differences 
between ordinary people and those with cardiovascular 
diseases, helping predict the future chances of heart 
disease. The study also used various algorithms for the 
binary classification of survival prediction. The feature 
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ranking unit shows all patients' follow-up time, and the 
Kaplan-Meier algorithm was implemented to predict 
survival. Specific tool-use methods were applied with 
SPSS software and R-Software.  

 
8. Integrated Nested Laplace Approximation Method 

Since 2009, the field has seen the introduction of the 
highly flexible and swift Integrated Nested Laplace 
Approximation (INLA) technique. This Bayesian 
method focuses on providing accurate approximations to 
the posterior marginal distributions of model parameters. 
INLA is particularly effective in estimating parameters 
within Bayesian parametric survival models, which often 
utilize latent Gaussian models. According to research 
(12), INLA calculates the posterior margin for each 
model component, from which posterior expectations 
and standard deviations are derived.  

This method applies integrated nested Laplace 
approximations to survival models expressed as latent 
Gaussian models. Moreover, INLA offers exceptionally 
rapid and precise approximations to posterior marginals 
through sophisticated Laplace approximations and 
numerical methods, making it adaptable for fitting 
survival models (13).  

The R-INLA package serves as an interface for 
INLA, functioning similarly to other R functions, and is 
freely available from (http://www.r-inla.org). This article 
explores the application of INLA in fitting double 
hierarchical generalized linear models (DHGLM), 
integrating INLA with important sampling algorithms to 
handle complex hierarchical models (14). Another study 
employs INLA to model spatiotemporal burglary patterns 
to enhance predictive crime prevention models (15). 

Additionally, this paper introduces an iterative approach 
to state and parameter estimation using INLA, inspired 
by its use in spatial statistics (16). Furthermore, this 
chapter addresses the application of INLA for analyzing 
interval-censored data, highlighting its utilization in 
various research contexts (17). 
h(t\x): The hazard function at time t, given covariates x. 

h0(t): The baseline hazard function, representing the 
hazard when all covariates are zero. 

exp(x⊤β): The effect of the covariates on the baseline 
hazard, ensuring the hazard remains positive. 

After selecting Bayesian models, the Deviance 
Information Criterion (DIC) is often preferred for 
comparing Bayesian parametric survival models, with 
the lowest DIC value indicating the best model fit (17). 
Alternatively, the Watanabe Akaike Information 
Criterion (WAIC) offers a more fully Bayesian approach 
to model selection and is sometimes considered 
preferable to the DIC (18, 14). 

 

Results and Discussion 
The frequency procedure provides helpful statistics 

and graphics because many variables can be described. 
Table 1 summarizes the information available to the 
patients enrolled in the analysis. Age of pomfret, Woman 
or man, Ideal body weight, maximum blood pressure 
during contraction of contraction, minimum blood 
pressure during contraction of contraction, fat measure, 
Blood sugar levels, and the energy level of the body's 
cells, If the patient's Alcohol, If the patient smokes, 

 
Table 1. Imports, units of measurement, and intervals of individual information features. 

Feature Description Dimension Array 
Age Patient age int (days) [59.…95] 
Gender Woman or man categorical code 1,2 
Height The distance from the bottom of the feet to the top of the 

head in a human body 
int (cm)  

[148...,181] 
Weight Ideal body weight float (kg) [47...,115] 
Systolic blood 
pressure 

Maximum blood pressure during contractions Mm Hg [100...,170] 

Diastolic blood 
pressure 

Minimum blood pressure during contractions Mm Hg [70.…,110] 

Cholesterol Fat measure mg/dl 1,2,3 
Glucose Blood sugar levels and the energy level of the body's cells Mmol/dl 1,2,3 
Smoke If the patient smokes Boolean 0,1 
Alcohol If the patient's Alcohol Boolean 0,1 
Activity Physical Activity Boolean 1,2,3 
Cardio Less heart disease /Failure and More than heart 

disease/Failure 
Boolean 0,1 

Time Follow-up period Days [2…,288] 
Death to event If the patient died during the follow-up period Boolean 0,1 
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Physical Activity, Less heart disease /Failure and More 
than heart Failure Patient death in the follow-up period.  

Statistical Quantitative Description (Table 2) Age, 
smoking status, alcohol consumption, activity level, and 
cardio health were assessed for frequency and statistical 
significance. The age group 67-75 years showed the 
highest number of cases (42%), while 59-66 years 
accounted for 37% and 76-95 years for 21%, indicating 
significant differences (p-value = .001). Smoking status 
and cardio health showed substantial differences (p-

values .000 and .01*, respectively). Kaplan-Meier 
Assumptions (Table 3) Cholesterol and glucose levels 
were assessed for their mean values and significance. 
Both cholesterol and glucose levels showed significant 
differences across categories, with p-values of .002* and 
.001*, respectively.  

Table 4 The comparison of Bayesian Accelerated 
Failure Time (AFT) models using the Exponential, Log-
Normal, and Weibull distributions reveals varying levels 
of model performance based on the Deviance 

Table 2. Statistical quantitative description of the category features 
Risk factors Number of cases Percentage P-value 
Age    

 
.001** 

59-66 years 110 37% 
67-75 years 124 42% 
76-95 years 65 21% 
Total 299 100% 
Smoking    

 
.000*** 

Yes 32 11% 
No 267 89% 
Total 299 100% 
Alcohol    

 
.610 

Yes 12 4% 
No 287 96% 
Total 299 100% 
Active    

 
.515 

Yes 229 77% 
No 70 23% 
Total 299 100% 
Cardio    

.01* Yes 159 53% 
No 140 47% 
Total 299 100% 

 
Significant Codes: 0 ‘***’ 0.001 ‘**’ 0.01 ‘*’ 0.05 ‘.’ 0.1 ‘ 1’. 

 
 

 
 

Figure 1. Information about respondents with heart failure reasons  
 
 

0.00%

20.00%

40.00%

60.00%

80.00%

100.00%

120.00%

0
50

100
150
200
250
300
350

59
-6

6
67

-7
5

76
-9

5
Sm

ok
in

g
Ye

s
No

Al
co

ho
l

Ye
s No

Ac
tiv

e Ye
s

No
Ca

rd
io Ye
s

No
Catagorical variables



Vol. 35  No. 4  Autumn 2024 S. Vijayan, et al. J. Sci. I. R. Iran 

346 

Information Criterion (DIC) and Watanabe-Akaike 
Information Criterion (WAIC) values. The Exponential 
model, which assumes a constant hazard rate over time, 
shows the highest (least damaging) DIC and WAIC 
values (-19594.042 and 543.694, respectively), 
indicating it is the least preferred model in terms of fit to 
the data. In contrast, the Log-Normal model assumes the 
logarithm of survival times follows a normal distribution, 
resulting in intermediate DIC and WAIC values (-
15834.042 and 393.694), suggesting a better fit than the 
Exponential model but not as good as the Weibull model. 
The Weibull model, which allows the hazard rate to 
increase or decrease over time, demonstrates the best fit 
with the lowest (most negative) DIC and WAIC values (-
12474.052 and 333.937). Therefore, among the three 
models, the Weibull model is the most suitable for 
capturing the underlying patterns in the survival data, 
providing the most accurate and reliable results. We can 
examine their coefficients (estimates) and significance 
levels by comparing the variables' impact across different 
models.  

Age, Gender, Height, Weight, Systolic and Diastolic, 
Smoke and Alcohol. Comparison of Variables (Table 5). 

A detailed comparison of coefficients across 

Exponential, Log-Normal, and Weibull models 
highlighted consistent trends in the impact of various risk 
factors. Age, systolic blood pressure, and smoking were 
positively associated with the death event across all 
models, whereas being female, taller height, and higher 
diastolic blood pressure were negatively associated. 

Figure 1 shows the number of heart failure patients 
respondents use smoking, alcohol, active levels, cardio 
heart failure, and heart disease levels. 

Figure 2 shows that cholesterol and glucose 
covariates are characterized by their time-static effect as 
a pronounced departure from the zero line is observed (p-
values of .002 and .001, respectively). 

The comparative analysis of Bayesian Accelerated 
Failure Time (AFT) models using INLA methods, 
including Exponential, Log-Normal, and Weibull 
distributions, provides essential insights into the fit and 
significance of various risk factors for the dependent 
variable, the Death event. 

 
1. Model Comparison 

The Weibull model best fits the data with the lowest 
DIC (-12474.052) and WAIC (333.937) values. This 
indicates its superior flexibility and accuracy in modeling 

Table 3. Shows a test of the assumption in the Kaplan-Meier. 
Categorical variables Mean St. Error P-Value 
Cholesterol    

.002* Normal 206.158 7.807 
Above Normal 222.189 14.178 
Well Above Normal 155.094 17.986 
Glucose    

.001* Normal 205.458 7.011 
Above Normal 203.721 19.158 
Well Above Normal 151.750 30.290 

 
 

Table 4. Presents the comparison of Bayesian AFT models using INLA methods. 
Model Pd DIC WAIC 
Exponential -10302.020 -19594.042 543.694 
Log-Normal -8372.022 -15834.042 393.694 
Weibull -6642.025 -12474.052 333.937 

 

 
Table 5. Comparison of the variables of the coefficient 

Variable Exponential Coefficient Log-Normal coefficient Weibull coefficient 
Age 0.010 0.015 0.020 
Gender (Female) -0.250 -0.200 -0.180 
Height -0.002 -0.003 -0.004 
Weight 0.015 0.020 0.025 
Systolic 0.020 0.025 0.030 
Diastolic -0.015 -0.010 -0.005 
Smoke (Yes) 0.500 0.400 0.300 
Alcohol (Yes) 0.100 0.120 0.130 
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the survival data compared to the Exponential and Log-
Normal models. Assuming a constant hazard rate, the 
Exponential model had the least favorable fit with the 
highest DIC (-19594.042) and WAIC (543.694) values. 
The Log-Normal model provided an intermediate fit with 
DIC (-15834.042) and WAIC (393.694) values, better 
than the Exponential but less effective than the Weibull 
model. 

 
2. Variable Impact 

Positive coefficients for variables such as Age, 
Weight, Systolic Blood Pressure, and Smoking 

consistently indicated that increases in these factors are 
associated with a higher likelihood of death. Negative 
coefficients for Gender (Female), Height, and Diastolic 
Blood Pressure suggested that being female, having 
greater height, and having higher diastolic blood pressure 
are associated with a reduced likelihood of death. The 
impact of Alcohol consumption varied slightly across 
models but generally indicated a potential increase in the 
possibility of the death event. 

 
Conclusion 

This analysis evaluates various Bayesian Accelerated 

 

 
Figure 2. Kaplan-Meier estimates of the survival curve of Heart Failure, cholesterol, glucose, and cardio patients 
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Failure Time (AFT) models using INLA methods to 
identify the factors influencing the Death event in a 
patient dataset. The study compares three model, 
Exponential, Log-Normal, and Weibull, using the 
Deviance Information Criterion (DIC) and Watanabe-
Akaike Information Criterion (WAIC) to assess their fit. 
The Weibull model demonstrates the best performance, 
with the lowest DIC and WAIC values, indicating its 
superior flexibility in accommodating varying hazard 
rates over time, making it the most suitable for survival 
analysis. Key findings show that certain variables 
consistently impact the likelihood of the death event. 
Positive coefficients for age, weight, systolic blood 
pressure, and smoking suggest that these factors increase 
the risk of death. Conversely, negative coefficients for 
gender (female), height, and diastolic blood pressure 
indicate a reduced risk. The study also highlights the 
significance of cholesterol and glucose levels, with 
notable differences across categories. Overall, the 
analysis emphasizes the importance of selecting 
appropriate models for survival data to ensure accurate 
predictions. The Weibull model's robust fit and flexibility 
provide valuable insights into patient survival dynamics, 
contributing to better clinical decision-making and 
targeted healthcare interventions, ultimately aiming to 
improve patient outcomes and guide future medical 
research. 
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Abstract 

The carbon nanotubes (CNTs) can more efficiently enhance the polymer properties than the 
other nanofillers due to their unique physical and chemical properties. However, the good 
dispersion of carbon nanotubes into the polymer matrices is challenging because the CNTs tend 
to form bundles and agglomerate due to strong van der Waals interactions between the nanotubes. 
The functionalization of carbon nanotubes can help solve this problem and lead to the good 
dispersion of CNTs in polymers. In this study, the multiwall carbon nanotubes (MWCNTs) were 
functionalized using dielectric barrier discharge plasma in helium saturated with chloroform. 
Then, the functionalized MWCNTs were used to prepare the polymer nanocomposites with a 
good dispersion state of nanotubes. Fourier transform infrared spectroscopy (FTIR) results 
showed that the MWCNTs' surfaces are functionalized with the chlorinated group due to exposure 
of the MWCNTS to the plasma. Moreover, the optical microscopy images and measured 
rheological properties of the nanocomposites indicated that the plasma-functionalized MWCNTs 
are better distributed into the polymer matrix than the unfunctionalized MWCNTs. This 
confirmed that the plasma functionalization enhances the interactions between the MWCNTs and 
the polymer matrices. 
 
Keywords: Polymer nanocomposites; Carbon nanotubes; Functionalization; Plasma. 
 

 
 

Introduction 
Composites are solid materials comprising two or 

more components. The properties of the composite 
material should differ from each component's properties. 
Composites usually include a continuous phase, 
primarily a polymer, ceramic, or metal, and a dispersed 
phase, such as fiberglass, carbon particles, silica powder, 
and clay (1, 2). The recent advances in nanotechnology 
have led to the emergence of a new class of composites 
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known as nanocomposites. According to a widely 
accepted definition, nanocomposites are composite 
materials containing at least one dispersed component 
with at least one nanoscale dimension. Adding these 
nanocomponents, called nanofillers, as a dispersed phase 
(or reinforcing phase) to materials like polymers as a 
continuous phase leads to composites with excellent 
properties and diverse potential applications (3, 4). 

Polymeric nanocomposites are one of the most 
important subclasses of nanocomposites, which have 
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attracted much attention and have been the focus of many 
pieces of research (5, 6). Some polymeric 
nanocomposites have been commercialized and used in 
industry (7). In polymeric nanocomposites, the 
continuous phase, called the matrice phase, is a polymer, 
and the dispersed phase, or reinforcing phase, comprises 
one or more mineral nanofillers (8). Polymers have 
diverse applications in industry owing to their unique 
properties, such as facile synthesis, lightness, and 
flexibility. However, polymers have lower strength, 
chemical, and thermal stability than metals and ceramics 
and are usually nonconductors. Nanofillers like activated 
carbon, nano-silica, nano-clay, carbon nanofibers, and 
carbon nanotubes can be added to these materials to 
enhance polymers' mechanical, electrical, and thermal 
properties. These nanoscale fillers can reinforce 
polymers much better than common fillers due to their 
large specific surface area and aspect ratio (9, 10).  

Carbon nanotubes (CNTs) are one of the most 
important nanofillers that can be employed as an ideal 
reinforcing nanocomponent to synthesize multi-task 
polymeric nanocomposites (11). Compared to other 
nanofillers, CNTs can improve polymers' properties 
more effectively due to their excellent properties and 
high length-to-diameter ratio (12, 13).  

Generally, CNTs have great potential in many 
applications owing to their electrical, mechanical, 
thermal, optical, and chemical properties. The electronic 
properties of CNTs have gained particular attention. The 
nanometer size and completely symmetrical structure of 
nanotubes lead to interesting quantum effects and 
electronic, magnetic, and lattice properties. Numerous 
theoretical calculations and experimental measurements 
have confirmed the abnormal electronic properties of 
nanotubes (for instance, the quantum wire property of a 
single-wall nanotube, a group of single-wall and 
multiwall nanotubes, and semiconducting and metal 
characteristic of a single-wall nanotube). Since the 
discovery of nanotubes, these unique properties have 
resulted in various applications of these materials in 
detection, catalysis, composites, absorption, drug 
delivery, biology, and nanoelectronics (14). 

To maximize the reinforcing effect of CNTs on 
polymers, they must be well dispersed in the polymeric 
matrix (15). CNTs tend to aggregate and form bundles 
due to the strong van der Waals interactions between 
nanotubes, making their uniform distribution in 
polymeric matrix cumbersome. One crucial method to 
overcome this challenge is surface modification or 
functionalization of CNTs. Functionalization 
significantly improves CNTs' performance in many 
applications (16-18). 

Several approaches are used to functionalize or 

modify CNTs' surface, including covalent bonding of 
chemical groups to the end or side wall of the CNTs, non-
covalent absorption, or covering the CNTs with various 
functional molecules (16). Compared to the methods 
based on non-covalent interactions, covalent chemical 
functionalization has considerable potential in adjusting 
CNTs' properties and is expected to encompass diverse 
applications of nanotubes. The standard methods for 
functionalizing CNTs are usually based on wet 
chemistry. In this method, CNTs and reactants often 
interact in a solution (predominantly at high 
temperatures). The methods based on wet chemistry 
usually cause damage to the graphite structure of CNTs 
and shorten their length. Compared to this approach, 
modification of CNTs using plasma is a practical low-
temperature process with less pollution. Moreover, 
various functional groups can be grafted on the 
nanotubes' surface by adjusting plasma parameters such 
as power, applied gases, pressure, and processing time. 
This technique also considerably reduces the reaction 
time compared to other chemical methods (19, 20). 

The synthesis methods of nanotube/polymer 
nanocomposites are primarily focused on the dispersion 
of nanotubes in polymer matrices (21, 22). One of the 
synthesis techniques is a solution method based on phase 
inversion (23). In this approach, multiwall carbon 
nanotubes (MWCNTs) are first dispersed in the solvent 
using ultrasonication. The polymer is then solved in the 
solvent, and the nanotubes are dispersed again through 
ultrasonication. Finally, water or acetone (insoluble) is 
added to the mixture so that the polymer is quickly 
precipitated and the polymeric nanocomposite is formed 
(24).  

In this study, to sufficiently disperse the MWCNTs, 
they were first functionalized using a Dielectric Barrier 
Discharge (DBD) Plasma system at atmospheric 
pressure. Chloroform-saturated helium was used as the 
plasma gas. The plasma-synthesized polymeric 
nanocomposites containing functionalized CNTs were 
fabricated and characterized. An optical microscope was 
employed to measure the dispersion of nanotubes in the 
polymer. The rheological properties of the as-synthesized 
polymeric nanocomposites were determined and 
investigated.  

 

Materials and Methods 
A dielectric barrier discharge plasma reactor at 

atmospheric pressure was used to functionalize 
MWCNTs. Figure 1 depicts the plasma reactor. The 
reactor is made of a quartz tube, with an inner diameter 
of 16 mm, an outer diameter of 20 mm and a height about 
30 cm. It has two electrodes; the electrode connected to 
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high voltage is made of stainless steel, and the electrode 
connected to the ground is a metal sheet made of stainless 
steel (or aluminum) wrapped around the quartz tube. 
First, a helium flow whose mass flow rate is controlled 
by a mass flow rate controller passes through a 
chloroform container. The helium saturated with 
chloroform then enters the plasma reactor, and the 
plasma reactor is turned on. In this study, the plasma 
voltage and frequency were 9 kV and 2.6 kHz, 
respectively. The sample was exposed to plasma for 4 
min.  

Polypropylene bonded with maleic anhydride was 

employed as the polymer matrix to investigate the effect 
of plasma functionalization. Nanocomposites containing 
0.5 wt.% carbon nanotubes were synthesized using 
functionalized and non-functionalized nanotubes. As 
depicted in Figure 2, carbon nanotubes were first added 
to toluene to synthesize these nanocomposites and 
dispersed through ultrasonication. Then, a solution of 
polypropylene-maleic anhydride in toluene was added to 
the mixture. The polymer-nanotube-toluene mixture was 
exposed to ultrasonication for 80 min. Finally, an 
equimolar of acetone was added to the mixture to recover 
the composite. The composite was clotted as a result of 

 
 

Figure 1. Plasma set-up for functionalization of MWCNTs 
 

 
Figure 2. Synthesis process of polymer/MWCNTs nanocomposites 
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phase inversion. The obtained composite gel was filtered 
and dried at 120 ºC. The dispersion of nanotubes in the 
polymer matrices was studied through optical 
microscopy. The nanocomposites' rheological properties 
were also measured.  

 

Results and Discussion 
The chloroform plasma was used to create chlorine 

functionalities on the surface of carbon nanotubes. The 
helium gas was passed through a chloroform-containing 
vessel to be saturated with chloroform. The chloroform-
saturated helium entered the plasma reactor and turned 
the plasma system on. The plasma voltage was adjusted 
at 9 kV, as in all previous studies, this voltage resulted in 
the formation of the highest number of functional groups 
on the nanotubes' surface. The plasma frequency was set 
at approximately 2.5 kHz. The functionalization of 
nanotubes with chlorine groups was confirmed by FTIR 

spectroscopy of the nanotubes exposed to the plasma for 
3 min.  

The FTIR spectroscopy for non-functionalized and 
functionalized nanotubes is shown in Figure 3. There are 
almost no peaks in the spectrum of non-functionalized 
nanotubes, indicating the elimination of nearly all the 
defects and functionalities on the surface due to 
annealing of nanotubes up to 1000 ºC. As can be seen 
from the spectrum of functionalized nanotubes, the 
functionalization led to a peak at 1520 cm-1, which 
implies structural defects on the nanotubes' surface due 
to plasma or functionalization. There is another peak at 
around 657 cm-1, which can be attributed to the C-Cl 
bonds, confirming the formation of chlorinated groups on 
the surface of functionalized nanotubes. 

Optical microscopy images of nanocomposites 
synthesized by non-functionalized and plasma-
functionalized CNTs are shown in Figure 4. As can be 

 
Figure 3. FTIR spectroscopy of non-functionalized and functionalized nanotubes 

 

 
Figure 4. Optical microscopy images of nanocomposites provided by: a. non-functionalized MWCNTs; b. MWCNTs functionalized 
with chloroform. 
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observed, the non-functionalized MWCNTs show worse 
dispersion than the plasma-functionalized MWCNTs. 
This may be due to the fact that functionalization of 
MWCNTs by plasma leads to an increased interaction 
between CNTs and polymer matrix, thus improving the 
dispersion of CNTs in the polymer matrix.  

Figure 5 plots the storage modulus of nanocomposites 
fabricated through non-functionalized MWCNTs and 
plasma-functionalized MWCNTs against frequency. 
Given the better dispersion of plasma-functionalized 
nanotubes in the polymer matrix, their resultant 
nanocomposites have greater storage modulus in 
different frequencies (especially in low frequencies). 
Generally, the enhanced storage modulus resulting from 
the inclusion of carbon nanotubes in a polymer matrix 
can be explained by the effect of carbon nanotubes on the 

microstructure of the polymer matrix. In this regard, the 
strong CNT-polymer and CNT-CNT may link carbon 
nanotubes and form a semi-lattice structure. This 
structure may prevent the polymer chain movements and 
lead to semi-solid rheological behavior. Moreover, the 
higher the dispersion of nanotubes in nanotube/polymer 
nanocomposite, the greater the storage modulus. This is 
ascribed to the complete formation of a nanotube network 
when there is a more uniform distribution of CNTs in a 
nanotube/polymer nanocomposite. The appearance of a 
complete nanotube network creates more limitations for 
the movement of polymer chains, resulting in more 
similar rheological behavior to solids (24). 

The complex viscosity of nanocomposites based on 
non-functionalized MWCNTs and plasma-functionalized 
MWCNTs is depicted in Figure 6. The functionalized 

 
Figure 5. The storage modulus plot of nanocomposites formed by non-functionalized MWCNTs and plasma-functionalized 
MWCNTs against frequency 

 
Figure 6. The complex viscosity plot of nanocomposites based on non-functionalized MWCNTs and plasma-functionalized 
MWCNTs against frequency 
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MWCNT-based nanocomposites have higher complex 
viscosities in different frequencies than their non-
functionalized counterparts. This implies that the plasma-
functionalization of CNTs led to their improved 
distribution in the polymer matrix.  

Overall, the rheological behavior of polymers can be 
divided into two regions. The first region, including low 
frequencies, is called the Newtonian region. In this 
region, the storage and loss modulus heavily depend on 
frequency, while complex viscosity is slightly dependent 
on frequency. The storage and loss modulus gradually 
rise, and complex viscosity slowly falls linearly with an 
increase in frequency. In high frequencies where non-
Newtonian behavior is observed, the frequency 
dependence is inversed. Adding nanotubes to polymers 
considerably affects their rheological behavior. 
Nanotubes increase the storage modulus and complex 
viscosity of nanocomposites. Also, the higher 
distribution of CNTs in the polymer matrix translates into 
their greater impact (8). 
 
Conclusions 

Due to their outstanding mechanical, electrical, and 
thermal properties, CNTs can be employed as the 
reinforcing phase in polymeric nanocomposites. 
However, using these nanomaterials as the reinforcing 
phase is accompanied by some challenges, the most 
serious of which is their non-uniform distribution in the 
matrix phase. Functionalizing CNTs can improve their 
distribution in the polymer matrices. Plasma-
functionalization of CNTs, among other methods, is a 
low-temperature and practical approach with less 
pollution. This study used dielectric barrier discharge 
plasma with chloroform-saturated helium to 
functionalize multiwall carbon nanotubes. The properties 
of the plasma-functionalized CNTs-based polymeric 
nanocomposites were also investigated. The 
nanocomposites were prepared using a solution method 
based on phase inversion. 

The results of FTIR analysis showed that chlorinated 
groups were grafted on the MWCNTs' surface. The 
optical microscopy images of the CNTs/polymer 
nanocomposites indicated that the plasma-functionalized 
MWCNTs had better distribution in the polymer matrix 
than non-functionalized MWCNTs. The rheological 
studies of the polymeric nanocomposites also proved that 
functionalizing MWCNTs led to an enhanced 
distribution of nanotubes in the polymer matrix.  
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پوستي با _ در يك بيمار مبتلا به آلبينيسم چشمي TYRشناسايي حذف كامل ژن 
 يابي نسل جديداستفاده از توالي 

 
 5،4،1، محمد امين طباطبايي فر5،3، نسيبه طبيبي5،1، مرضيه حسين زاده 5،2، غزاله درگاهي5،1محمدرضا پوررضا

  

  ايران جمهوري اسلامي گروه ژنتيك و بيولوژي مولكولي، دانشگاه علوم پزشكي اصفهان، اصفهان، 1
  ايرانجمهوري اسلامي  گروه ژنتيك و بيولوژي مولكولي، دانشگاه آزاد اسلامي نجف آباد، نجف آباد،   2
  ايران جمهوري اسلامي گروه ژنتيك پزشكي، دانشكده ي علوم پزشكي، دانشگاه تربيت مدرس، تهران،  3

جمهوري  هاي غيرواگير، دانشگاه علوم پزشكي اصفهان، اصفهان، هاي ارثي كودكان، پژوهشكده پيشگيري بنيادين بيماريمركز تحقيقات بيماري  4
  ايران  اسلامي

 5  گروه تحقيق و توسعه، آزمايشگاه هارمونيك ژنتيك پزشكي، اصفهان،  جمهوري اسلامي  ايران
 

  چكيده 
) يك اختلال اتوزوم مغلوب ژنتيكي با هتروژنيسي بالا است كه با كاهش OCAپوستي (-آلبينيسم چشم

شود و با اختلالات بينايي همراه است. در ها مشخص ميدانه در مو، پوست و چشميا عدم وجود كامل رنگ
به   مبتلا  ايراني  پسر  نوزاد  يك  در  ژن  چندين   ، مطالعه  ارزيابي  OCAاين  گرفت.  قرار  بررسي  هاي مورد 

ژنومي از فرد   DNAباليني و آزمايشگاهي براي فرد مبتلا انجام شد و نمودار شجره نيز ترسيم گرديد.  
اي  يابي نسل جديد بر روي مجموعهمبتلا و والدين او استخراج شد. آناليز جهش با استفاده از فناوري توالي

در فرد مبتلا شناسايي شد. منطقي است كه والدين   TYR  در ژن  5تا    1هاي  ها انجام گرفت. حذف اگزوناز ژن
يابي هدفمند با دهنده كارايي تواليصورت هتروزيگوت حامل اين جهش باشند. نتايج اين مطالعه نشان به

هاي بزرگ ژنومي است. اين و شناسايي بازآرايي  OCAهاي هتروژن مانند  توان بالا در تشخيص بيماري
 جهش حذف ممكن است ناشي از كراسينگ اور نابرابر در يكي از تبارهاي اجدادي باشد. 

  
 ) NGSيابي نسل جديد (توالي ؛TYRحذف ژن  ؛)OCAپوستي ( -آلبينيسم چشميكليدي :  هايواژه 
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 ياديبن يهاسلول  يداوطلبان اهدا نيدر ب HLA-B ليآل يهاگروه  نيب سهيمقا
 يرانياز اقوام مختلف ا يط يخون مح

 
 1، مريم سبحاني1، فرزانه مرتضي پور1، مريم زمان وزيري1، امير تيمورپور1، ناديا باقري2و1، فاطمه صباغي*1فاطمه ياري

  

 ران ي ا ياسلام يو آموزش انتقال خون، تهران، جمهور قاتي تحق يانتقال خون، موسسه عال  قاتي مركز تحق 1
  ران ي ا ياسلام يبزرگراه همت، تهران، جمهور ران،ي ا ي، دانشگاه علوم پزشكپيراپزشكيدانشكده  ،يگروه هماتولوژ 2

  
  چكيده  

شامل   مطالعه،  ايران  دهاهداكنن  2064اين  مختلف  اقوام  از  خونساز  بنيادي  هاي  تحقيق، بود  سلول  اوليه  هدف   .
با استفاده از روش مغناطيسي   DNA و ارزيابي تنوع ژنتيكي در قوميت هاي مختلف بود.    HLAه  ايجاد پايگاه داد 

روش  با HLA-typing و  ،استخراج با  پايين  توسط   PCR-SSP وضوح  دستي  صورت  به  نتايج  شد.  انجام 
و   مستقل  گرفتنيز  كارشناسان  قرار  تحليل  و  تجزيه  مورد  افزار  هاي  .نرم  گيلك  HLA داده  قومي،  گروه  چهار    از 

)510n=(لر ،  )4650n=(رد ، ك  )719n=،(  ب  و عر)370n=،(    فراواني آللي  شدجهت ارتباط بين آلل ها و قوميت، بررسي .
هاي استاندارد  . باقيماندهشدارزيابي    05/0داري  دار با سطح معنيهاي آماري براي شناسايي روابط معنيروش  با

مورد انتظار، محاسبه  فراتر از  از مقادير    مستقلبر اساس فرضيات    وهاي قومي تعيين فركانس آللي گروهجهت شده  
-HLA-B*67  ،HLA-B*78   ،HLA  يكه داراي بيشترين فراواني بودند، در حال  HLA-B*51 و HLA-B*35   .شد

B*81،HLA-B*82   و  HLA-B*83    آلل در بين گروه هاي    17در اين مطالعه وجود نداشتند. تفاوت معني دار در
بين مقادير    ي معني دار  ، تفاوت 2باقيمانده هاي استاندارد بيشتر از    .مشاهده شد   >P  05/0با     HLA-B قومي براي

 فراواني آلل .انجام شد R نشان دادند. تحليل ها با استفاده از نرم افزار 05/0در سطح ، مشاهده شده و مورد انتظار
توسعه استراتژي هاي خدمات اهدا    وبه شناسايي شباهتها و تفاوتها در بين گروه هاي قومي  ، مي تواند  HLAهاي  

به كاربردهاي    مي تواندها  هاي بنيادي كمك كند. در آينده، اين دادهدر مناطق مختلف ايران و ايجاد رجستري سلول
  نمايد.  هاي عفوني كمك باليني در پيوند، توسعه واكسن و تحقيقات بيماري

  
  ايران  ؛قوميت  ؛اهداكنندگان ؛هاي بنيادي خونسازسلول ؛HLAهاي كليدي: واژه
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 هاي ريكارت تصويري پايا مدول

 
 ياسر مالكي1، احمد موسوي1، يليز كارا2

 

  گروه رياضي محض، دانشكده علوم رياضي، دانشگاه تربيت مدرس، تهران، جمهوري اسلامي ايران 1 
  ، تركيه 16059دانشكده علوم رياضي، دانشگاه بورسا اولداغ، قويروك، بورسا  2

 
ه همريختي ك حلقـ ه كمـ ه، بـ الـ دولدر اين مقـ اي يـك مـ دول   ،هـ ه معرفي و بررســي مـ اي  بـ ارت  -πهـ ريكـ

ان ممي ره بين مدول-πهاي دهيم كه مدوليپردازيم. نشـ به-πهاي ريكارت به طور سـ لي -بئر و شـ بئر اصـ
هاي   مدول  در ادامه،ريكارت راســت اســت. -πاي ها، حلقهحلقه همريختي اين مدول  . هم چنينگيرندقرار مي 𝛑 − 𝐞.𝐀𝐈𝐏 ــي رابطه  مدولرا معرفي مي 𝛑ريكارت،  -πهاي  كنيم و به بررس − 𝐞.𝐀𝐈𝐏  و𝐞𝒏𝒅𝒐.𝐀𝐈𝐏 

  پردازيم. مي
  

 هاي ريكارتمدول  ؛سازها پوچ ؛هاي خودريختيحلقه ؛هاي ريكارتحلقه ؛هاي بئرمدول هاي كليدي:  واژه 
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  مدل شوك دو متغيره جديد در برگيرنده همه درجات وابستگي

  
  ، محمد اميني *حسينعلي محتشمي برزادران، هادي جباري

 
  جمهوري اسلامي ايران گروه آمار، دانشكده علوم رياضي، دانشگاه فردوسي مشهد، مشهد، 

 
  چكيده 

بخشد. روش جديد الكين را بهبود مي-كند كه مدل شوك مارشالاين مقاله يك توزيع دو متغيره ارايه مي
دهد و آن را به ويژه براي  ساخت، ظرفيت مدل را براي گنجاندن يك شوك مشترك در بين اجزا افزايش مي

سازد. اين مدل داراي يك جزء واحد است و از ساختارهاي  ارزيابي قابليت اعتماد و خطر اعتباري مناسب مي
مي  پشتيباني  منفي  ويژگيوابستگي  تنشكند.  تحليل  يك  و  شده  بررسي  كليدي  وابستگي  مقاومت -هاي 

هاي مهندسي شيمي مورد تجزيه و  شود. پس از ارزيابي عملكرد براوردگر پارامتر، يك سري داده انجام مي
 گيرند.  تحليل قرار مي

 
  مدل شوك ؛الكين-مدل مارشال  ؛وابستگي:  هاي كليديواژه 
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 – سازي مرگ و مير در بيماران نارسايي قلبي: بررسي اثرات متغير با زمان مدل
  INLAبيزي و روش  AFTيك تحليل بقاء بيزي با استفاده از مدل 

 
  ، وي سارانايا *اس ويژايان، اس كاويتا

  
  گروه آمار، دانشگاه پريار، ساليم، تاميل نادو، هند 

  
 چكيده 

 
پردازد و بر اهميت در  اين مطالعه به بررسـي الگوهاي مرگ و مير در بيماران مبتلا به نارسـايي قلبي مي

ان بر پيش ا زمـ ا  نظر گرفتن اثرات متغير بـ اء بيزي را بـ ا يـك رويكرد تحليـل بقـ د دارد. مـ أكيـ اران تـ آگهي بيمـ
كنيم كه به طور خاص براي ادغام اثرات متغير  ) بيزي معرفي ميAFTيافته شكست (استفاده از مدل شتاب

تنتاج يكپارچه توابع   تنتاج بيزي كارآمد، از روش نوآورانه اسـ ت. براي انجام اسـ ده اسـ با زمان طراحي شـ
ان مي) بهره ميINLAگـاوســي ( ا امكـ ا عوامـل خطر ســنتي، بلكـه  بريم. اين چـارچوب بـه مـ ا نـه تنهـ دهـد تـ

ــايي قلبي در طول زمان، به دقت ارزيابي كنيم. نتايج  ها را بر بقاء بيماراتغييرات پويا در تأثير آن ن نارس
هاي  گيريتواند به تصــميمدهد و ميتري از پويايي مرگ و مير ارائه ميحاصــل از اين رويكرد، درك عميق

  باليني و طراحي مداخلات درماني هدفمندتر كمك كند. 
  

  INLAروش  ؛اثرات متغير با زمان ؛AFTمدل  ؛تحليل بقاء بيزي ؛مرگ و مير ؛نارسايي قلبي:  هاي كليديواژه 
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