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Abstract 

Anisotropic distributions and deviations from velocity equilibrium play a crucial role 
in plasma physics and nuclear fusion processes. The emergence of high-energy tails in 
non-equilibrium distributions increases the population of energetic particles, thereby 
enhancing the probability of quantum tunneling and, consequently, fusion reaction rates. 
In this work, we investigate how the velocity-space anisotropy and deviations from the 
equilibrium affect the optimization of the fusion yield. Specifically, we analyze non-
Maxwellian distribution models, including kappa and anisotropic kappa distributions, to 
evaluate their impact on fusion reactivity. Our results show that anisotropic distributions 
outperform isotropic ones at lower temperatures, whereas isotropic distributions dominate 
at higher temperatures. These findings provide new insights for the design of fusion 
devices and contribute to improving the efficiency of fusion processes. 
 
Keywords: Non-Maxwellian Distributions; Kappa Distribution; Fusion Reaction Rates; Velocity 
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Introduction 
Investigation of non-Maxwellian energy distributions 

in plasma physics, particularly in the context of nuclear 
fusion reactions, has gained increasing attention in recent 
years (1-10). In classical plasma systems, Maxwell -
Boltzmann  (MB) distributions are often inadequate for 
explaining the complexities of real phenomena, where 
particles exhibit significant deviations from equilibrium. 
Such deviations are observed across a wide range of 
environments, from space plasmas to laboratory 
experiments designed for controlled fusion. To better 
capture these effects, various non-Maxwellian models 
have been proposed, including kappa distributions, bi-
Maxwellian distributions, and superstatistics (6). These 
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distributions are characterized by prominent high-energy 
tails, which indicate an enhanced population of energetic 
particles and can significantly affect nuclear fusion 
reaction rates. For example, non-Maxwellian 
distributions have been associated with increased 
reactivity due to the greater probability of tunneling 
phenomena enabled by a higher number of high-energy 
particles (7). Additionally, velocity-space anisotropy, 
introduced by mechanisms such as magnetic confinement 
or external heating, plays a crucial role in modifying 
fusion yields. At plasma temperatures lower than those 
corresponding to the peak of the fusion cross section, 
anisotropic distributions generally result in higher fusion 
yields compared to isotropic distributions with the same 
thermal energy. However, as the temperature increases, 
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isotropic distributions become dominant, highlighting 
the complex interplay between temperature, anisotropy, 
and fusion efficiency (8). 

The understanding of nuclear fusion has had a 
profound impact on the development of plasma physics. 
In the following, we briefly review key historical 
milestones in the advancement of nuclear fusion. Arthur 
Eddington was the first to propose that nuclear fusion 
could serve as the primary energy source powering stars 
(11). The concept of quantum tunneling was later 
introduced by Gamow (12), and Atkinson and 
Houtermans analytically investigated nuclear fusion rates 
in stars (13). The first artificial nuclear disintegration was 
achieved by Cockcroft and Walton in 1932 (14). In 1946, 
Arnoux was the first to patent a fusion device, which 
initiated experimental research on nuclear fusion the 
following year (15). The stellarator concept was 
introduced by Spitzer (16), and the first controlled fusion 
experiment was conducted using Scylla (17). The first 
generation of tokamaks, known as T-1, was constructed 
in the Soviet Union (18). 

Over the following decades, numerous efforts were 
devoted to improving fusion devices and developing 
related physical concepts (19-21). Among the most 
notable achievements, JET and ITER have played 
leading roles: JET produced its first plasma in 1983, and 
conceptual design work for ITER began in 1988. In 1991, 
JET performed the first deuterium–tritium fusion 
experiment, setting a record of 16 megawatts of fusion 
power. More recently, JET achieved a new record with 
59 megajoules of fusion energy. Very recently, the 
Wendelstein 7-X produced plasma with gigajoule-scale 
energy, while KSTAR set a record of 102 seconds of 
stable plasma at 10଼ ℃ in 2024 (21). 

Recent research has increasingly focused on the 
effects of velocity-space deviations in plasmas and their 
influence on nuclear fusion yields. Kolmes et al., (13) 
demonstrated that velocity deviations in plasmas can 
significantly enhance fusion reactions, particularly at 
lower temperatures. They suggested that non-isotropic 
distributions provide superior performance at low 
temperatures, although this advantage diminishes as the 
temperature increases. Ourabah (19) examined reaction 
rates in systems near local equilibrium and showed that 
non-Maxwellian distributions can increase fusion yields, 
identifying specific conditions under which such 
distributions strongly enhance fusion activity. 
Furthermore, Onofrio and Sundaram (18) investigated 
the role of particular energy distributions and their 
applications in fusion devices. Their work indicated that 
non-Maxwellian energy distributions can improve fusion 
performance under certain conditions, especially in 
modern devices designed to exploit such distributions. 

Recently, Xie (26) introduced an efficient computational 
framework for solving plasma waves with arbitrary 
energy distributions, which also covers the analysis of 
kappa and anisotropic distributions. This method 
provides a useful tool for more accurate investigations of 
instabilities and fusion reactions in non-Maxwellian 
environments. Nerney (27) recently modeled anisotropic 
Maxwellian and Kappa distributions in Io’s plasma torus, 
showing that distribution choice and temperature 
anisotropy strongly affect plasma density and 
temperature profiles. 

The present study builds on historical advancements 
and recent research on non-equilibrium and anisotropic 
distributions-arising from external heating or magnetic 
confinement-to investigate how statistical particle 
distributions affect reaction rates in anisotropic plasma 
systems. The findings are expected to provide a new 
perspective on optimizing fusion processes and to 
contribute to a deeper understanding of energy transfer in 
complex plasma environments. This study is presented as 
a research article; the background material included in 
the introduction is intentionally concise and serves only 
to provide context for the new derivations and numerical 
analysis. In this work, we extend the standard 
anisotropic-kappa framework to derive new reactivity 
expressions by incorporating the anisotropic distribution 
into the fusion cross-section integral and explicitly 
performing the angular integration. To the best of our 
knowledge, this explicit angular-integral formulation for 
the anisotropic kappa distribution has not been reported 
previously. Our numerical analysis further explores how 
anisotropy and suprathermal tails influence reactivity 
across the relevant parameter ranges.  

 
Materials and Methods 

Anisotropic Kappa Distribution 
The anisotropic kappa distribution is a version of the 

kappa distribution used in situations where the 
characteristics of non-equilibrium systems are distributed 
differently across various spatial directions. In plasma 
physics and astrophysics, plasma systems often exhibit 
anisotropic properties, meaning physical properties (e.g., 
temperature and density) vary across different directions 
(22,23). 

The anisotropic kappa distribution is particularly 
useful for modeling such systems. The formula for the 
anisotropic kappa distribution in velocity coordinates 𝑣 = (𝑣ୄ, 𝑣∥) is as follows (24): 𝑓(𝑣) = ௡୻(఑ାଵ)గయ మ⁄ ఏమ఼ఏ∥఑య మ⁄ ୻(఑ିభమ) ൤1 + ଵ఑ ൬௩మ఼ఏమ఼ +
௩∥మఏ∥మ൰൨ି(఑ାଵ)

                                                                    (1)  

where 𝑛 denotes the particle number density, 𝜅 is the 
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spectral index governing the suprathermal tail of the 
distribution, 𝜃ୄ and  𝜃∥   are the effective temperature 
parameters perpendicular and parallel to the magnetic 
field (or reference axis), respectively, also 𝑣ୄ and, 𝑣∥ are 
the corresponding velocity components. In the limit 𝜅 →∞, the anisotropic kappa distribution reduces to the bi-
Maxwellian distribution. 

In plasma physics, particularly in the analysis of 
particle motion in strong magnetic fields, it is common to 
separate the perpendicular and parallel energies with 
respect to the field as 𝐸ୄ = ଵଶ𝑚𝑣ଶୄ and 𝐸∥ = ଵଶ𝑚𝑣∥ଶ. This 
separation naturally allows the distribution to be 
expressed in terms of perpendicular and parallel energy 
coordinates, as follows (23): 𝑓(𝐸ୄ,𝐸∥) = ௡గయ మ⁄ ఏమ఼ఏ∥఑య మ⁄ ௰(఑ାଵ)௰(఑ିଵ/ଶ) ቂ1 + ఉ఑ (𝛽ୄ𝐸ୄ +𝛽∥𝐸∥)ቃି(఑ାଵ)

                                                                      (2) 
 
In Eq. (2), the parameters 𝛽ୄ = 1/𝛽𝜃ୄ and  𝛽∥ =1/𝛽𝜃∥ represent the inverse effective temperatures in the 

perpendicular and parallel directions, respectively; and 𝛽 
as a normalization factor is given by 0.1(𝑘𝑒𝑉)ିଵ refers 
to a typical value of deuterium-tritium reaction (28). 

To obtain the distribution function as a function of the 
total kinetic energy, one must integrate the velocity-space 
distribution over all angles in spherical coordinates. For 
an anisotropic, axis- preferred distribution (e.g., aligned 
with the magnetic field vector), it is convenient to adopt 
spherical coordinates, with 𝑣∥ = 𝑣𝑐𝑜𝑠𝜃 , 𝑣ୄ = 𝑣𝑠𝑖𝑛𝜃 
and  𝐸 = ଵଶ𝑚𝑣ଶ . The number of particles with energy 
between 𝐸  and  𝐸 + 𝑑𝐸  is then given by the following 
integral expression (23): 𝑓(𝐸) = 4𝜋 ׬ 𝑓(𝑣)𝛿 ቀଵଶ𝑚𝑣ଶ − 𝐸ቁ𝑣ଶ𝑑𝑣                 (3) 

 
In Eq. (3), 𝑓(𝐸)  denotes the single-particle energy 

distribution obtained by integrating the velocity-space 
formulation. The angle 𝜃  is the polar angle measured 
relative to the magnetic-field (parallel) direction. This 
transformation ensures that the anisotropic kappa 
distribution can be expressed consistently in terms of the 
total particle energy.  For normalization, the integration 
is restricted to the region where 𝐸 = ଵଶ𝑚𝑣ଶ. In spherical 
velocity coordinates (relative to the parallel axis), the 
volume element is 𝑑ଷ𝑣 = 𝑣ଶ𝑠𝑖𝑛𝜃𝑑𝑣𝑑𝜑𝑑𝜃 . Assuming 
azimuthal symmetry about 𝜑  (rotation around the 
parallel axis), the integral over 𝜑  contributes only a 
factor of 2𝜋 , consistent with the azimuth-integrated 
forms. 

The result (without delving into the full details of 
integration) is as follows (23): 

𝑓(𝐸) = ୻(఑ାଵ)఑య మ⁄ ୻(఑ିభమ)   ௡గయ మ⁄ ఏమ఼ఏ∥ᇣᇧᇧᇤᇧᇧᇥ ቀா௠ቁయమ ׬ ቂ1 +గ଴ఉா఑ (𝛽ୄ𝑠𝑖𝑛ଶ𝜃 + 𝛽∥𝑐𝑜𝑠ଶ𝜃)ቃି(఑ାଵ) 𝑠𝑖𝑛𝜃𝑑𝜃                 (4) 
In Eq. (4), 𝑓(𝐸)  denotes the azimuthally integrated 

anisotropic kappa distribution expressed as a function of 
the total particle energy. This compact form, obtained by 
carrying out the angular integrations, provides a 
convenient representation of the energy distribution for 
subsequent evaluation of fusion reactivity. The resulting 𝑓(𝐸) is fully consistent with the azimuth-independent 
anisotropic-kappa formulation. 

In the following, we derive an explicit expression for 
the fusion reactivity in anisotropic, non-thermal plasmas. 
The tunneling cross section, formulated in terms of the 
anisotropic kappa velocity distribution 𝑓(𝑣), takes the 
form (25): 〈𝜎𝑣〉 = ׬ ׬ ቂ1 + ఉா఑ (𝛽ୄ𝑠𝑖𝑛ଶ𝜃 +గ଴ஶ଴ 𝛽∥𝑐𝑜𝑠ଶ𝜃)ቃି(఑ାଵ) 𝑇(𝐸)𝐸ିଵ/ଶ 𝑑𝜃𝑑𝐸                         (5) 

 
In Eqs. (5)-(8), ⟨𝜎𝑣⟩  denotes the fusion reactivity, 
defined as the velocity-averaged product of the fusion 
cross section 𝜎(𝐸) and the relative velocity 𝑣  of the 
reacting particles. Here, 𝜎(𝐸)  is the energy-dependent 
nuclear fusion cross section, while 𝑣 represents the 
relative speed between the interacting nuclei. This 
quantity serves as the fundamental link between 
microscopic nuclear properties and macroscopic reaction 
rates in plasmas. 

The angular integration over 𝑑𝜃  explicitly 
incorporates anisotropy arising from temperature 
differences in the perpendicular and parallel directions. 
The transmission coefficient 𝑇(𝐸) is typically modeled 
with either exponential or power-law dependence: 𝑇(𝐸) = ൝ ቀ ாாబቁఈ        𝑓𝑜𝑟 𝐸 < 𝐸଴,1               𝑓𝑜𝑟 𝐸 > 𝐸଴.                                 (6) 

 
where 𝐸଴ refers to threshold energy that serves as a 

modeling parameter that defines the boundary between 
the gradual growth region and saturation region of the 
tunneling coefficient; 𝛼  represents role of a convexity 
parameter varies between 0 and ∞, as for 𝐸 < 𝐸଴ , we 
have 𝑇(𝐸) concave (convex) if α < 1 (if α > 1). This 
formulation incorporates the effect of anisotropic 
temperatures (𝛽ୄ and 𝛽∥) on reactivity calculations. 
 

Reactivity (𝜹𝑹𝒂𝜿) of fusion  
To quantify the enhancement of reactivity in the 

anisotropic kappa distribution relative to the Maxwell–
Boltzmann case, we evaluate and compare the reactivity 
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within two distinct frameworks, as follows: 𝛿𝑅௔఑ = 〈𝜎𝑣〉௔఑ − 〈𝜎𝑣〉ெ஻                                        (7) 
 
Substituting the anisotropic kappa distribution from 

Eq. (4) into 𝛿𝑅఑ we obtain: 𝛿𝑅௔఑ = ׬ ׬ ቆቂ1 + ଶఉா఑ (𝑠𝑖𝑛ଶ𝜙 𝛽ୄ +గ଴ஶ଴𝑐𝑜𝑠ଶ𝜙 𝛽∥)ቃି(఑ାଵ) − 𝑝ெ஻(𝐸)ቇ𝑇(𝐸)𝐸ିଵ/ଶ 𝑑𝜙𝑑𝐸           (8) 

where: 𝑝ெ஻(𝐸) = ට ఉସగ 𝐸ିଵ ଶ⁄ exp (−𝛽𝐸)                              (9) 

 
The angular part of integration in Eq. (8) is evaluated 

using the Gauss–Kronrod algorithm to compute single-
variable integrals (8). 

 
Results and Discussion 

 To investigate the influence of anisotropy and 
deviations from equilibrium, we numerically analyze the 
dependence of fusion reactivity on the anisotropic 
parameters (𝛽ୄ,𝛽∥)  and the spectral index 𝜅. Figure 1, 
illustrates pronounced differences between the 
anisotropic and standard kappa distributions. At high 
energies (above 𝛽𝐸 = 10ଵ), the particle density in the 
anisotropic case is significantly reduced; for instance, 
at  𝛽𝐸 = 10ଶ , the value of 𝑓(𝐸)  is nearly an order of 

magnitude lower than in the standard kappa distribution. 
This suppression of suprathermal tails enhances plasma 
stability and reduces energy losses. Here, plasma stability 
refers specifically to kinetic regimes where suprathermal 
particles do not strongly drive wave–particle instabilities 
and transport-related energy losses remain minimized. 
More precisely, stability is defined as the ability of the 
anisotropic kappa distribution to remain self-consistent 
without exciting mirror, whistler, or firehose modes, 
while simultaneously reducing collisional and turbulent 
losses. Our numerical results confirm this definition; as 
the parameter ranges that enhance reactivity (low 𝜅 and 
moderate 𝑇 /𝑇∥) coincide with conditions where 
suprathermal particles are less destabilizing. 

At low energies (below 𝛽𝐸 = 10ିଵ), the anisotropic 
distribution exhibits higher particle densities. For 
example, at 𝛽𝐸 = 10ିଶ , 𝑓(𝐸)  is nearly an order of 
magnitude greater than in the standard kappa distribution. 
This enhancement is particularly favorable for fusion 
reactions at low temperatures. In the intermediate regime 
(10ିଵ < 𝛽𝐸 < 10ଵ), the anisotropic kappa distribution is 
more compressed and has a shallower slope compared to 
the standard case, highlighting anisotropy as a potential 
mechanism for controlling energy distribution in 
plasmas. 

The parameters  𝛽∥  and 𝛽ୄ  independently regulate 
transverse and longitudinal energies. Larger values 𝛽∥ =

 
Figure 1. Anisotropic Kappa distributions for the various values of 𝛽 and 𝜅, as a function of energy. Colored lines indicate different 
values of 𝛽∥ and 𝛽ୄ. The dashed black line represents the Maxwell-Boltzmann distribution for 𝛽 = 2.0 as a reference. 
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5.0 and 𝛽ୄ = 5.0 shift the anisotropic kappa distribution 
closer to the Maxwell–Boltzmann (MB) form, although 
the extended high-energy tails characteristic of kappa 
distributions remain. The dashed black curve in Figure 1 
represents the MB distribution for 𝛽 = 2.0 . At high 
energies (𝛽𝐸 > 10ଵ ), this curve lies well below the 
kappa distributions and lacks suprathermal tails, but at 
intermediate and low energies, the anisotropic kappa 
distribution converges toward MB.  In summary, the 
anisotropic kappa distribution reduces high-energy tails 
while increasing particle densities at low energies, 
thereby providing a more favorable balance than the 
standard kappa distribution. These features enhance 
plasma stability, lower energy losses, and optimize 
conditions for fusion reactivity, making the anisotropic 
kappa framework particularly attractive for next-
generation plasma confinement systems.  

Figure 2 examines the variation of 𝛿𝑅௔఑ 𝑅ெ஻⁄  with α. 
It can be seen that as 𝛼 increases, the reactivity decreases. 
For 𝜅 = 1 , the ratio drops from approximately 0.25 
at α = 0 to 0.05 at α = 3. For κ = 2, the decline is from 
about 0.15 to 0.03, while for κ = 5 and κ = 10 the initial 
values (≈ 0.08 and ≈ 0.05 , respectively) decrease to 
0.015 and 0.01 at α = 3. These results show that small κ 
values (e. g. , κ = 2)  yield higher reactivity at low 
energies and small α , but fall off more steeply with 
increasing α. In contrast, larger κ values (e. g. , κ = 10) 
exhibit more stable behavior and perform better at higher 
temperatures. Increasing 𝛽ୄ  generally enhances overall 
reactivity, particularly at small κ . This analysis 
underscores the importance of optimizing κ, α, and 𝛽ୄ to 
maximize reactivity under diverse plasma conditions. To 
compute the reactivities the experimental cross sections 
parametrized in Ref. (28) has been used by integrating 
the reactivity over the energy validated intervals. 

Figure 3 further illustrates the dependence of relative 
reactivity (𝛿𝑅௔఑ 𝑅ெ஻⁄ ) on α for different 𝛽∥ values. With 𝛽∥ = 5.0, the reactivity at α = 0 is about 2.5 for κ = 2 
and 1.5 for κ = 10. As α increases, the values decrease 
to ≈ 0.5 and ≈ 0.8, respectively, at α = 2.5. Thus, small κ yields higher reactivity at low energies but declines 
more steeply. For 𝛽∥ = 10, the reactivity rises: at α = 0, 
the values are ≈ 3.5 for κ = 2 and ≈ 1.8 for κ = 10. By α = 2.5, they reduce to ≈ 1.0 and ≈ 0.9, respectively. 
This trend confirms that smaller κ values perform better 
at low energies but are more sensitive to increasing α. For 𝛽∥ = 20, the reactivity at α = 0  reaches ≈ 5.5 for κ = 2 
and ≈ 2.2  for κ = 10 . As α  increases, the values 
decrease to ≈ 1.5 and ≈ 1.2, respectively. Again, κ =2  delivers stronger performance at low energies but 
declines more sharply than κ = 10. 

 
Conclusion 

This study highlights the critical role of non-
Maxwellian energy distributions and anisotropy in 
plasma physics, with particular emphasis on kappa 
distributions and their comparison to the Maxwell–
Boltzmann (MB)  case. The main conclusions are as 
follows: 

In anisotropic plasmas, temperature differences 
between parallel (𝛽∥)  and perpendicular (𝛽ୄ ) directions 
strongly shape the particle energy distribution. 

At low α, the contribution of suprathermal particles to 
fusion is negligible, and the fusion rate (𝑅஺఑)  is nearly 
identical to the MB result (𝑅ெ஻). 

As α  increases, the extended high-energy tails of 
kappa distributions substantially enhance tunneling 
probabilities and fusion rates, particularly for small κ. 

When 𝛽∥ > 𝛽ୄ, anisotropy further amplifies the role 
of high-energy particles in the perpendicular direction, 

 
Figure 2. Variation of 𝛿𝑅஺఑ 𝑅ெ஻⁄   as a function of 𝛼 for different values of spectral parameter 𝜅. 
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yielding higher fusion rates compared to MB. 
The temperature ratio determines the dominant 

contribution to the overall fusion rate; increasing 𝑇  
under suitable conditions significantly boosts reactivity. 

Higher α values magnify sensitivity to high-energy 
particles, underscoring the advantage of kappa 
distributions for improving fusion efficiency. 

Overall, kappa distributions-together with controlled 
anisotropy-offer far greater flexibility than 𝑀𝐵  in 
modeling the high-temperature plasmas. They not only 
enhance fusion rates but also enable more effective use 
of energetic particles under tailored confinement 
conditions. In magnetic confinement systems, external 
heating and temperature anisotropy can be exploited to 

maximize yields, while in inertial confinement, 
engineered plasma environments benefit from non-
Maxwellian statistics. 

By fine-tuning key parameters (𝜅 , 𝛼 , 𝛽 ), fusion 
efficiency can be significantly improved. These findings 
point toward practical pathways for optimizing 
confinement strategies and advancing the development of 
sustainable and clean nuclear fusion energy. 
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