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Abstract

A 1993 result of J. Llibre, and M. Misiurewicz, (Theorem A [5]), states that if a
continuous map f of a graph into itself has an s-horseshoe, then the topological
entropy of f'is greater than or equal to logs, that is 4( f) > logs. Also a 1980 result
of L.S. Block, J. Guckenheimer, M. Misiurewicz and L.S. Young (Lemma 1.5 [3])
states that if G is an A-graph of f then A(G) < A(f). In this paper we generalize
Theorem A and Lemma 1.5 for continuous functions on forests. Let / be a forest
and f: F—F be a continuous function. By using the adjacency matrix of a graph,
we give a lower bound for the topological entropy of 1.
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Introduction

A topological space homeomorphic with [0,1] is

called an arc. A topological space F is called a forest
if it is a finite union of arcs such that any pair of them
has at most one point in common, and F does not have
any homeomorphic copy of the unit circle. A connected
forest is called a free. Clearly any connected component
of a forest is a tree. A point x Of the tree 7 is an end
point if T —{x} is connected, and it is a branching

point if T —{x} has at least 3 connected components.
The number of all connected components of 7 —{x } is

called the valence of x and is denoted by Val (x ). A

point x of the forest F is an end (resp. branching)
point if it is an end (resp. branching) point of the
connected component containing x . The set of all end
points of F is denoted by End (F). An end point or a

branching point of a forest /' is called a node. The set

of all nodes of F is denoted by Node (F). For every
x and y of a connected component 7 of a forest F
the interval [x,y] is the smallest connected subset
containing x , y and (x,y)=[x,y]-{x,y}. For

further information about these definitions refer to [2]
and [5].
Let T be a tree and let f :7 —T be continuous

and let also (/) be a finite sequence of pairwise

disjoint (except perhaps ends) closed intervals in T
such that for every je{l,2,..s} we have

UI,. cf (Ij ), then the sequence (/)  is called an
i1

s — horseshoe. In [5] it is shown that log (s) is a lower

bound for the topological entropy of f (for definition
of topological entropy refer to [6], [7] and [8]).
A directed graph D is a triple D (D), A(D).y,)

consisting of a nonempty set V (D) of vertices, a set

2000 Mathematic Subject Classification: 37B40: 37B99: 28D20

" Corresponding author, Tel.: +98(21)44671474, Fax: +98(21)66412178, E-mail: sabbagh@khayam.ut.ac.ir



Vol. 21 No. 1 Winter 2010

A(D) of arcs which is distinct from ¥ (D) and a
function y , which associates an ordered pair of

vertices (not necessarily distinct) with each arc of D . If
a is an arc and u# and v are two vertices such that

vy (a)=(u,v), we say a joins u to v, where u is
the tail and v 1is the head of a . A directed graph D ’is
a subgraph of D if V(D) <V (D),A(D"YcA(D)
and y,. is the restriction of y , onto 4(D'). A
directed walk in D
(vo,@,vsea, v, ) such that its terms are alternately

is a finite sequence W =

vertices and arcs, and for every i =1,2,...,k , the arc g,
has the tail v, , and the head v,. Any directed walk
W =(v.a,v,,...a,,v, ) is often represented simply by
its vertices sequence W =(v,.v,,...,v, ) . In this case we
say W is a walk from v, to v, or W isa (v,,v,)-
walk. The vertices v, and v, are called the origin and
the terminus of W , respectively and v,,..,v, , are

called the internal vertices. The integer k is the length
of W . If the arcs a,,...,a, in a directed walk W are
distinct, W 1is called a directed trail. If in addition the
vertices v ,...,v, are distinct, W is called a directed
path. A cycle is a directed trail such that all vertices
except the head are distinct and the head vertex is the
same as the tail vertex. Let D be directed graph with m
vertices, we assign an mxm matrix

M (D)= [mij mem to D called the adjacency matrix

as follows: Assume V (D)={v,,v,,...v, }. Then m
is the number of arcs that join v, to v . Two vertices u
and v in D are said to be strongly connected if the
directed paths (u,v) and (v,u) exist. Strongly
connected relation is an equivalence relation on the
vertices set. The subgraphs D[V,1,D[V,],---,D[V,]
induced by the resulting partition V' ,,V/,,....V/, of ¥ (D)

are called the dicomponnents of D . The number of arcs
with the head (resp. the tail) v is the indegree (resp.
outdegree) of v . For further information refer to [4]. It
is clear that between any two dicomponents of D only
one direction exists and any cycle in D belongs to
exactly one of the dicomponents.

Let 7 =[0,1], S' is the unit circle, and f :S' — S
or f:I >R is let
A={I,1,,..,I,} be a partition of S' or I into

subintervals (we shall call the arc on S' the interval
too) i.e. a family of closed interval such that

continuous.  Furthermore,

K
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1,Ur,U..U1l, is S' or I, respectively and for
i#j,1, ﬂlj is at most a single point set. Let D be a
directed graph with the set of vertices V (D)
={I,,1,,...1,}. Suppose for every i,j €{l,2,...,s}, if
I, contains exactly n closed subintevals with distinct
interiors such that their images under f contain I ; (and

n is the biggest integer with such property) then
exactly n arcs from 7, to [, exist. Let M be the

adjacency matrix of graph D . It is shown in [4] that
h(f)= limllog (the sum of all entries of M ").
n—oo n

In this paper a lower bound is given for forest maps
in such a way that the two previously stated inequalities
will be an special case of our result.

Materials and Methods

Let D be a directed graph and W be a directed
walk in D . For every two vertices v, and v, in W,

the number of arcs from v, to v is called the distance
and is denoted by d(v,,v;). If the

directed walk W does not have repetition vertex then
W is a directed path, otherwise let u be a repletion
vertex which has the least distance with itself. So a part
of this walk from u to u is a cycle. Now if we replace
this cycle by vertex u , we have a new directed walk in
which the number of repetition vertices is less than the
number of repetition vertices in W . By continuing this
procedure all repetition vertices will be eliminated, and
the procedure remains a directed path say P, and we

from v, to v,

say W 1is generated by P, . So in directed graph D

every directed walk can be generated by a directed path
in which some vertex is replaced by a cycle which can
be repeated finitely many times. By induction it can be
said that every directed walk is generated by a unique
directed path.

Let D[V,] be a dicomponent and u# and v be two

vertices of D[V, ].
outdegree 1, D[V, ] is a cycle. Assume the length of this

If every vertices in D[V;] has

cycle is A. For every n  belonging to
{il+dw,v):i =0,1,2,...}, there exists exactly one
directed walk of length » from u to v and for every
other natural number m there is no directed walk from
u tov oflength m inthe graph D |

But if D[V, ] is neither a cycle nor a vertex, since it
is a dicomponent, it has at least a cycle. We claim that
in every arbitrary cycle in D[V, ] there exist vertices x
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and y (not necessarily distinct) and a path from x to
y disjoint from the cycle except in origin and terminal.
Let C be an arbitrary cycle in D[V, ]. Since D[V,] is
not a cycle nor a vertex, so there exist an arc or vertex in
D[V,], butnot on cycle C .

Case one: If there exists a vertex z in D[V, ] thatis
not in cycle C , then there exist two directed paths
between z and two vertices of the cycle C . In other
word, vertices x and y exist on cycle C such that the
in D[V,] have
smallest length. Assume the directed walk generated by
these paths is W. since (x,z) and (z,y) have been

directed paths (x,z) and (z,y)

chosen with the smallest length, so the directed walk W
does not have any intersection with the cycle C except
in origin and terminus. Furthermore, the directed walk
W =(x,-,z,--,y) has been generated by a path from
x to y, so a path exists from x to y in D[V,]

disjoint from the cycle C except in origin and terminus.
Therefore, there exist cycles C, and C, with length 4,
and 4, in D[V,] containing vertices x and y,
respectively.

Case two: There exists an arc in D[V, ], that does
not belong to the cycle C . If the tail and the head of
this arc is belong to the cycle C , this arc is a path
which is distinct from the cycle except for the tail and
the head, but if neither the tail nor the head belong to
the cycle C, we must return to previous case
repeatedly.

Since the number of vertices and cycles in the graph
is finite, it has an upper bound / . Suppose C,,C,,...,C,
are all the cycles in the graph D with length
AsAy,..s A, respectively. Let W be a walk with the

length of n from u to v . This walk has been generated
by a path W =F, such that in it
has been replaced by the vertex z,_, in the walk W, _,.

step the cycle 6,

Therefore the sentence of sequence {6, },- is in the set

=1

{C,,..C,} . Letfor j e{l,...,/} the cycle C, appear in

the sequence {6, }  for n, times and first time in the

1
I ; th sentence.

So in the step i, the cycle

(z TR 23 _,) that is in the same cycle C; has been

replaced the vertex z, _, in the walk , _; and the walk

-1
W, is produced. Without loss of generality suppose
that 1=7,(i,(.(i, . If for every j e{l,..l} W, isa

J

walk with the length of n,4, with origin and terminus

67

z, , obtained by n, times travel the cycle C;, then

we could have a walk W ' with the length of n from u

to v that is constructed in /+1 steps. First let
W, =F, and in j’th step, the walk W, replace the

vertex z, , Since the length of F, is at most / so

;-1

1
Zl_:lnjﬁ,j >n -1 and we have

n—I[ Sin/ﬂ/ S/Zn/.l =1
=l ) j

n;
Jj= Jj=1

2 1 n 1
<l max{n.} = Smax{n.} .
J)j=1 12 J)j=1

Hence there exists at least one cycle C; which has

. n—1
traveled n; times and we have B <n, . But by the
above explanation, the cycle C, contains two vertices

as x and y which has been join by a path disjoint

from the cycle except at the origin and terminus (in
Figure 1 let two cycles be C; and C; and take the

i the Cj.1 ).

n, —l=qA, +r:0<r<2, -1

vertex  z on cycle Assume
Since there are at
least two choices for going through the walk with the
length of 4, 4, from x to x (4, times going through
C, or A, times going through C, ), for going through

J2

the walk of length g4, 4, from x to x there are also

at least 27 choices, and for each of these choices after
r times going through the cycle C; we obtain a walk

with the length of g4, 4, +r A4, =4, (n, —1) from x

to x . So there exist 27 distinct walks of length
A;(n; =1) from x to x and for each of them in the

cycle €, =(z, ...z, ), we can replace that walk

by vertex x , in this case a walk of length n, 4, from

Figure 1.
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z to z, , is obtained. Thus there exist at least 27
J1

i -1

distinct walks of length n, A4, from z, , to z, ,,
N N J1 J1

hence there exist at least 27 walks of length » from u
to v . However, we have

n-—1

-1
nll_l_lz 12 _

n I 1
l=——-| 5+-+1
) I’ (12 / j

27_3_3 — 21 z%(’ﬁ)

q=

J2
n

Hence there exist constants a,, and [, such that if the

uy

number of walk with the length of n from u to v is not
zero, it is greater than or equal to B, (c,, )" . (%)
Lemma 1: Let DY (D), A(D),y,) be a directed
graph of ¢ vertices and let M be its adjacency matrix.
Then the (i,;) entry of matrix M " is the number of

distinct walks of length n from the i” vertex to the

j™ vertex, so the sum of all entries of matrix M " is

equal to the number of all distinct walks of length » in

graph D .

Proof: Refer to [4]. |
We used the notation "a; for (i,;) entry of matrix

M " and a, for the sum of its entries.

Now we show that for some graph D there exists a
subgraph D' such that for its adjacency matrix M’

n_r

and sequence { a; }: , There exists an exponential
sequence such that all elements of the sequence
{"al.j'. }(::1 except zero terms are greater than the
elements exponential sequence and
.1 .1 ,
lim —log(a, ) = lim—log(a, ). (3 %)
n—0 n n—>0 n
Let DYV (D),A(D),y,) be a directed graph of ¢
vertices and let M be its adjacency matrix. We have

.1 .1
lim—log(a, ) = hm—log( max "a, ) , because:
n—o n N

n—w© p 1<i,j<t
—1 n —1 S
lim—log| max "a, | <lim—log Z a;
n 1<i,j <t n Py

—1 2 " —1 "
<lim—log|¢° max "a, | =lim—log| max "a,
n 1ij<e Y n <ij<e Y

= ﬁlllog( max (”a[j )) = Enllog(an )

n 1<i,j<t n
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Similar procedure for liminf shows the equality.
For every i,j eV (D), let E; be the set of all

subsequencial limits of {llog<”aij )} and a, =
n -

n=1
—1 n L .
lim —log( a; ) =sup (E i ) . Since in the above equality
n—w© p ?

maximum is taken over a finite number of terms (¢’
terms), so we have:

Ellog(an )= mllog(max "al.j)

n—w© p n—® p 1<i,j<t

t
= sup(wu_]Eij j = g}e}é a;.
Let £,/ be two vertices of a dicomponent. For every

vertices k' and [’ of this dicomponent, we have

—1 n
a, =a,,, because «,, =31E39;10g( a,), and there

exists walks with the lengths of p, and p, from &' to
k and from [ to [’ respectively. So there exists at
least "a,, walks of length p,+p,+n from k' to I’
and we have
— 1 u
o, = hm—log( ak,,)
n—ow n

> lim

log(”a )za
0 p +p, An Kl Kl

By using reverse inequality, we have «,, =a,, . So
for each dicomponent D[V, ], there exists ¢; such that

for every vertices / and k& in DI[V,] we have

a, :Ellog(nakl):sup(E“) (for single vertex

n—w© p

dicomponent take ¢, zero).

Since for every i,je{l,2,...t}, E, 1is closed,

y

t t
a, =sup(_ J E[jje_u E, . Hence there exist i,/

i,j=1 i,j=1

€ {1, 2,...,t } and there exist a  sequence

1 ) 1
{— log( “a, )} such that aozllllg—log(”k al.ojo) .
nk k=1 nk

We show that there exist vertices i, and j, in a
dicomponent such that ¢, =sup (E i ) Assume there
exist / paths between i, and j,. For every natural
number k , “a, , is the number of walks of length n,

from i, to j, each one has been generated by a path
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from i, to j,. So there exists a path P_ such that at

ny

least % a, . of the walks have been generated by the

toJo

path P, . Since the total number of paths are finite, so

©

{P.},_, has a constant subsequence {Pkm :P}

m=1 '
Hence if for every natural number m , the number of
paths of length n, from i, to j, generated by path P

. 1
is b, , we have n ", <b, < "ra, . . We conclude

m 2 igjo m

= lim Llog(bm ).

m—© p

.1
that ¢, =khm—log(”‘ a ; )
—w n, 0J0

m

Let P :(10 =V, el ,vtz,...,utz,...,vtl_,...,utl_) be a

o
walk such that every subpath (v [, seeolly, ) belongs to the

dicomponent D[V, ]. Let m be fixed, and for any non

.
negative integers n,,...,n, suchthat » n/ =n, ,let b/
i=1

be the number of walks of length n] generated by
subpath (v, ,...,u, ) in the component D[V/;]. Since the

walks are obtained by repetition of replacing a vertex by
a cycle on the path, and every cycle is in one
dicomponent, we have

b= Y

{(n,’,...,n,f ):in,/ =N, }

r
’
b! .
1

i=

Let ¢=max{a, :1<i<r} and let &)0. There

exists a natural number N such that for every vertices
k and [ in a dicomponent, if n>N then

"ay, <(eé’+‘g )n . Let

.
r r ’ . r__ ! L
A :{(nl,nz,...,nr). E n!=n, ,n)N;i —1,2,...,r}.

i=1

If m)N  then Zni’:nkm 2myrN . So for
i=1
(n),n},...n] )€ A° there exists i, such that n/ >N,

s\ . .
SO b,.’l > (e"‘“) ' . However, for the other entries, since

the length of walk is less than N , the number of
obtained walks for a constant K is less K . Therefore,
we have

b:

n 2

-

i=1

Hb; = ZHbi' + ZHb:‘,

A i=l A€ i=1

69

(ed+g) ’ 4 AZK H<6d+e )”'v/
J

i=1

) . y Z"',/ (a+e) .
:Z(eaﬂ'),z:l: i +ZKe j Szenkm(an)
4 1 =
+> Ke"n @) < > Ko ()
A° {(n{,"z' R ):Z’:l:n[ =N, }
ny, T -1 n, (a+¢)
= Ke ™ )
r—1
Hence

a, = limllog (a,)=lim Llog(ank )

n—wpn k > nk

r—1
Ke

ay <d=max{a, :1<i <r}<a,.So d=aq,.

1
= lim —log(b
tm Loe(1)

n, +
< lim Llog b
moe r—1

m

n, (0?+L‘)J _ a’\ +e

That is

Therefore, there exists a dicomponent in graph D
such that for every vertices u# and v in this

1imllog(an )

n—w© p

dicomponent we  have =q,=

limllog( "a,, ) .Let M’ be the matrix of the subgraph

n—w p

’
of this component and let a, be the sum of its entries,
.1 ! '
we have lim—log(a, ) = lim—Ilog (an .
n—>0 n n—0 n
If this component is either a cycle or a single vertex,

the sequence {a } is bounded, hence limllog(an')

ne g
=0 which is a trivial bounded for topological entropy.
However if this component is neither a single vertex nor
a cycle, by (%) for every vertices u and v in this
dicomponent, there exist constants ¢, and g, such

that for every natural number n , the number of walks
with the length of n from u to v, if it is not zero, are

greater than or equal to £, (¢, )" . So we may assume

for every (i,j) entry in M'", the elements of

A%
n
{ a; } e except zero terms, are greater than or equal
e

to the element of an exponential sequence.

Theorem 1: Let X be a compact topological space and
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f:X >X be continuous. Let also (4,)_ be a

r=l1
collection of nonempty pairwise disjoint closure subsets

of X . Assume for every re{l,2,...t} we have

A, :Ulm :t, e N, in such a way that I 's are
s=l1

nonempty and their closures are pairwise disjoint. Take

the directed graph D (D),A(D),y,) as follows:

V(D)={4,,4,,...4,}  and if
ror'e{l,2,..t}  and s e{l,2,..¢}
f(I,)24,, then there exists an arc from 4, to A4,..

Let Then

there exist

such that

M be the adjacency matrix of D .
h(f)= limllog (the sum of all entries of M ™).
n—>%0 n

Proof: Since X is compact, ¥ < f (Z) implies
Y cf (7) Hence without lose of generality we may
assume all 7 s are closed. For every n € N and every
t=(jgsnj,) in D

i e{l,Z,...,n},(jl.fl,j[.) is an arc in D . So there exists

walk and  every

asubset /, , <A, such that f (]j,,.k )QA/., . For

i1

every arbitrary subset /,, of A4, we show that

nf - (I ik ) is nonempty. Induction is used for every

i=0

walk 7=(j,,/,) with the length ofl there exist

1

Joko

gAj0 such that f (Ijnkﬂ);/;lj1 = Uljlkl , hence
k=1

for each subset 7,, 4, we have f (I,UkO)DI

="k *

Since 1 is nonempty there exists

jlkl
yel, cf (Ijoko), hence there exists x €/, such

that y =f (x) Therefore x €1, Ny~ (I ) that is

Jis

I, Ny (IJ.IS ) # @ . Now assume for n € N we have

ﬁf*i(l,-,k,.)ﬂo. Let 7=(jgssjoy)- The walk

7'=(J|sesj,) satisfies the induction hypothesis and

n+l
—i+1 -
ﬂf (I i k’) is a nonempty subset of /,, and we
i=1
n+l

have f (Ijok0 ) o1, o) (Ij’k’ ) So similar to the
i=1

previous argument we have .. N

Joko
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n+l
! (ﬂf B (I].’k, )J #¢ and we conclude that
i=l
n+l
ﬂf - ([ ik ) # @ , which completes the induction.
i=0
Take an

open cover of X as

r

p=U,=X- |J I,:k=12..t,1=12.1
1<r<t
1<s<t,

(r,.v):é(k ,1)
For every n e N and every walk 7=(j,...j,), the

nonempty subset ﬂf’i (I j‘k‘) implies that every

subcover of ,-\Z/of () must contain Qf - (U ik ) as

one of its elements. To see this for every

x € hf - (1 ik ) there  exists an  element
i=0

n

(V- (U v )e [\Z/O /7 (p) containing x . Hence for

i=0

every ie{O,l,Z,...,n},f"(x)eUp’q’ and for every
i €{0,1,2,..,n}.f" (x)eljlk, . We conclude that for

every i €{0,1,2,...,n},f" (x)eljlkt nu,, SO
l,, cU,, and ﬂof U,,)= Qf (U, )-

Therefore, the result follows and every subcover of
vf (p) must contain the element Dof B (Uj’ k‘)
corresponding to walk 7 =(j,,...,/,) in the graph D .
As a result, the number of every finite subcover is

greater than or equal to the number of walks with the
length of n in the graph D . By considering Lemma 1,

N (\n_/0 77 p)) is greater than or equal to the sum of

entries of M " and we have:
h(f)=lim ! log(N(Cfi (p)Dzlimllog
n—w p +1 i=0 n—wo p

(the sum of all entries of M "). u
A part of the following lemma has been presented in

[1]. It will be presented completely with proof.

Lemma 2: Let / be a real function. If 7, J are two

closed intervals such that f (I ) O J , then there exists a

closed subinterval K of I such that f (K)=J and
(k)=
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Proof: Let J =[a,b]. there exist
a',b'el suchthat a=f (a') and b =f (b"). Without
a'(b’. Take A=
f'({a})N[a’.b"]. Since 4 is a closed nonempty
subset of [a',b'], So a=sup(4)ed . Similarly by
taking B =f "' ({b})N[a.b’], we have B=inf(B)
€ B . Hence none of the elements of («, ) images to
a or b.Let K =[a,]. Since f (K ) is connected

and compact, it is a closed interval containing
a=f (a) and b =f (,b’) and containing J :[a,b]. If

f(K)z[ab], cek that

f(c)e[a,b]. So we have b(f (c) or f (c){a. By the
main value theorem, from f (a)=a(b(f (c), there

Since a,b eJ,

lose of generality assume

there exists such

exists a(x(c such that f (x)=b. So there exists
x €(a,B) images to b which is a contradiction.
Similarly from f (c){a we have a contradiction too.
Thus we have [a,b]=/ (K ). Since non of the points in
(a,p) images to a or b and we have [a,b]=f (K),

hence f (a, ) < (a,b) . But:
S(K7)=f (. B) =1 (K ~{a.B}) oS (K
i (a).f (B)}= [ab] {a.b} = ( b)=J".
So the result follows. |

Theorem 2: Let F be a forest and f :F — F be
continuous and let / and J be two subforests of F

such that /(1) >J . Then there exists a subforest K
of I such that / (K )=J and the end points of K are

either an end point of / or image to a node of J .

Proof: Since J is a forest, we have J :UV/. where
j=1
Vs are arcs without any branching points in their
interior and their end points are nodes in J and every
pair of them have at most one point in common which is
a branching point of J . Take the closed interval 4 in
forest / in which its end points are the end points of 7 .
Since f is continuous and A is connected and
compact, f(4) is a tree. Hence

A)NJ =O(f (4)w

We claim that for every je{l,2,..m} if

; ) is a forest.

71

f(4)NV; is nonempty, it is a closed interval. It is
enough to show that f (4)V, is a connected and

closed subset of V', . Suppose there exists a j such that

r(a)nw,

components.

is not connected; so it has at least two

Choose x and y in different

components. The subinterval [x,y]<V, is a path in
F . Since f (A4) is a tree containing x and y , it
contains the path between x and y. By uniquely
arcwise connectivity, we have [x,y]<f (4). Hence
[x,y]<f (4)(WV, =B, which is a contradiction. So
B is a connected subset of V', and it is an interval. On
the hand, f(4) s
f (A)ﬂVj :Bj is closed, hence it is an arc without

any branching points in its interior, and all nonempty
B;s forms B as a forest and since for every

j e{l,2,...,m
subinterval K, <A such that f (K
f(K;)=8,. =[a,b], K,=[a,.b,],
B, =[c;,d;], and V6 =[a;,y;]. Let U, be a
connected component of J containing V. Then

and Dyj

other since compact,

},B, <f (4),by Lemma 2 there exists a
j ) =B, and

Assume

U, -V, has two connected components D,

containing x, and y, respectively. Considering
homeomorphism between closed intervals and [0,1],

three cases for B is possible. In each case we want to

have K, in such a way that f ( ) B, and either the
end points of K, are the end points of / or are those
points of K, which are imaged to a node merely.

Case 1: If B, =V, no change is necessary. From
£ (K,)=8, and £ (K

end points of K, are those points of this interval which

/) =V j" we conclude that the

image to a node merely.

Case2: B, cV°,thatis x (¢ ;(d,(y, . In this case
we have f (4) <V, otherwise there exists z €/ (4)
which is not in ¥,". So z belongs to either D, or

D, , suppose z €D, , since f (A) is a connected set

y;?
containing z and d;, and [z,dj.} is the smallest

connected set containing these two  points,

v, e[z,d/}c;f (4), that is y, ef(4)NWV, =
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B, = [c]. ,d j] which is a contradiction with our
assumption (and similar procedure for z € D_ ). In this
case we replace K; by 4 and the end points of K ; are

the end points of 7/ .
Case 3: Either x, =c (d (y, or x,{c;{d, =y,.

We will investigate the first one, the second one can be
investigated in a similar way. We know

S (ab;)=(c;d,) f ({aj,bj}):{cj,dj}.
Without lose of generality assume f (aj):cj
f (b].):dj LI f (bj,b) cV,” we replace K, by
[a,.b] and if f (b,.b) @V there exists z €(b,.b)
such that f (z ) does not belong to //,* . So it belongs to
citer D, or D, If f (z)eDy,

and

and

similar to the

previous case we conclude that y, €/ (B ; ), which is a
contradiction with our assumption. So we have
f (z ) € Dx] . Hence f (bj. ,b) contains x ; . Notice that
L,=f - (xj )ﬂ[bj ,b] is a closed nonempty subset of
[b/.,b], so «, =inf(Lj)eLj. We will replace K,
with [aj,aj J Therefore, we have f (aj ) =
f (a}.):xj and f (a].,aj =1

Now for every a,b € End (1), set the interval K
obtained from this procedure by K, and let
K = UK s - S0 the end points of K are either the end
points of / or image to a node in J and thus, we have
£ (&)= Ur (Kw)= Ul (@)ns) =f (U4)ns
=f(I)NJ =J. n

Results

Now we will state the most important theorem of the
paper. The proof is rather long and we will prove it in
three steps. The difference between this theorem and
theorem 1 is that the topological space X is a forest and
the collection of nonempty pairwise disjoint closed
subsets are replaced by a collection of nonempty
pairwise disjoint interior subforests.

Theorem 3: Let F be a forest and f :F > F be

continuous and let (Fr )’r:1 be a collection of nonempty

subset of F with pairwise disjoint interior and each one
has finite connected components. Assume for every

i
re{l,2,.,t} we have F, =UI_,t, eN such that
s=1

Golbaharan and Sabbaghan
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1 s are nonempty subset of F. with finite connected
components and with pairwise disjoint interior. Let
D(V (D),4 (D),l//D) be the directed graph and M

be its adjacency matrix similar to Theorem 1. Then

h(f)= limllog (the sum of all entries of M ™).
n—0 n

Proof: We know for every r e{l,2,...,t}, F’ :F,
Also B cf (4) implies B f (Z), so without loss of

generality we may assume that F s are closed. Hence
all Fs and I s are forest.

Step one: Let 7 =(,,/,,..../,) be an arbitrary walk
with the length of n in D . For every i €{1,2,...,n},

(ji1»J;) isanarc in D, so there exists subset 1,

i-1

of F, ~ such that f (1 fHk,-,.)QFf,' We claim that

corresponding to walk 7, and by taking F, =1, ,

there exists a subforest K, of [ = such that

f! (K,)gljtk’ ,i =0,1,...,n—-1 and f" (KT):I].”,{”
and every end point of K, is either an end point of

I, orimages to anode of 7, by f" for some
oo L

i €{1,2,..,n}. Using induction, based on theorem 2,

the assumption is true for walks with the length of 1.
Suppose that the assumption is true for every walk with
the length of n . Let 7 =(j,,/,,.../,., ) be awalk with

the length of n+1 in D . since 7'=(j,,.../,, ) is a
walk with the length of n , by taking F, =1

Jnsiknsi

and
using the induction hypothesis, there exists a subforest
K. of I such  that f'(K.)cl, .,

T Jiky
i=01..,n-1 and /" (K, )=1 and every end

Ttk

point of K. is either an end point of / 4, OF images to

anodein 7, , by f* for some i €{1,2,..,n}. We
have K. c/l,, <f (Ifokn)’ so based on theorem 2
there exists a subforest K, of [/ = such that

K. =f(K,) and every end point of K_ is either an

end point of Ij . Or images to a node of Ijk by f .

Hence for every i €{1,2,...,n —1} we have:
f i (KT ) :fi (KT') - If;+|k,+l ’
f " (Kr ) :f ! (Kr' ) = Ij,,+1k,,+| :
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We can conclude that for every ie{0,l,..,n},
f(K)el;, ad f"U(K)=I, .
arbitrary end point x of K_ either x is an end point
of 7~ or f(x) is a node of K, if f(x) is a
and if

For any

branching point of K. then it is a node of 7,
/ (x) is an end point of K, based on the 1nduction
i €{0,1,..,n} such

. Thus we can conclude

hypothesis there exists that

S (x) is a node of 1, .

that every end point of K, is either an end point of

1 or for some i €{1,2,..,n+1}, /' (x) is a node

Joko
of I, .
Step two: We claim that for any distinct walks 7,
and 7, with the length of n, K, "(K "=¢, We use
induction for the length of walks. For n =1 take
7,=(jo.J/,) and 7, =(j,, /). So there exist subforests
I,, and [, of F, and F,

Joko respectively, such that

Focf (I.fuku

are distinct,

) and £, 1 (1,
1, #1,, or
1 #1 > we have K,* ﬂK el

0,). Since 7, and 7,
F, #F, . If
J N =9

either

Assume [, =1, and F/.u;éF/.u,, we have K,
K, cl,,. f(KTI):FJ.I, f(K,)=F, and
FNE =0 o f (K, NK) e (K,)07 ()

=F, NF, cEnd( )UEnd( ) Now, if K "NK,’

# @, it is an open subset of I/_ .

oo

, SO it contains an
open interval say (a,b), and f (a,b) is a connected
subset of End( )UEnd( ), so it is a single point
set. In other words, the interval (a,b), that is a subset
of K, 'NK,", images to an end point, which
contradicts theorem 2. Thus, K “NK, “=¢.

Now assume the induction hypothesis is true for any
two distinct walks with the length of n. Let

T3:(j05j1"“7jn+1) and T4:(j(;’jl,""’ji:+l) be two
If 1,, #1,, , based on the

K. NK", =9¢.
N +1}
=(Jyserjpur) and

walks in graph D .

previous argument we have

Otherwise, since 7, # 7, there exists i 6{1,2,...
=1 . ..
Ji ki

such that 7, Hence 7,

7y =(Jj,-r .., ) are two distinct walks with the length

73

of n in graph D . Based on the induction hypothesis we

have K, 'NK, =¢ so KdﬂKdgEnd(KT},)U
End(Kd). Also we have K, =f (Kﬁ) and
K., =f (K“),and

f(KofaﬂKoT4)g'f (Kfi)nf (KT4)

=K, NK, cEnd(K,)UEnd (K,).

and similar to the previous argument, we conclude that

K°. NK°, =¢.This completes the induction.

Step three: We show that /(f )> limllog (the

n—on n
sum of all entries of M ").

Let a, be the sum of all M " 's entries. Fixed n
and let 4, be the set of all walks with the length of n
in D and let

l =0,L,.. }

e, )

B,={K,:7€4,,K.NC, =9},

n

= UUNode

r=ls=l1

and for every @z in C

{Kr:z'eAn,z eKr}.

That is {KT:reA"}zB”U(UB"ZJ. Hence

eC,

z

a, = S|Bn|+

t

Let N = ode

and A:max{val(y):

y e UONode (I

r=ls=1

ze (K., |B

z
reB,

N )} . Since for every z eC, we have

(z)<A and |C,|<N (n+1),

sob, =

(n+1).

zeC,
We know for every 7=(j,,/,...j,)€4, and for

of K_, exists an

;)80

there

UUNode

r=ls=1

every end point x

i e{O,l,Z,...,n} such thatf

f"(x)eC, and we have:

SU(KS)=f" (K. ~End (K.))
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of"(K,)-f"(End (K.))2F, -C,.

Jn
Hence f” (K
elements in B, which are subset of F
€ {1,2,...,t
B, contained in F,. We have f" (K

T") contains the union of those
. For every
},let F' be the union of all elements of
T°) D F/ . Since
endpoints of K image to some point of C, by /" an

based on theorem 2, there exists a forest /, contained

in K, such that f " (HT):F/ . For every

re{l,2,..t}, let = U H. U =#=..
rK CF {TEB” :KrgF,,}

Since "al./. is the number of all distinct walks with the

length of n from i to j, there are "a; forest H,

contained in F, H.)oF /.’ . Also there are

; such that /" (
—b, forest H_ contained in G,

T)QGI..

at least "a such that

[ (H
are H s . Thus all conditions of theorem 1 for f ", the

U H, and

{reB,:K.cF}

Since K. s are pairwise disjoint, so

family (G, ), with condition G, =

’ !’ ’
the matrix M, = [mij J with condition m; ="a; -b,

are established. Hence we have & (f g ) > lim ilog (the
m—©

sum of all M "
without lose of generality we may assume that all

entries). As it was explained in (% %),

n=1

sequence {"al.j }(::1 are exponential. Meanwhile {b, }”

b
is a small linear sequence, so lim—"—=0, for every
n—®0 a
i

i,j €{l,2,..,t}. Let &)0. There exists a natural

number N, such that for every n)N, and every

i,je {1,2,...,t} R ——<¢. By taking Mn” =
4

[ml.j” ="a, (1—5)], we have M, " =["’"aij (1—5)'”}

lim Llog (the sum of all M n"”’

m—%

entries) =

Golbaharan and Sabbaghan
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—llm—log{i’"” (1-¢)" J

m—©

= lim ilog (a,, )+log(1-¢)

m—©

.1
=n lim —log(a,,
m-—0 nm

)+log(1-¢)

=n hm—log( )+log(1-¢).

i—>o g

But for n large enough, the entries of M )™ are

smaller than the entries of M " . So

n(r)=hlr)z

. 1. 1
M ™ entries) > — lim —log (the sum of all M ™
n m-—w0 m

1 lim ilog (the sum of all
n m —0 m

entries) = hmilog (the sum of all M’
i—w ]

entries) +llog(1 —¢&) . Therefore the results follows. m
n
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