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Abstract
We consider the bifurcation of periodic solutions from an equilibrium point of the
given equation: x=F(x,e), where xe R™™¢ is a vector of m real parameters
€15 E2rver £ and FFR™™ x R™->R™™ has at least second continuous derivations

in variables.

Introduction
In this paper we consider the bifurcation of periodic
solutions from an equilibium point. The term
bifurcation of periodic solutions from an equilibrium
point refers here simply to the behaviour of periodic
solutions of the given equation

x =F(x.8), (LY
for values of & near O, where xeR™™, ¢ is a
vector of m small real parameters €, €,, ..., €, and

F: R™™ xR™— R™ has continuous second
derivatives in all variables.

Suppose x,(t) =0 is an equilibrium point of system
(1.1) for all ¢ € R™. Thus one can expand F(x, &) about
x,(t) = 0 to obtain

x=A@E)x +(x, €), (12)
where A (g) is a differentiable (n+m) x (n+m) matrix
depending only on & and f (x, €) the non-linear part of F
is at least a twice differentiable function of (x, €) such
that

lf(x, 0l =0 (|xl),

uniformly in ¢ for ﬂe" sufficiently small. el is
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euclidean norm). We assume that the matrix A (g) has
two conjugate complex eigenvalues

a@E)TioE) (1.3)
where o () and® (g) are differentiable functions with
respect to the components of € and

o (0)=0, (14)

w =0, (1.5)
The remaining eigenvalues of A(o) have non-zero real
parts.

By means of an appropriate transformation

x — P (g) x with a non-singular smooth matrix P (¢)

and by means of the time scaling t — t( ) (1.2) may
o (e

be written as

clJE® o
"‘[ o D)

x + g (x, &) = BE)X + g(%, g), (1.6)

1
o (g)

CHLICIR ] B(®) =[“§) o) ] &)

such that A (O)=0and D (&) is an (n+m-2) X (n+m-2)
mafrix.
We discuss 2n-periodic solution of (1.6) to obtain

where g(x, €) = p" f(Px, &),

<
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-periodic solution of (1.2). The non-trivial

w(e)
solution of (1.6) is denoted by x(t, C, €), where C is an
(n+m)-vector such that [1]

x(t, C, €),=C.

In Section 2, we give an account of a general
analysis using the implicit function theorem [2] and in
Section 2 we impose some hypothesis on the initial
value C and transversality condition [1] so that the
implicit function theorem can be applied to prove the
existence of the uniques solution to (1.6). Also, we
discuss the problem when the initial value has no
restriction. In this way, we shall extend the Hopf
bifurcation theorem from the single parameter to the
multi-parameter case.

Section 2
We start with a real (n+m)-dimensional autonomous
differential system (1.6) and discuss the existence of 2n-
periodic solutions for that equation.
Theorem 2.1
Suppose that the matrix B(e) in (1.6) has a pair of
complex eigenvalues
A ) +1,
AE) -1,
where A (g) is a differentiable function with respect to
the components of € and

A (0)=o, dd—}“ (0) # o for some J=1,2,...m (2.2)

£
i
i is an eigenvalue of multiplicity one of B(O). The
rematining n+m-2 eigenvalues of B(O) have non-zero
real parts, in other words, the matrix B(O) has no

2.1

eigenvalues of the form qi,
q=0,+2, ...

Then there is a neighbourhood U of 0 in R

exist real valued differentiable functions
C,.C, .. C

with the following properties:

@C, 3),i=1, ..., n+m are deffined forall £ € U.

(b)C,(O)=0,i=1, ..., n+m.

2.3)
and there

m

n+m?’

(c)Foranye € U,

C@=0lell )
i =1, ..., n+m, then there exist non-unique 2xw-periodic
solution x (t, C(e), g) of (1.6), and consequently non-

unique -periodic solution of (1.2).
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Proof
To meet the hypothesis (2.1)-(2.2) of the theorem we
shall assume that

01
-10

D (0)
where D(0) is an (n+m-2) X (n+m-2) matrix with no
eigenvalues of the form qi, q =0, +1, 2.
As was mentioned before, x (t, C, €) is a general
solution of (1.6). This solution has period 2r if and
only if
x[2r, C, e] -x [0, C, €] =0. (2.6)
Now we search for a vector C € R™™ such that (2.6) is
satisfied. For (1.6) we use the variation of constant
formula [1] to obtain

B(o)= , 2.5)

t

x (t, C, g)=eB® C+Le("°) B9 ¢ [x (o, C, ¢), e] do.

Thus

2R

x (2, C, g) = e¥™® C4 J e@98® 4 [x (0, C, &), €] do.

)
and hence (2.6) may be written as

2n
[ean © _ I] C +[ e(Zn—G)B(S) g [X(G, C,e), 8] do=0.
0

2.7
Since g (x, &) is twice continuously differentiable and
lg x, &)l =0(x),
we have that

g (x, €)= % D2g (0,0) x> +0 (x 2.

On combining this with the representation for
x (t, C, &) given by the variation of constant formula we
will have

x(t C e)=e®®c+o(d).
Therefore (2.7) is equivalent to

[e2®® 1] c+odcl)=0. 2.8)

We define H: R™™ x R ™— R™™ by

H(C.e)=[e2® 1]c+odd), 2.9)
and solve H (C,e)=0 forC |, C,, ..., C,,, in terms

ofe ,g,,...,e,. Clearly H (O, O) = O, thus H (C, ¢)

is defined at the origin. Using Taylor's expansion on the
right of (2.9) we have

HCe)=|on 2 0™ e, 42028 (0

)eﬁtﬂ(o)+ e?lﬂ(o)_l C+
O, de
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L, ....e,) C+O(C), (2.10)
whereL (g, ..., €) is an (n+m) X (n+m) matrix all of
whose elements o are at least second order in
€y oeer €y 1€
|aij (e, .. _0
IEI—>0|821+...+|em| '
Considering the matrix B (g) and its eigenvalues as
mentioned in (2.1), we can write

€ )|

m

lim

JScilRAran

Thus forall j = 1, ..., m we have

a2
ot .

O

0

AMe) 1
Be)=| -1 Me) .
D)
L ) 0
2 1
oA
=2 6 —O 1
T aez e21|:I)(O) 82
oD
—
%, (V)]
C,
Tel
00 C|2
+1oo M +Le,, ..,y
e21tD(0) 1 C3
Coem
oA W
= O 0
3¢, O
0 9 )
=12n 0g, €+ .t
9D ©0) 7O
de,
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]
0B _ 0 _‘L)i
— 0= Je.

aej j

©)

From (2.11) and the fact that

1
eZﬂB (O)= 1 ,
eZnI) 0)

(2.10) is written as

JA
— 0 0
% O
oA
0 —— (0
2r %, O
D
de,
oA
— 0 0
de,, 0
Lo+ 0 ‘Q)\—(O)
)
o ]
el
C,
Tel +odch
Cs
Coem
oA
— (0 0
3. )]
0 L)
2n de,

2.11)

9D )
oe..

]

1
1 €,
6211[) (0)

()
1
1 €,
DO
)]
I3
oD © e D (0)
de,
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llell Tel
00 o2 c,
0 0 el Leye )| Tel v odch=
e21!D(0) 1 (::3 ?3
Cn+m .Cn+m
wy e, 0
p=1 an
0 2n Z— 0) ¢,
J-l €;
e ® 3 D g o, 200 1
zaej O +e
c c
Tlel el
C, Ao
[lell +LGE . gy | el +0(cly=
C, G,
E(: .Cn+m
oA &
2n x C
Y5O o
% e O < ‘
+ L, .. H 0 ().
2nD (0) 2_8.2(()) e 0O Cy (€ s B ) c + (' I)
o€ Cy ) 3
2ne : :
Cn+l'l'| Cn+m

Suppose Y, A (0) 1; # 0 where 1;, j= 1,..., m are

evaluated at the origin is

¢ 000
= _ det{0 0 0 =0.
direction cosine of vector ¢ when ¢ —— 0 which 00 eXPO
forces oA (0)#0 for some j = 1,..., m. Then the Therefore, by Theorem (1.5) of [2] there exists a
g

functional determinant of the vector function H(C,e)
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neighbourhood U of 0 in R™ such that for any e € U
the equation (2.9) has non-unique solutions. We shall
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need in the sequel to examine the second and higher order
terms. Thus, reconsider the equation

H (C, &)= (™ 1) C +A(0), ACC) = 0 (C),
where

m Y e,

il ej
) gAr
(ean(e) IC= T 2 (0) g; C, +L(E |t )
oD “
Qre™ O ¥ 2 g)e, + ™0 1] :
an J Cn+m
l m 2
L(el""’ em)z— 2 2r 9B (4) +4r’ M aB_(O)_. e 7B O EE; +0(l£i8j|) Cl=
2015 g€, o€, 0,
21‘ Z 2 -—a A ©) + 4= (E)k © ) (a}‘ (O)) E € +O“eiej|> C,
T j !
1 S |2n A 0y + 4r? 87» (0) 87» (0) e, +0([£igj +O(|€iej|) C,
2 de;de;
1 Y |2n ©0) &> O 4 45? DO |[DO | 2w z-:Ae‘+O“e‘£.') :
2! aEian aei an Y Y Cn+m
and
I n
A(C):[ REZLLION g(x(0,C, e), ) do = ’c(zn-mmu; —6) 2_@2 0) e

3}

(”n—(t Y B(0)

(2n-o) (0) + 4n” €€ +

)

1
o =

e e

0 “aiajl)}x L p2 00) x2ds+0(|x%) =

de de,

o
-;—{ 'I+(21t-6)2 B (0) £+ — 2[(2117 c)
J

COsC -sinoC

sin o
(21—c) D (1)
e

sin G

(n+m}
2 o XX

64

©0) + 2n- a)
J

EAVES
de, | | de

€.
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g.g;+0 “eieiMx
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where
2
a®=28® 0) k=12, nem,
ox,0%,
or
[ pad
1 1 oA 2 {oA (0) | { oA (0)
— I+ 2r—-0) ) — (0)£ + — 2n-0) ) + Cr—o0)" | —2 ) | ——=
2 2 € z de,d¢, Ot Ot )
8i8j+0(|€i8j|)lx coso Yai x;x;-sinc Yo xx;do
i i.j
n
2
LN @n-0) 2_. e+ = 3 |eno) T2 0+ or-0)? (2O} O
. 2 Je . v e .0¢€. J¢. d¢.
AC= ] J ] i i
g +0 (Ieiajl) x (sin o Yo x;x; +coso Y all x;x)do
x
2
LI P (2n—0) D e, + L | @n- o) < ©) + 2n-0)* [ O | A O
2 e 2 d¢; Og, O, de
€)
1‘.'
€, +0 (|8isj|) x @O D O do
ai('}"") XX,
ij
The above form of H (C,g) shows that ustosolve H; (C,g)=0,i=3, .., n+tm

d(H,, ... H
d(C,,..,C

therefore the bifurcation equation (2.9) has non-unique
solutions. But

L A H
G . C

thus the implicit function Theorem 1.1 of [2] will allow

by

n+m) —

det

)

nem)

n+m)

—det @O =0,

n+m

2
e, + L 9°A

_J(()) it 2r

H,(C,.C,, e)-lZTc Y

n

% ‘1+(2n 0)2__(0)e +_Z[(2n 0) %
J

0

oe,0¢

i
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3%
d

uniquely. Consequently, we haveC, =C, (C|, C,, ¢)
such that for fixed

e=0,C;=C,=..=C_ . =0,
is an initial solution of H, (C,e) =0, i=3, ..., n+m.
Putting C, (C |, C,,¢€), i=3, .., n+tm into the

first two equations of (2.9) yields

©+ 4x2[RO) (RO ot ofee|c,+
de; || 0g;
0 +@2n -0 |2 Q) RO g +0 (e )lx
S ot O ! !




Vol.4 No.l o
Winter 1993 Shariati JScidRIran

looso Tl xix; -sino Tafxixdo [ +olxl =0, ngc, ¢, = ba 2 0e+Lpim 2t o
O 2! o€ 0¢;
bi
72 9L Q) | (9% (O e, +0(eeDIC,+ 1 1+(2n-o —-Oe+l [2_ 9
3, ae, || Je.c)| 2 ( )Z ) Zz(nc)
0
0)+@2n -0)® a?» (0) a0 sie.+0(|£iej|) X {Sinczafj”xixj +cos02a§j2)xixjdc ’+0(|X|)z=0.
ae,ae, 2, j
Recalling
x(0, C, £)=¢® + 0 (|c]).
Thus
x,,C, 0) COSC  sino ¢, Cycosd6+C,sino
e C -C,sinc+C,coso
X €. 0) -Sin 6 coso 0 0
x(e.C.0= - DO O +0 ICI) = . +O(|C|)
Xpom (G C 0
0 0
and hence

H (C,Cp8)=P, (C,,&)+P,(C\,C,, &)+ P;(C,,C,)+hot=0
Hy€,Cy 8=, (Cp8)+ 6, (C},Cy, 8) + 4 (C,, Cy) +hot=0
where

P (Cl,e)-[21t }:——(O)e +—2[ _5_.__(()) 4n?
J ]

dA 0) | {OA (O
P

n

PZ(CI,C2,5)=% [(m o) 2-—(0)8 +2_2[(2n o)
J

0

©)+

€0 €

oA (0) |

o - )2
a0 (2

I ()]
oe i

eiej+0(|eiej|)l
{(coso)[a“) (C,coso+C, smc) + Za(l) (C, coso + C, sin o) (-C, sino + C, cos ) +

a22 (-C, sin 6 + C, cos ©) ] - (sin ©) [cx unclear
(C;coso+ C, sin o) + 2008 (C,cos 6+ C, sin 6)

(-C, sinc + C, cos ©) + a§2>(—c sin o + C, cos 0)2]} do -
2

P, (C,, C2)=-;—’ {(cos o) o (C, cos 3+ C, sin0)” + o? (C, cos 6 + C, sin 6) (-C, sin 6 + C, cos o)

0

66
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)

+ 0y, (-C,sino+ C,cos o) - (smo)[a (C,cos o)+

C, smo) +a(2) (C, cos 6 +C,sin o) (-C, sin 6 + C, cos ©) +aq)((“ sin g + C, cos ©) ]}do

_ dA 1 A 2|9 (0) | {OA (0)
ql(C2E)“ n ZE (O)EJ +E 2 2Tta€iasj (0)+47t ‘T) (—Eéj—-)|£i5j+0(|5i€jl) C21
n
qg(Cl,Cz.e)=-;— (2n - o 2 (0)s +—2[(21t o) X
0
ae ae 0)+(@2r - 0)° 87» (0) ) (a)‘ © g€+ 0(|eiej|)} x { (sin ©) [a(lll) (C, cos 6 + C, sin 0)’

+20) (C, coso + C, 5in 6) (-C, sin 6 + C, cos ©) + aly (-C, sinc + C, COSG)]+(COSG)><

[am C, cos0'+C2smo)+2a(2) (C,cosc+C, sino) (-C,sinc+C, cos)az) (-C,sinc+C, coso)“da

pi,

q; (Cy, C2)=_;_ ] {sin o] [ o' (C, coso + C, sin 0)* + 20((112) (C,cos 6+ C, sinc)(-C, sinc +C,cos0) +
0

ay) (-C sinc +C, COSG)]+(COSG)X [a(z) (C, cos 6 + C, sin 6)° + 20, (C, cos 6 + C; sin ©)

(-C, sinc + C, cos o)+ afy (-C, sin o+ C, cos 0)7‘” do

and

h. o.t=o(|e.a<| +|C |2 +|cy| 2 +]c, c2|).
Since(cos G) 2 a(” "~ (sin ©) z oc(z) Xjs j=12 are homogeneous degree 3 polynomials in sin ¢ and coso. it
is implied that

n

cos OZ OtlJ X smoz (1 xixj do=0ij=12,

0
hence, P,(C,,C,)=0q;(C;,C)=0 and H,, H,
become

H(C,C,e=P (C,e)+P, (€ ,C,e) +h.0.t=0,

H,C,.Cp. 8)=q (Cp, &)+, (C C,e)+h.0.t=0.
Now three different cases are distinguished [3].

Case 1 2 (())z-: =0, — (0) # 0 some j=1, ..., m.
1 08 E) i
Then by assuming

1 -

we have
H,(C,C, v)=2r vC, + YA, (C,C)+ho.t=0,

Oy e =v
ae ae ]
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H,(C,,C, v)=21 yC, +yB (C|,C) +h o.t=0,
(2.12)
where

n
Al(cl,cz,)=.;_}0 (2r -0) {coscs o) (€, cosc+€2smc) +20c(” (C,cos6+C,sino)(-C,sinc+C,cos0
al)(-C, sinc+C coso)] smo[a“) (C, cos g+ C,sino)® +20% (C, coso+ C,sin) (-C, sinc +C, cos o

+a (-C, sin o+ C, cos ©) ” {( 200+ 208 +100P)C\C, +

'3
(4(1%1 20y - a§2) Cat (40‘52 + 20y, - a%l)c% ’
o
P C %J @) {sin ° [agll) (C, cos 6 + C, sin6)? + 207 (C, cos 6 + C, sin 6) (-C sin 6 + C, cos 6) +
4]

1 .
ugz) (-C, sino + C, cos ©) ]+cosc[(x”) (C,cos0+C,sing

+ 202 (C, cos 6 + C, sin 6) (-C, sin 6 + C, cos 6) + a2 (-C, sin ¢ + C, COSG)]}

.{{(21: a@ -20% - 100 J)C\C, + (4a) - 202 - aR) e + 4 - 207 - (P} CF }
and
hot =0y +]c,| 2 +]cs] *+ fe.cil]
By dividing (3.2) by y we obtain
K, (€, Cp ¥)=21C, +A, (€1, Cp)+0(C)] 2+ [Cy] 2+ |CoCo| + M =0,

K,(C,, Cp v)=2nC, +B, €, Cp+o(c’ +lcy|? +tclc2[ +y)=0.

2.13)
To obtain zeros of {2.13) it is sufficient to obtain the an
point of intersections of K, =0, i = 1,2. T (0 =0 forallj=1, .., m
The number of points of intersections depend heavily on

Case 2

The resultng bifurcation equations are the same as Case
1 and the analysis is the same.

0(c,|?+ +[C,Cyf +v)and e, ik = 1.2.

If the higher order terms are of degree 3, under Case 3

appropriate values of ag‘) , there are at most none A (0) #0 for some j=1, ... ,m and
~solutions and at least one solution. de;

Remark 2.1 In the special case, if g(x,e) be quadratic

in x exactly, then the higher order terms with respect to %, e, =0 then by assuming
C,and C, are 0(1). Hence the resulting equations are i

aae

%Zl{a%’-‘:)(%;)lw

conic sections and there are at most four solutions 2 (0) Zl

O] g€, =v,
subject to the values of a(k) and K.i,j =12

and
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we have the following bifurcation equations:
H C,Cpy, M=y + 4n’n) C,+vA(C,,C)+1nA,C,,C,))+hot =0,

HZ (CICZ’ Y, M)=0ry + 4752\") Cz + ‘YB](C I Cz) + nBZ(Clv Cz) + hot =0.

where

A, (C1C2)=% {('20‘511) +205) + loa(fz))clcz + (40‘?1) -2af) - 05522)) C+ (40(2(2) +2a$) - aﬁ)) C%,

A €Y= |af o) I o S o SO

0 B0 4 0@ 82 41T o0+ 20 +100 ]c1c2+

aff vl My af IO o I o0 O o0 2 4 (0l 20 aB)]cl
iy 2ol S o) o Mo N 0@ ML I (40 00 af)] 2,
B, (C,CY=2 (208 - 208 + 100%) € Cy + () - 202 - 0R) G+ (40 + 262 - al?) c2

B, €= o 4o 30 o2 41, o OOn

o) 208" oo o, igi (202 + 20 + 20 - 1002) ] C.C,+

aff Lol Mo Lo o S 2L () 20l - afl] o3 s

2 2 2 2
@ lén @ 4n @ 32n W 2w w 621 W 8w 4z « @ 1 2
— 0y —— F 0y — —U —— + 0y - + (40‘22)'20‘12)‘0‘(11) Ci

9 3 9 3 9 23

and
hot =0(|C,| 2 +|Cy| > +|C.Cyf + v + 7).
We divide both sides of (2.14) by 1 [3] and assuming

Z'lcl+4n2=uand
n

l:’l)
n

To obtain

H (CLC,m)=pC | +vA, C,C,))+A,(C,Cy)+hot=0,

H 2(C11C2,”,1’)=HC 2 +DB| (C l’C2)+B2(C 1,C2)+h‘0‘[=07
or equivalently
H(C p,v)=pC +vQ | ()+Q, (€) +hot=0,

where
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|G [A€.Cy) | A €1.Cy)
C—[Cz lsQ](C)- B](C]’Cz) IaQ2(C)"‘ BZ(CI,CZ)]

and
h.o.t=0“Cl| Z4cy| +|cicy +o).
Our bifurcation equations consist of studying the

simultaneous solutions of H =0, H,=0, which by
following Hale [3] and Mallet-Paret [4] it is easily done.

70

J.ScilRIran

References

1. Cronin, J. Bifurcation of periodic solution, J. Math. Anal. and
Applications, 68, 130-151, (1979).

2. Vainberg, M.N. and Trenogin, V.A. Theory of Branching
Solutions of Non-linear Equation, Noordhoff, Chapter 1
(1974).

3. Hale, J.X., Bifurcation in two dimensions quadratic non-
linearities and two parameters, Non-Linear Analysis and
Mechanics. Herriot-Watt Symposium, Vol. 1,No. 17, (1977).

4. Mallet-Paret, J., Buckling of cylindrical shells with small
curvature. Quarterly of Applied Mathematics, 383-400,
(October,1977).



