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Abstract

In this article we will use the redefined definition of a fuzzy subgroup as in (1},
and will mainly prove that if G, G"are two groups and f: G —+»G"is an
epimorphism, then there is a bijection between the set of all fuzzy subgroups of

G/Ker f and that of G-
Introduction

The concept of a fuzzy subset was introduced by L. A.
Zadeh in [6]. In [4], A. Rosenfeld used this notion and
developed the theory of fuzzy subgroups and obtained
many basic results. Since then several other works were
continued in this direction, for example, P. S. Das [2], N.
‘P. Mukherjee and P. Bhattacharya {3], who have proved
interesting results on fuzzy normal subgroups and fuzzy
cosets . J. M. Anthony and H. Sherwood in [1], redefined
the fuzzy subgroups in the light of a notion called t-norms.
This notion was introduced by B. Schweizer and A. Sklar
[5], in order to generalise the ordinary triangle inequality
in a metric space to the more general probabilistic metric
space.

In this article we will use the redefined definition of
fuzzy subgroups as in [1], and will prove some results,
among which a similar one may be seen as in theorem 4.8
of [3]. ‘

Preliminaries

We review briefly some definitions and results. For
more details see references.

Definition 2. 1. Let S be a set. A fuzzy subset p of Sis
a function p: S —» {0, 1].

Definition 2. 2. Let G be a group. A fuzzy subset y, of
‘G is said to be a fuzzy subgroup of G, if
i) plxy) >Min(r(x), n(y))ivx,y e G-
i) px~)=p(x): Yxe G
Definition 2. 3. A t-norm is a function T : [0,1] x
0, 1) —» [0, 1] satisfying, for each ¢, A, €in [0, 1):
i) T(0,0)=0,T(A\,1)=A=T(1,7),
ii) T(e,\)T(&.M).if e<E and ACH,
iii) T(eA)=T(Ae),
iv) T(E,T(A,g))=’I'(T(€,A),£)-

Obviously the function Min defined on [0, 1] x [0, 1] is
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a t-norm. Other t-norms which are frequently encountered
in the study of probabilistic metric spaces are Ty, and Prod
defined by T.(\p)=Max(A+p—1 ,0), Prod (A\g)=Ap, for
each Apin [0,1])

Definition 2.4. Let G be a group. A fuzzy subset p. of
G is said to be a fuzzy subgroup of G with respect to at-
norm T, if
i) p(xy) 2T (1(x).p(y))i YX,yeG,

ii) px")=p(x): ¥xeG

In definition 2.4, if G is only a groupoid and condition
ii) is removed, then  is called a fuzzy subgroupoid of G
with respect to t-norm T.

In [1], there are given examples which are not fuzzy
subgroup with respect to t-norm Min, but they are so with
respect to T,

Detinition 2.5.A t-normT is continuous if it is cont-
inuous function (with respect to the usual topologies)
from [0, 1] x [0, 1]. into [0, 1].

Notice that Min, T,, and Prod are all continuous
t-norms.

Definition 2.6. If uis a fuzzy subset of S, and f: S
—»S’is a surjection function, we let p: S—»[0, 1], be
defined by,

p(y)=Supp(x); YyeS'.
xef~'(y)

The fuzzy subset ! of S'is called the image of p. under {.

Lemma 2.7. If T is any continuous t-norm and A, A are
any index sets, then

Sup T(x..ys)=T(Sip X Sup ya)

ael, Bed’ ae) Ped
Proof. Let x*=Sup x, and y* =Sup y, Since
ach Ber
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Xa<X"iVael, yp<ytivBeA
So, by definition 2.3 (ii), we have
T(x, YK T(x*y*): YaecA, ¥Be A',

thereby,  Sup T (xa, yp) < T (x* y¥).
1) aeA, BeA’
Now we prove the converse of (1). Since T is continuous, it
follows that for all €> 0, there is 8> 0, such that

IT(xy) =T (x%y* |<g ‘
whenever,

| X—x*|<$ and |y — y'l<8
Choose aeA. BeA' such that x,>> x*-§ andy > y*-8. Then

T (X%, y»—Tx = y ) <&
Thus,

T(x“, Y )>T(x», y*) — g

B

SupT(xu,y ) >T (x+, yn—¢,; ve >0
GBA B&\'

Therefore,

Lettinge-»0, we get
2) Sup T(xe.¥p) 2T (x°, ¥').
aed, Bey’

Hence the proof is completed by using (1) and ).

Resuits

In order to prove the main result of this part in
Theorem 3.9, we will prove several lemmas.

Lemma 3.1LetG and G be two groups and f: G —»G
be an epimorphism. If p is a fuzzy snbgroups of G with
respect to a continuous t-norm T, then p! is a fuzzy
subgroup of G’ with respect to T.

Proof. For yi, yseS' let A,=f-'(y,)i i=1,2, A,=f" (y.y,)
and AAg={xixz|x,eA;; i=1,2)-. If xeAA, then x=x,x;
for some x,6A.i=1.2.

So we have  f(x)=f(x,xz) = (x,) f(x:)=y,yz-

Thereby, x € Ai. Hence, AJA: C Au, and
W (¥1¥2) = Sup (1) = Sup p(x) = Sup p (xixa)
x ef” (viy2) X1 € A, X2 £ A, X1 €A, X2 €A,
X =X X2
= Sup T (u (x1), 1 (x2)); since p. is a fuzzy subgroup of G
with respect x; € A, x; € A,
=T (Sup p(xi), Sup p(x2)); by Lemma 2.7
X1 €A x; €A
=T (f (v1), uf (y2)); by Definition 2.6
That is,
i) #/(yiy2) 3T/ (1), w/(y2)); Yy, y2eS'-
Since F is an empimorphism, We have
Xef(y) v f(x ") =y <= (f(x)) ' =y -
«»f(x):y"#xef“(y“)‘
Therefore
p (y‘) =Sup u(x) =
=u'(y) xef ¢ Hxef (Y

=Sup p(x) =Sup p(x")=Sup p(y
xTefl(y) td(y)

That is, ii) pfy) = uf(Y);vy es!
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Hence the proof is complete by definition 2.4.

Corollory 3.2. If f: G &G in Lemma 3.1 isan
isomorphism then ulis afuzzy subgroup of G such that
for anyy € §, 0 (y) = p (x), where x = £ ).

Remark 3.3. Note that Lemma 3.1isa generalisation
for Proposition 4 of [1]. Although a part of Lemma 3.1 is
proved in [1], but here in the light of Lemma 2.7, it is given
for the convenience of the reader.

Notation . For a group G, anda t-norm T, we let F
(G) = {plp is a fuzzy subgroup of G with respect to T}.

Lemma 34. Let f- G —» G’ be an isomorphism
between two groups G and G, and T be a continuous t-
norm. Then there exists a bijection between F (G) and F
(G"),and we write F(G) = F(G).

Proof. Define f: F(G) —» F(G');p. —bp, then by
Corollory 3.2, f is well-defined.

1 is surjective: .
If W' eF(G'), then for (#'/")e F(G), Hr'r)=p',
because for any y € G; by Corollory 3.2,
T ) y)=0") )= p ' (x)=w(y):
where y = f(x), for the unique x ¢ G.

Tis injective:_
If f(1)) =#(nz), Then #{ =pf .50 p{(y)=pf(y)
for any y € G, therefore, by Corollory 3.2, we get
B{x)=p(x)-
If N is a normal subgroup of a group G,we write N <! G.

Lemma 3.5.If N < G, and p is a fuzzy subgroup of G
with respect to a continuous t-norm T, then
*: G/IN—{0.1]
8 —* Sup p(h),
heg
is a subgroup of G/N with respect to T, where g is the
right coset of g.

Proof. i) For any g, g, €G/N,
1#(8:82) = i(8:22) = Sup p(h)=Sup p(h)=Sup p(h;h;)
hegig: hegigz heg hieg:
h= hlhz
2Sup T(u(h), p(h2)) by Definition 2.4,
hiegi hpeg;
=T(Sup p(hs), Supp(h,)). by Lemma 2.7
hie ég hae §z
=T(3(81).(g1))

ii)For any geG/N, note that he(g)~'<= h-'eg, so
F@l}": Sup p(h)=Sup p(h™")=Supp(t™")= Supp(t)
=F 8 .

he(g)"'  he(g)™ h'eg teg
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Remark 3.6. Itis easy tosee thatif N < G,and pyis
a fuzzy subgroup of G/N with respect to a continuous
t-norm, T, then w: G —»[0,1]; g — o (B) is a fuzzy
subgroup of G with respect to T, induced by p,.

Lemma 3.7. For N < G, if we let
F (G/N) = {i as in Lemma 3.5, where pe F(G)}.
then E(G/N) = F(G/N)

Proof. By Lemma 3.5, we have F(G/N)CF(G/N).Suppose
o€ F(G/N), then by Remark 3. 6,p defined by u'(g) =po(g):
geG, is in F(G)-

Buty(h)=p(g)

for all heg. sincep(h)=po(I)=po(g)=u(g) Hence:

i(g)=Supp(h)=p(8)=Mm(g): YgeG.

heg

Thereby, pg = pe F(G/N). Therefore F(G/N)C F(G/N),
and the proof is complete.

Remark 3.8. The mape: F(G)—»F(G/N); p—» R is
surjective.

In the next theorem we will prove a similar result like
the first isomorphism theorem of groups as follows:

Theorem 3.9.1f G, G are groups, f: G —v(_} is an
epimorphism and T is a continuous t-norm, then F(G/Ker
f) =F(G).

Proof. Since G/Ker f and G are isomorphic, so by
Lemmas 3.4 & 3.7 the proof is complete.
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Definition 3.10. Let p. be a fuzzy subgroup of G
with respect to a t-norm Tp is called a fuzzy normal
subgroup of G with respect to T, if
p(xy)=p(yx): ¥x, yeG.

We denote it by pf G.

Corollory 311, If NA G and pr

where . is as in Lemma 3.5.

Proof. for any g, g: € G/N

H(212:)= 1 (8:g:)=Sup u (W=Sup p ()= Sup i (h, hy)
hegig: heg, g: heg: hreg: h=h;h;

=S8up p(h: hy), smcep.“G h:eg. hieg

= Sup p (k)= Supp (k)= Supu(k) = (g2 g)=1 (22 81)-

k= hzhl keg g keg &1

h: Egz, h, ugl

T G, then u7 G/N,
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