.Sci.I.R. Iran

Vol.8 No.4
Autumn 1997

FLOWS AND UNIVERSAL
COMPACTIFICATIONS*

M.A. Pourabdollah and A. Sahleh

Department of Mathematics, Ferdowsi University of Mashhad, P.O. Box 1159-91 775,
Mashhad, Islamic Republic of Iran

Abstract
The main purpose of this paper is to establish a relation between universality of
certain P-compactifications of a semitopolo gical semigroup and their corresponding
enveloping semigroups. In particular, we show thatif we take P to be the property that
the enveloping semigroup of a compactification of a semitopological semigroup S is
left simple, a group, or the trivial singleton semigroup, then the universal P-
compactification of S would be the distal, the right simple, or the right zero

compactification, respectively.

Preliminaries

Throughout this section, unless stated otherwise, S
will be a semitopological semigroup, written
multiplicatively. For our notation, we shall follow
Berglund et al. [1] as far as possible. In particular, we will
frequently be referring to the notions of semigroup
compactifications, universal P-compactifications, and
their homomorphisms.

For atopological space Y, C(Y) denotes the C"-algebra
of all bounded complex-valued continuous functions on
Y. A subspace F of C(S) is translation invariant if

LsF U R;F cF,where

LF={Lsf: se€ S,feF}
RsF={Rsf:s€ S,fe F}

and
L) O=FGO=RA) ) (1€ 5, feCE.

A translation invariant closed subspace F of C(S)
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containing the constant functions is left introverted if

T,f F cF foreachp e M (F): =the set of all means on
F, where

TEf)=plsf) eSS, peF.feh

We remind the reader that amean on Fis a bounded
linear functional 4 on F which satisfies llull= p(1)=1,

where 1_ denotes the constant function of value 1 on S.
If, in addition, F is a subalgebra, then F is called left

m-introverted if T,f F cF for each g € MM(F):= the
set of all multiplicative means on F(i.e. the spectrum of F)
which will hereafter be denoted by S¥. An admissible
subspace of C(S) is a norm closed, conjugate closed, left
introverted subspace of C(S), containing the constant
functions. An m-admissible subalgebraof C(S)is aleftm-
introverted unital C*-subalgebra of C(S).

The mapping T*: it — T, : MM (F) - L(F, C©S)) is
called the introversion operator determined by F, where F
is an m-admissible subalgebra of C(S) and L(F, C(S))is
the space of all bounded linear operators from F into C(S).

The reader is directed to Berglund et al. [1], Theorem
3.1.7, for the correspondence between compactifications
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of § and m-admissible subalgebras of C(S).
Let F be an m-admissible subalgebra of C(S}, then

SF under the multiplication uv =g o T W,ves )
furnished with the Gelfand topology, is a compact
Hausdorff right topological semigroup and hence we
have a compactification (g, SF) where £ : S — SF is the
evaluation mapping. This compactification is called the
canonical F-compactification of S. Conversely, if (y, X)
is a compactification of S, then y*(C(X)) is the
.corresponding m-admissible subalgebra of C(S), where
y* is the dual mapping of y.

Some of the m-admissible subalgebras of C(S), that
will be needed in the sequel, are the following:

SAP(S):=Closed linear spanin C(S) of the coefficients
of continuous finite dimensional unitary representations
of §,

LMC(S):={fe C(S): R f isrelatively compactin C(S)

in the topology of pointwise convergence on S},
D(S):= {f € LMC(S): (umv) (f)= (uv) (f) for p, v, n €
SH¢ with 1= 1},

MD(S):= {f € D(S): (nw) (H= U(f) for n, p & SMC with
=1},

SD(S):= {fe D(S): (un) (N= u(f) for 1, pL € S with
=1},

GP(S): MD(S) n SD(S),

LZ(S):= {f € D(S): f(st)= f(s) fors, te §},

RZS):= {f € D(S): fist)=f{t) fors,te §},

We shall occasionally suppress the letter S from the
notations for these algebras. For adescription of the above
algebras, the reader may consult Chapter 4 of Berglund et
al. {13, and also Junghenn [2].

Remark. Supoose that F, and F, are m-admissible

subalgebras of C(S) with F, < F,, and ™, T are the
introversion  operators  determined by F, F,,

respectively. Also suppose that (€; , S ) is the canonical
F -compactification, where £:5—§ Fi is the evaluation

mapping, i= 1,2. By proposition 1.2, there exists a -

continuous homomorphism m: S™ — $%2 such that o
€= &; (notice that the homomorphism & is just the

restriction map of the functionals in § " to the subalgebra
F ). Thus we have

@D (= 1 Lo 7 @) Lol =TEH G) S € S, fe F.
pe s

Therefore
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TRf=TRyf  (eFuuesS™ ®.

. . s e oF
Nowletp e §*2, since mis onto, thereisafie S
such that 7 (i)= y, and

@ O=m) (e F).

By (*) we have

TEf=Tif =T (e F) ().

Thus we can suppress the letters F, and F, from the
notation of introversion operators and we can always

assume g e §™,

Flows and Compactifications

A flow is a triple (§,X,xn), such that § is a
semitopological semigroup, X is a compact Hausdorff
space and ®: S xX — X is an action of S on X, meaning
that ©e(st, x)= n(s, n(t, x)), where n(s,.): X - X is
continuous for each s € S. We often write (S, X) for
(S.X,x), sx for n(s, x) and %, for n(s,.). The enveloping
semigroup of a flow (S.X), denoted by 3(SX), is the
closure of the semigroup {r: s S} inX* A flow (§, X)
is called separately continuous if the mapping s — sx: S
— X is also continuous foreach x € X..

A flow (5,X) is distal if lim s x, # lim_s x, for each
distinctpairx,, x, inX and all nets {s_} in S for which both
limits exist. By a famous theorem of Ellis (see Berglund
et al. [1], Theorem 1.6.9), (5,X) is distal if and only if
2(5.X) is a group.

Remark 2.1. (a) (See Berglund et al. [1], Proposition
1.6.5) X(§.X) is a compact right topological
subsemigroup of X*, for the topology of pointwise
convergence on X. The mapping o: § — X(5.X), defined
by ofs)= ®, is a homomorphism of S onto a dense
subsemigroup of %(5.X) and foreach s & §, the mapping
{—->wl: 3(5X)— X(5.X) is continuous, where

(r,0) (x)=s({{x)) (x€eX).
(b) Suppose that F is an m-admissible subalgebra of

LMC(S). If we define . S xSF — SF, by (s, ) (= p(L,
), then (S, §F, =) is a flow. For each i € 7, there exists

afl e MM (C(S)) such that

Hf)=nu) (feF)
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Now if {5 } isanetin S such thatlim s = s, for some
s € §, then we have

lim, (L f)= lim, fLaef )= L, = (L, ) (FE F).

Thus the mapping s — sy, where su= wn(s, p), is
continuous for each u € S therefore, (5,57, ©) is a
separately continuous flow (see also Lau [3], Lemma
4.3).

(c) Let (w, X) be a compactification of §. Since y*(C(S))
< LMC(S), by (b), (8.X) is a separately continuous flow
and therefore by (), (6, X.(5.X)) is a compactification of
S. We call 2(5.X) the enveloping semigroup of the
compactification (y, X); obviously this will cause no
confusion. If, in addition, X has a right identity, then the
mapping 6: x — {: X — X(SX) is one-to-one, where
{(y)=xyforeachye X. Thusby Lemma2.4 infra, Ois
an isomorphism. Therefore (o, X(S.X)) = (v, X).

In Theorems 2.6 and 2.7, we will give the relation
between universality of certain P-compactifications of §
and theircorresponding enveloping semigroups. Toprove
these theorems we need the following statements:

Lemma 2.2, Let S be a semitopological semigroup. Then

(@) iffe D(S)andp e SP, thenT, fe MD(S),

() iffe SD(S)and € §°7, then T.fe GP(S),

(¢) iffe RZ(S)and u € S %, then T, f is a constant
function,

Proof. For an m-admissible subalgebra F of LMC(S), if

y e S, then there exists I € S¥€ such that fi(f)= y(f) for
eachfe F.
(a) Suppose that f € D(S) and u € §°, then we have

" VIKT f)= vili()= V(= ATz ) (fe F,v,ne S¥C,
=1)

Thus T3 f € MD(S). Since

TN @) =l N=HL=(Tip (5) (s€ S.feF)
S0 T“ fe MD(S).

(b) By (a),if feSD(S)and u e S%2, then T“fe MD(S).
Since SD(S) is left introverted, T,f € SD(S), thus T, f €
MD(S) NSD(S)= GP(S).

(c) For fe RZ(S) we have
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LN WO=As)=O (s,te )

thus L, f=f£, and consequently (Tu D ()= pu() forall se S.
Therefore, T f is a constant function.l

Remark 2.3. Suppose that F and G are m-admissible
subalgebras of LMC(S) and {T fine §F,fe F}isasubset
of G. Then the mapping *: S x SF — §*, defined by (u *
V) ()= (T f), is well-defined, and we also have.

(#;#2)* V(f)= u;ﬂ'z(Ty f)“: ,“;(Tﬂz * “’.f)
=H*(,*V)(f) (feF, u,p,eS)

so that
BM*)= (Bp)*v (1, i, € SSand v e SF).

Lemma 2.4. Let F and G be m-admissible subalgebras of
LMC(S)andlet (T f:fe F,p € 57} beasubsetof G. Then

* there exists a continuous homomorphism 8of 56 onto 3(S,

55).

Proof. By Remark 2.1(b) (S, 5%, ) is a flow and 7: SxS7
- §F, defined by n(s, V)= sv, is separately continuous.
Suppose that |1 € S¢ and v € S, then by Remark 2.3, u*v
€ §*. Let {s } be a net in § such that lim, € (s )= y and
lim_r,= {, for some { € X(S, SF). Note that the limits are
taken in w*-topology of S¢ and pointwise topology of X.(S,
57), respectively. Then we have

H*V()= (T = lim, &(s) (T, = lim WLy, f)
=lim fts, (V) ()= {V)(f) (f€ F,ve §F).

Thus the mapping {; : S* — S, defined by { (V)= u*v,
belongs to X(S, S*) foreach u € S°. Now if 1, 1, € S, by
Remark 2.3,

Q‘U‘Z(V) (f)= (#‘ﬂu'z)* V(f)‘—' #]Aug(T\.f)= #J(Tﬂ?. * Vﬂ

= Gulb,* VI (= Gl GaV) () FE Fopt by € S veE S
).

Thus the mapping 8: S; — X(S, §*), defined by (u)={ ,
is a homomorphism.
If { € X(S, 5), then there is a net {s,} in S such that
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lim_r,,= { and lim & (s )= u for some p € S¢. Thus we
have

(W) (D= tim, 5, (N= lim u(Lsf)= bm € (s )T N
. = (T, fl= p*vf) (feF ve §H)

Therefore the mapping 9 is onto. Continuity of 6 is
obvious.3

Proposition 2.5. Let S be a semitopological semigroup
and let F be any one of D(S), SD(S) or RZ(S), then
o' (C(X(S,5F)) is MD(S), GP(S), or the set of all constant
functions, respectively.

Proof. By Remarks 2.1 (b)and (c), (S, S, m) isa separately
continuous flow and (o, X(S,57)) is a compactification of
S, where 6: § — X(S, SF) is defined by ofs)== . If F is
RZ(S), then by Lemma 2.2 (c), 6’(C(2.(S.5F))) is the set of
all constant functions.

Now let the pair (F, G) be (D(S), MD(S}) or (S§D(S},
GP(S)). By Lemmas 2.2 and 2.4, 8 : 5% — X(S, §"),
defined by 6(u)= {1, is a continuous homomorphism of
5° onto (8, 57). Since S€ is left simple or a group, so is
(S, SF). Thus 6*(C(X(S, SF))) is a subalgebra of MD(S)
or GP(S), respectively.

Now it is enough to show that @ is one-to-one. We
consider two cases.

Casel. F=D(S).Letp, u, € §° with {u={,. Forfe
MD(S) and 11 € S with 1= 1), we have T f=f. Thus

B, (= pT, = u *N= G (M= L M)
= 1 ()= py( T,,ﬂ=ﬂz(f) (f € MD(S)),
thus p1,= p,.
Tis
Case2. F=SD(S).Letp, 1, € S with ;= (. Suppose
that 77 is the identity of S, then there exists 7] € S such
that T'5f= T, for each f € GP(S). Thus we have

)= p00= 1, *500=1(Ti)= §u (M) (D= G ()
= 1.* NO= w,N()= w,(H) (f € GP(S)),

thus ,=4,. So, in any case, @ is one-to-one. [l

Now consider the following properties of
‘compactifications (y, X) of a semitopological semigroup
S:

(P) Z(5, X) is a left simple semigroup.
(P,) (S, X) is a group (or (S, X) is distal),
(P,) X (S, X) is the trivial singleton semigroup.
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By proposition 2.5, (g, 5?), (€, 5°) and (¢, §%%) have the
properties P, P, and P, respectively.

Theorem 2.6.Let § be a semitopological semigroup, then
(@) (g, 8P) is the universal P - compactification of S.
(b) (&, $%°) is the universal P,-compactification of §.
(¢) (& S*)is the universal P -compactification of S.

Proof. Let (y, X) be a P -compactification of §, i= 1,2,3.
By Remark 2.1 (b) and Lemma 2.3, Z(S, §%), where F: =
W'(C(S)), is aleft simple semigroup, a group or the trivial
singleton semigroup for i= 1,2,3, respectively.

Let V be the restriction of vto F for ve $¥€, =123,
(a) Suppose that (y, X) is a P -compactification of S. For
K, v, 11 € SH¥C with 1P= 1), we have

pnv )=um*v ) =un Tvf)= L ) )
=W O =GO D= ) fe P

Thus f € D(S) foreachf e F.
() Suppose that (y, X) is a P,-compactification of §.
Since Y¢S, §F)isa group, C is the identity function on §¥
for each 7} € SY¥€ with n’= n Suppose that v € $Y#, then
we have

W=V =LA )=V )=v({) (e P,

thus F < SD(S).
(c) Suppose that (y, X) is a P,-compactification of S.
Since ¥, (S, §%) is the trivial singleton semigroup, we have

LoW=v eS8, vesH

and

fist)= els)et)(f)= C, (1) (= &(t) (fi=f(t) (s,t€ 5.f€
F), thus F c RZ(5). 00

Let C, and C, be the classes of all compactifications (y,
X) of S such that X has a right identity and an identity,
respectively. It is clear that (¢, S*°) and (¢, §*%) are in C,
and (¢, $°) and (g, $) are in C,.

Suppose that (y, X)isin C, i= 1,2. By Remark 2.3 (¢), (o,
348, X)) = (v, X); thus by Proposition 1.1, we have the
following theorem.

Theorem 2.7. Let S be a semitopoloéié:’at semigroup.
Then

(@) (& S$*°) is universal among P -compactifications in
C

I3
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(b) (g, $) is universal among P,-compactifications in
C,.

(€) (g 849 is universal among compactificationsin C,
for which X(S, X) is a left zero semigroup.

Itis animmediate consequence of Theorem 2.7(b) that
(g,5%*") is universal among P,-compactifications (y, X)in
C, for which X(S, X) is a topological semigroup.

We would like to mention that Lawson [4] contains
interesting and detailed results concerning the interrelation
between flows and compactifications. Our results
however, have a different orientation and are of
independent interest.
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