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Abstract
We shall extend the results of [5] and prove that if f=X,>0a,x"€ Z,[[] is
algebraic over Q (x), where 3,=1, f# I and if A, A A are p-adic integers, then 1,
A1.A2,.., A, are linearly independent over Q if and only if (140", A+0%,..., (149 are

algebraically independent over Qy(x) if and only if j]L Y f\ 2,...,fl“ are algebraically

independent over Q,(x).

Introduction
In [5] we generalised Mendes-France and Van der
Poorten's recent result (see [4, Theorem]) and we also
proved the following theorem:
Theorem 1.1 Suppose that K is a field of characteristic

p>0 and f=% soax"€ K [[x]] is algebraic over K(x),

where ap=1 and f#1.LetA, A2, ..., Aq be p-adic integers.
Then the following statements are equivalent:

(i) 1, A1, A2,..., A are Linearly independent over Q.

Gii) (14 x)M, 1+ ™., (1+x)™ are algebraicially inde-
pendent over K (x).

(iii) /M, 2,.../* are algebraically independent over
K(x).

In this paper we shall extend Mendes-France and Van
der Poorten's result [4, Theorem] and also Theorem 1.1
over some fields of characteristic zero.

Throughout this paper, p will be prime a number. We
shall denote the ring of p-adic integers by Z, the field of
p-adic integers by Qp and the Galois Field of order p by F,.
For afield K, K [[x]] will denote the ring of formal power
series in x with coefficients in K. We shall write K ((x)) for
the field of fractions of K [[x]].

Anelementf € K ((x)) is said to be an algebraic func-
tion over K if f is algebraic over the field of rational

functions K(x).
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Preliminaries
Let p be a prime number. Fot a p-adic integer 6 € Z,

define the formal power series (1+ x)e=2:=0(g) x", where

(e) _6(6-1)6-2)... (8-n+1)
n’= n! )
The following lemma is well-known.

Lemma 2.1 If 6 € Z,, then (1+x)° Z[[x]]. That i

(g)e Zpforallne N.
Proof. See, for example, Koblitz [2].
Remark 2.2 Suppose that Jy s the reduction (1 H
modulo the prime p: Since the map 8 — (1+x) isaconti
ous function (with respect to the x-acid metric
Fp ([x]D from Z; o F;, [[x]], the series
g
£,=0+x =Y (8)x" (mod p).
n=0

as an element of F; [[x]], can be written in the follow
form:

. U o i ks eiPi > pie-
fo=(+x) =(1+x) X _ep'=1 (1+x) " =1I (1+x")
= i=0 i=0

Now for a formal power series f=1+ X _janx"and 8
we have

b - i s Pi (-).‘ _ ;(e)(f_
£ =0+ (-OE e =1 (+¢-0) =Z\

which is an element of FpIlx1) 4.

we

nu-
on
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b P i+l p = R P+ |5 146 £22))
Sk(az-l‘-z—)
2

It is obvious that for sufficiently small |1, we can make
the above inequality to be true.
Hence by corollary 1, (16) has a 2w -periodic solution

x(¢) that
|x 0] <[] x O <|idr ks
(Ay) Consider the
x'+x'+x3={l‘-Sin4t 20)

X" (0| <k’
equation

In this example we take k=1, w=f and

M={|x-f (b, %, x9|:te O P<C, x {<ChJr]<Ci?)

<Cc*+1,
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Hence for the condition (2) to be satisfied we must have
c*+l<lc
8 2

Obviously it is true if we take C=;—. Therefore, by

corollary 1, equation (21) has a 72—‘periodic solution for
which
M<C ek ek’
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Resulits
M. Mende»anceandAJ Van der Poorten in [4] proved
the following theorem;

Theorem 3.1 Suppose that F is a finite field of

characteristic p>0 and f =Z s e F [[x]] is algebraic

over F, where ao=1 andf#l.Let heZp be a p-adic
~ integer. Then A is rational if and only if fis algebraic over
F.

In {5} we generalised this theorem from a finite field to
an infinite field of characteristic p>0. Now we shali
generalise this result over some fields of characteristic

ze10.
Lemma 3.2 Let A Z, be a p-adic integer and

A=+ S, (M xoe Z, (K1)
n=l

Then A is rational if and only if i isalgebraic over Q,.
Proof. Clearly if A is rational, then fi=(1+x)" is
algebraic over Q. Conversely since A is algebraic over Q;,

there exist elements ai(x), i = 0,1,2,..., N in Qpx] (after
clearing the denominators), not all zero, such that

N .
Z ai(x)Ax)=0.
i=0

Let

N
ai(x)=3, bixi bije Qp.
)

Since for each ae Q, there always exist be Z, such that
a=pb for some i, we can find cije Z, such that

2 2(: p Ux{fl(x) 0.

Now multlplymg by a smtabic powerof p, we may assume
that not all of the coefficients c; of xifi,i=0,1,2,..,N
have the common factor p, butallinZ ,. We now reduce all
the coefficients modulo p and obtain that

T Eixifa(x)=0.
Therefore, fis algebraic over F,, and hence A is rational by
Theorem 3.1.

Theorem 3.3 Supposethat f =X vqanx"€ Z, [[x]]is
algebraic over Qp, whereap=1 andf = 1. Let Ae Z,.Then
A is rational if and only if f Kis algebmic overQ_(x).

Proof. Clearly if A€ Q thenf"is algebraic overQp.
Conversely, since ag= 1, we can change the notation to set
f=X,>1a0x" (thatis, we replace f by f -1). Now suppose
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that both f and (1 +f) are algebraic with f = 0. Now, if
fx =(1 +x) thenf, of=(1 +f)l and f are 'ﬂgebrmc and so
is £, (since f has a right inverse, g say, with g (x) an
algebraic formal power series in some fractional power of
x). By Lemma 3.2, fi being algebraic over Qp, implies that
A is rational and hence the proof is completed.

More generally, we use the above argument and
generalise Theorem 3.3 in the following form:

‘Theorem 3.4 Suppose thatf =X oanx"€ Zp[[x]}is
algebraic over Qp, where ao=1and f # 1. Let A, A2, ., Ag
be p - adic integers. Then the following conditions are

equivalent;

(i) 1AL Az, .., An are inearly independent over Q.

(i) A+x)M, 1 +x)2,..., (1 +x)™ are algebraically
independent over Q; (x). » ‘
A, A A
(ifi) f . *.....f "are algebraically independent over

Qp x).
First we need some more lemmas.
Lemma 3.5 Let K be any field. Suppose that

f=3 ax e K@)

=}
is an algebraic function, where a;#0andhy,ha,.. hoe
K ((x)) are algebraically dependent over K (x). Then
h, of \h, of ... h_of are algebraically dependent over K (x).
Proof. See Sharif {5, Lemma 3.3].
We state the following well-known lemma. .
Lemma 3.6 Let K be a field and fz}ln:oanxn
g= }::;g bn x®, be the elements of K [[x]]. Then the follow-
ing statements are held:
(i) I fand g are algebraic over K, then so is fog,
provided that the formal composition fog is defined.
(if) Suppose that ap=0and a; =0 (so that the formal
compositional inversef~ exists, with the defining property
Jof '(x)=f"of (x)=x).If f is algebraic, then so is I
Proof. See, for example, Stanley [6, p. 178].
We are now in a position to prove Theorem 3.4.
Proof of Theorem 3.4. (i) = (ii) Suppose that
LA 22, .., A, are linearly independent over Q. Suppose
that fh =1+, Ao =1+, .. = (1 +x)™ are al-
gebraically dependent over Q, (x). Then there exist poly-
nomials Py, (x)€ Qplx] (after clearing the denomina-
tors}), not all zero, such that
zP:pz g,(x)f f)Q f
(finite sum), Let

Py in )= 2; Bigig e dnj X"
J’

=0. 3.1

(3.2



¥Vol.3 No3d
Suminer & Autumn 1992

where by i;_i,j€ Qp. Foreach j, we can find c;)jp, ;€ Zp
- such that bjj,_ij=P ili2-iniX iy iy Hence from the
equations (3.1) and (3.2) we get

N . .. .
3 g i pRit2inifdl f o [l =0 (3.3)
=1

F
(finite sum). Now multiplying by a suitable power of p, we
may assume that not all of the coefficients c;),_j,; of
ﬂf:fl f ;32 wf i‘;; in equation (3.3) have the common factor P,
but all belong to Z,. We now reduce all the coefficients in
(3.3) modulo p and obtain the nontrivial equation

Z% Sifig-inj XS’

(finite sum) Themfore, f;,q ,f-;e,... ,fgn are algebraically
dependent over Fp(x) and hence 1,A,A2,..., Ay are lin-
early dependent over Q by Theorem 1.1, which is a

contradiction. Thus f3,.fa, » ... .3, are algebraically inde-
pendent over Qp(x).

()= @ Suppos: tat £ %, .. arealgebraically
dependent over Qp(x). Since ao=1 we can change the
nolatinntosetf Z” kS x"(thatis, we replacef byf - 1).

Let £, (1+x) fori=1,2,....n. Thenfxof ’fx of are

llf ;.2?«7 20=0

algebraically dependent over Qp(x) by assumpnon Sup-.

pose that g=X,;bax" is the formal compositional in-
verse of f. Then by Lemma 3.6(ii), g is algebraic over
Qp(x). Hence by Lemma 3.5, since b; 20 by the choice of

f (fxlof)og,(fxzof)og,...,(fzhoﬁog

are algebraically dependent over Q,(x). That is,
f; A faz- Frqarcalgebraically dependentover Qp (x), which
is a contradiction to the hypothesis.

(i) = () Supposethat 1, A1, A2,..., An arehneady de-
pendent over Q.
I1,2, .. ,Tn, fas1 =0.inZ (afterclearing the denominators),
not all zero, such that r1A 1+ A2+ .. # ToAn +Ta+ 1 =0,

Thus

PR @
Hence fM,/*2,...,f™ are algebraically dependent over
Q;(x,f). Since f is algebraic over Qp(x), we get that

M2 e arealgebraically dependentover Qp(x)(see

Van der Waerden [7, Theorem 3, p. 201]), which is a
contradiction and hence the proof is completed.

Let K be a perfect field of characteristic p >0. Let K [[x]]

be the ring of formal power series in &£ commuting vari-

Then there exist integers.

Sharif
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ables X = (x1, X2, ..., xx) and K (X) the field of rational
functions in X over K. For a p-adic integer 6 =X, 0:p',
where 0 <9;< p - 1 one can define

go=(1+ x14x2+... +xk)"=_£[0 (1+x'{i+xgi+.“+xg3°‘
¥

as'in Remark 2.2.

Recently, T. Harase informed me that he had proved
the following result, which now appears in [1].

Theorem 4.1 For p-adic integers Ay, ..., Aq theseries
'8y, Of K [[X]] are algebraically independent
over K (X) if and only if 1,A1, %2 ... A are linearly
indepcndent over Z.

Using the following lemma, Theorem 4.1 can be
generalised from a perfect field of characteristicp >0 toan
arbitrary field of characteristic p > 0.

Lemmad4.2 SupposethatK isanyfieldhy hy, ..., hee
K (D). If hy, by, ..., haare algebraically dependent over L
(X), where L. is an extension field of K; thenhy, ha, ..., ha
are algebwcany dependent over K (X).

Proof._Since hy, hy, ..., hy are algelxmcally dependent
over L (X), there exist polynomialsa; ;, ; inL (X) after
clearing the denominators), not all zero, such that

Nj Lo
T %iipin T hF. =0,
lj-o

@.1n
»in}1j=0,1,2,..,N; and j =1,
2,...,n we have ;

21,12, v, inX)= 2 biliz_.ingxt

t
(a finite sum) and from above there exists the coefficient
byis.iave L Which is non-zero.

Let by j,_j,vbe the first element of a basis B for L over

. K. Define a K-linear map

; . ¢:L-K
such that if x € B, then
1 fx=bi,
o (x)= X=bigi v,
0 otherwise
Hence, if we denote ¢ (x) by X then from (4.1) we get
N; L
Y Gyigia () b1 b7 b9 =0,
ijm0)
where the finite sum
digip.. :n(X)=Z bitig...igiX"

1samn-waelanentofx {X}forseme(x;xz, ,In),byﬁxe

'~ choice of ¢. Therefore, hy h, .., hnare algebraically depen-
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dent over X (X) and hence the proof is completed.
Therefore, we have the following theorem,

Theorem 4.3 Let L be a field of characteristic p>0.
For p-adic integers A Ay, ..., Ay, the series g A 820 82y
of L[[X]] are algebraically independent over L(X) if and
only if 1, A1, A2, ..., Aq are linearly independent over Z.

By the method which was used in section 3, one can
extend Theorem 4.3 from a field of characteristic p > 0 to
some fields of characteristic zero.

That is,

Theorem 4.4 Suppose that Ay, A2,.., A are p-adic
integers. Then 1,A1,22,..., A, are linearly independent
over Q if and only if B> 8>~ 2 By, the elements of
Z,[[X]), are algebraically independent over Q,(X ).
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