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Abstract

In the following work we present a proof for the strong law of large numbers
for pairwise negatively dependent random variables which relaxes the usual
assumption of pairwise independence. Let {X ij} be a double sequence of pairwise

negatively dependent random variables. If P{|Xij|2t}s P{|X|>t} for all non-

negative real numbers t and E|X|" log*|X|< oo, for 1 < p < 2, then we prove that

ZL le(xij —EX ij) (1)

(mn)"'? '
converges to 0 in L!. The results can be generalized to an r-dimensional array of
random variables under condition E|X|"(log*|X|)'™ <o, thus, extending Choi
and Sung’s result [7] of one dimensional case for negatively dependent random

-0

ae. as mvn—ow In addition, it also

variables.
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Introduction

The history and literature on laws of large numbers is
vast and rich as this concept is crucial in probability and
statistical theory. The literature on concepts of negative
dependence is much more limited but still very
interesting. Lehmann (1966) provides an extensive
introductory overview of various concepts of positive

and negative dependence in the bivariate case [12].
Negative dependence has been particularly useful in
obtaining laws of large numbers [1,3-5,13]. We have
extended, a novel argument of Etemadi (1981) for
pairwise negatively dependent random variables [2],
ie, if {X,} is a sequence of pairwise negatively
dependent identically distributed random variables
with E|X| <o, then
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Also for a double sequence {Xij} of pairwise

negatively dependent random variables we have proved
that if E|X4/log*|Xyy| <o, then

2112?:1(X i —EXg)

n

—0 ae. as mvn— o,
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In 1985 Choi and Sung [7] have shown that if {X,}
are pairwise independent and dominated in distribution
by a random variable X with E|X P[(log*|X|)* <o, for

n

" (Xi—EX))

1< p<2,then — 0 ae. Inaddition,

nl’ p

if E|X|” <o, then it convergesto 0 in L*.

In 1999 Hong and Hwang [11] extended the Choi
and Sung’s result of the one-dimensional case to a
multi-dimensional array of pairwise independent
random variables. They have proved (1) under the

strong condition E|X |(log*|X|)} <.

Now, we are interested to extend the Hong and
Hwang’s result under the weaker condition
E|[X P|log*|X|<co for pairwise dependent random
variables.

In the following we present some background

materials on negative dependence which will be used in
obtaining the SLLN in the next section.

Definition. Random variables X and Y are negatively
dependent (ND) if

P{X <x;Y < y}<P{X < xJP{Y <y} (4)
for all x, y € R. A collection of random variables is said
to be pairwise ND (PND) if every pair of random
variables in the collection satisfies (4).

The following properties are listed for reference in

obtaining the main result in the next section. Detailed
proofs can be founded in [9].

Lemma 1. If {X,;n>1} is a sequence of ND random
variables, then

@ E(XY;)<EXEL,), i#]
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(b) Cov(X;Y;)<0, i#j.

Lemma 2. If {X,;n>1} is a sequence of ND random
variables, and {f,} is a sequence of monotone

increasing, (or monotone decreasing) Borel functions,
then {f,(X,)} is a sequence of ND random variables.

Corollary 1. Let {X,;n>1} be a sequence of ND

random variables then {X} ;n>1} and {X,;n>1} are.

Corollary 2. Let {X,;n>1} be a sequence of ND
random variables and Y; = Xjlex oy +ilgx i3, Where |
is an indicator function. Then {Y;} is a sequence of ND
random variables.

Main Results

Let {Xij} be a double sequence of pairwise
negatively  dependent random  variables and
Yij =Xjj I{X”S(mw}+(ij)1’p I{X.J>(ij)””} and  Zj=X;-Yj,
for 1< p <2. Throughout this paper, ¢ denotes an un-

important positive constant which is allowed to changes
and dy is the number of all divisors of integer k.

To prove the main theorems, we need the following
lemma.

Lemma 3. Let {X ij} be a double sequence of pairwise

negatively  dependent  random  variables. If
P{{Xy|>t}<P{|X|>t} for all non-negative real

numbers t, then
ElVy|°

QDI TEE

i=1l j=1

< cE|X|" log*|X|,

E|ZiJ'| P [+
ij)wﬁcEIXI log*|X| for 1<p<2 (5)

G
Ms
iy

Proof. By Corollary 1 {Xi}} and {Xi}} are sequences

of PND random variables so they satisfy the assumption
of the lemma and Xj; = Xji — Xjj. Thus without loss of
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generality we can assume that Xj; >

of EY;? is given by

(Ul ®
EY2 < IO x2dF (x) +I(ij)1/p dF (x)

:I:j)l/pxzdF(x)+(ij)2’pP[X > (ij)°].

> 0. The estimation
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SCiilogiP[i <XP<i+l]
i=1

_CZ' Ioglj. |:1 " dF(x)

(i+0)P

(6) < ZJ‘

xplogxp)dF(x)

Where F(x) is the distribution of X. If we use the fact

o d logi .
that 2 :O((i+1)2’p‘1j [11], we obtain

o0 0 dk (i+l)1/p )
SCZ(ZlkZ/v]Lw X2dF (X)
+

= logi iwfe
SCZO"(H)W‘['”“ x=dF(X)

(i+1)P

oW

xP log xPdF (x)

< cE|X|" log*|X | < oo

and

o0

Zi Pl < X]zidkP[k <x7]

i=1 j=1 k=1

dkiP[kXp <i+1]
1 =k

[Ms

=~
1

[ ilkoP[i<xp<i+1]

i=1 \ k=

< cE|X|" log*|X| <o, (8)

where we use the fact that Z:fldk =0(nlogn). It

follows that
Zz |;‘,| < cE|X|” log*|X| < o, ©)
i=1 j=1 IJ)

which proves (a), since |X;|= X + X

Now, the estimation of EZ;; is given by

EZ; = E(X; -Y;)

o PR OR

< j e MOF O (10)

™
By the fact that Zin:ldk /KYP = O(n-WP)logn), we

can obtain (b) as follows

(i2)?

xdF (x)
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i+1)M P

_CZ ~(1/p) |Og|J‘(p

xdF (X)

(xPlog xP)dF (x)

© (i
< C;Z;IP;P

< cE|X|" log*|X | < oo (11)

Theorem 1. Let {Xij} be a double sequence of
pairwise negatively dependent random variables. If
Pﬂxij|2t}s P{X|>t} for all non-negative real
numbers t and E|X|"log*|X| <, for 1< p<2, and
m n
szii , then
i=1l j=1
m n
> (X —EXy)
i=1 j=1

7 —0 ae as mvn—owo.
(mn)*P?

(12)

Proof. We shall follow the proof of Lemma 3, then

without loss of generality we assume that X; >0. Let

(i) and S, ZZY”

i=1 j=1
If we let d, to be the number of divisors of k i.e. the
cardinality of {(i, j):ij =k} and F(x) be the distribution
of X, then we obtain

Y3 =X <oy HAD TP 1

I Pl = xij}:iip{x” > (i)
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B e

© o (4P
sozllj.iup xPlog xPdF (x)
i=

< cE|X|” log*|X | < oo (13)
So {Xij} and {Yij} are equivalent, then
ZZ(XU’ —Yj;) converges ae.
i=1 j=1
Furthermore,
z‘lz ‘11/ i) 50 ae (14)
(mn)"?

(Which is a two parameter analog of Theorem 5.2.1 of
Chung [8]).
Now, for every subsequences {k,} and {l,} of

- . ook
positive integer such that liminf —/>1 and
n—oo m-1
o
liminf - >1 and for any & >0, we use Chebyshev’s
n—oo m—1

inequality and Lemmas 1 and 3 to obtain

o o S 0 VarS,
z P{ Kol )1/p } z kZ;p
m=1 n=1 m n
<ZZ o 2/DZZ:VarY,J
m=1 n—l i=1 j=1
R 1
SCZZ[ZZ(k | )”"J i
i=1 j=1\m=in=j "m'n
0 0 EYij2
SC;;(U)ZM)
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< cE|X|” log*|X | < oo . (15)
Where we use i de _ logi for more
S, KPP (i+17P)

detail about z see Chandra and Goswami (1992)

n|n

page 217 [6]. Therefore by the Borel Cantelli Lemma

we have
io}zo

|

and this is equivalent to

S:mln - ES:mln >
(Kl )P

Skl_

m'n kmln

(N

(See Chung Theorem 4.2.2, p. 73 [8]). Now for any
positive number k and | such that, k, <k <k,; and

I, <1<, we have
* * * 1/ P
Sk| _ ESk| < Skm+1|n+1 B Eskm+1|n+1 [ km+1|n+!j
(kl )1/ P (km+1ln+1)l/ P kmln
ES;mAInA B Es;mln
RN "

Similarly we can obtain a lower bound for left-hand
side of (16) as follows

* * 1/
Skmln B ESkan ( kmln j P
(kmln)l/p km+1|n+1

— ESEmﬂlml B ES:mIn < SI’(kl — ES:I ) (17)
(koaped? (kP
Then by using (16) and (17), it follows that
1/p
(1—ij EX < Immfﬁ
ab (k> (kI)"P
<I|msup—s ab-1)YPEX 18
(koo (KIP ( ) =
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then for any a = liminf <"1 and b fiminf . >1, it
m—o0 m-1 m—oo n-1

follows that

S"E:n ;)'f,spm” —0 ae (19)

Combining (14 ) and (19), we get

—_ES>

w -0 ae (20)
Since

Smn B ESmn * QAN

= (21)
(mn)l/ p mn)l/ p ZI:Z:; 1/ p

it remains to prove that the second term of the right-
hand side converges to 0 a.e.
By Lemma 3 (b), we obtain

ZZZ _12 i1 F2i

e kal))?
gczz 1;’p <cE|[X|Plog*|X| <0,  (22)
i=1l j=1 )
from which, it follows that
m In
(m, n)—mzz k R 1/p - (23)

=1 j—l

But for every k and | such that k, <k <k,; and
I, <l <l,,; we have

k|

DY

i=1 j—l

DRI

kl)“" =

km+1 |n+1

EZ; (24)

<c —
i=1 j=1 (km+lln+l,)1 P

R converges to 0 which implies that, by (23)
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m n EZ
ZZ ?/p —0. (25) Z —12 —1E|Z'J| 29)
i=1 j=1 (mn)

This completes the proof.

Corollary 3. Let {Xij} be a double sequence of PND

identically  distributed random  variables  with
E[X4|" log*| Xy <0, and 1< p< 2, then

Z —12 j=1 Xy~ 'J

(mn)P

—0 ae. as mvn—oowo (26)

For p=1 see Theorem 2 of [2].

Remark. The generalization to r-dimensional arrays of
random variables can be obtained easily under the

condition E|[X|? log*|X|"™" < e

Theorem 2. Let {Xij} be a double sequence of

pairwise negatively dependent random variables. If
P{X;|>t}<P{|X|>t} for all non-negative real

numbers tand EX P log*|X| <o, for 1< p <2, then

Z_lzjl i —EX;)

(mn)”p

—0inlasmvn—oow. (27)

Proof. Since {X ij} are PND by Lemma 3 we have

DIINUE

(mn)Z’p

m n 2
'l Zi—l j=1 EY;
< /=

e (28)

Since

DI

(mn)P

EXL Y -En)

(mn)“'?

(mn)'P

it suffices to show that Z 12 EY? /(mn)*'?

converges to 0 as mvn—0 By Lemma 3 (a), we
obtain

P, 22
i=1 Jl” =] emdn=] T

m=1 n=1 (kmln )2/ P

< CE[X|Plog*|X| <, (30)

from which, it follows that

z _12 j=1 'J

B (l?? ey

The rest of proof is similar to that used in the proof
of (25) in Theorem 1.

Corollary 4. Let {Xij} be a double sequence of PND

identically  distributed random  variables  with
E|Xy|" log*|Xyy| <o0 and 1< p <2, then

Z_Z, 2\ X)

(mn)'P

—s0inltasmvn—ow. (32)

Remark. The generalization to r-dimensional arrays of
random variables can be obtained easily under the

condition E|X|? log*|X|"™" <o
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