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Abstract 

A one-sided ideal I  of a ring R  has the insertion of factors property (or 
simply, IFP) if ab  implies r  for I∈ aRb ⊆ I ,a b R∈ . We say a one-sided ideal 
I  of  has the weakly IFP if for each R , ,a b r R∈ , ab I∈  implies , for 
some non-negative integer . We give some examples of ideals which have the 
weakly IFP but have not the IFP. Connections between ideals of  which have 
the IFP and related ideals of some ring extensions are also shown. 
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0. Introduction 

Throughout this paper  denotes an associative ring 
with identity. 

R
[ ; , ]R x α δ  will stands for the Ore 

extension of , where R α  is an endomorphism and δ  
an α −  derivation of , that is, R δ  is an additive map 
such that ( ) ( ) ( ) ( )ab a b a bδ δ α δ= +  for all ,a b R∈ . 
Recall from [14] that a one-sided ideal  of a ring  
has the insertion of factors property (or simply, IFP) if 

 implies aR  for . (H.E. Bell [2] in 
1973 introduced this notion for ). Observe that 
every completely semiprime ideal  (i.e., 

I R

ab I∈ b I⊆ ,a b R∈
0I =
I 2a I∈  

implies ) of  has the IFP [14, Lemma 3.2(a)]. If 
 has the IFP, then we say  has the IFP. A ring 

 is called reduced if it has no non-zero nilpotent 
element. By [5], reduced rings have the IFP. If  has 
the IFP, then it is Abelian (i.e., all idempotents are 
central). 

a I∈ R
0I = R

R
R

Recall that an ideal I  of  is called R α −  ideal if 

( )I Iα ⊆ ;  is called I α −  invariant if 1( )I Iα− = ;  
is called 

I
δ − ideal if ( )I Iδ ⊆ ;  is called I ( , )α δ −  

ideal if it is both α  and δ −  ideal. 
According to Hong, Kawak and Rizvi [4], for an 

endomorphism α  of a ring , a R α −  ideal  is called 
to be 

I
α − rigid if ( )a a Iα ∈  implies  for aa I∈ R∈ . 

Hong, Kawak and Rizvi [4] studied connections 
between α −  rigid ideals of  and related ideals of 
some ring extensions. Motivated by the above facts, for 
an endomorphism 

R

α  of a ring , we define R
α − compatible ideals in  which are a generalization 
of 

R
α −  rigid ideals. For an ideal , we say that I  is 

compatible ideal if for each , 
I

,a b R∈ ab I∈  
( )a b Iα⇔ ∈ . Moreover, I  is said to be δ −  

compatible ideal if for each , ,a b R∈ ab I∈  
( )a b Iδ⇒ ∈ . If  is both I α − compatible and 

δ − compatible, we say that  is a I ( , )α δ − compatible 
ideal. If 0I =  is ( , )α δ −  compatible ideal, we say that 
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R  is a compatible ring. The definition is quite natural, 
in the light of its similarity with the notion of α −  rigid 
ideals, where in Proposition 2.2, we will show that  is 
a 

I
α −  rigid ideal if and only if  is I α −  compatible 

ideal and completely semiprime. 
In this paper, we will show that for each , there 

exists a non-zero ideal of the  upper triangular 
matrix ring over the ring of integers 

2n ≥
n n×

Z  such that has 
not IFP. Connections between ideals of  which has 
the IFP and related ideals of some ring extensions are 
also shown. In section 2, we will show that: (1) If I  is a 

R

( , )α δ − compatible ideal of  and has the IFP, then 
ideal 

R
[ ; , ]I x α δ  of [ ; , ]R x α δ  has the weakly IFP. (2) 

For a monomorphism α  of R , if  is I α −  compatible 
ideal of  and has the IFP, then ideal R 1[ , ; ]I x x α−  of 
skew Laurent polynomials ring 1[ , ; ]R x x α−  has the 
weakly IFP. As a corollary, we show that if R is 
( , )α δ −  compatible ring and has the IFP, then 

[ ; , ]R x α δ  has the weakly IFP. Also, for a 
monomorphism α  of , if  is R R α − compatible ring 
and has the IFP, then 1[ , ; ]R x x α−  has the weakly IFP. 

In [13], Li Liang, Limin Wang and Zhongkui Liu 
show that if  is a R α − compatible ring and has the 
IFP, then [ ; ]R x α  has the weakly IFP. For a ring , 
we denote by  the 

R
( )nT R n − by  upper triangular 

matrix ring over . Clearly 
− n

R

( )nR R =   

12 1

20
| ,

0 0

n

n
ij

a a a
a a

a a R

a

⎧ ⎫⎛ ⎞
⎪ ⎪⎜ ⎟
⎪ ⎪⎜ ⎟ ∈⎨⎜ ⎟⎪⎜ ⎟⎪⎝ ⎠⎩ ⎭

"
"

# # % #
"

⎬
⎪
⎪

is a subring of . ( )nT R

1. Examples 

For an ideal  of R, put I { | nI a R a I= ∈ ∈  for 
some non-negative integers . 0}n ≥
 
Definition 1.1.  A one-sided ideal  of a ring R  has 
the weakly insertion of factors property (or simply, 
weakly IFP) if  implies 

I

ab I∈ arb I∈  for each 
. If  has the weakly IFP, then we say  

has the weakly IFP. 
r R∈ 0I = R

Clearly, if  has the IFP, then it has the weakly IFP. 
In the following we will see the converse is not true. 

I

 
Example 1.2.  Let  

11 12 13

22 23

33

0 | 2
0 0

ij

a a a
J a a a pZ

a

⎧ ⎫⎛ ⎞
⎪ ⎪⎜ ⎟= ∈⎨ ⎬⎜ ⎟
⎪ ⎪⎜ ⎟
⎝ ⎠⎩ ⎭

,  

where  is a prime number and p Z  is the set of 
integers. Then 

1
0 0 0
0 0 0

p p⎛ ⎞
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎝ ⎠

0 0 1 0 0 4
0 0 2 0 0 0
0 0 0 0 0

p
J

p

⎛ ⎞ ⎛ ⎞
⎜ ⎟ ⎜ ⎟= ∈⎜ ⎟ ⎜ ⎟
⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

, 

but  

1 1 0 0 0 0 1 0 0 7
0 0 0 0 2 0 0 0 2 0 0 0
0 0 0 0 0 2 0 0 0 0 0

p p p
J

p

⎛ ⎞⎛ ⎞⎛ ⎞ ⎛ ⎞
⎜ ⎟⎜ ⎟⎜ ⎟ ⎜ ⎟= ∉⎜ ⎟⎜ ⎟⎜ ⎟ ⎜ ⎟
⎜ ⎟⎜ ⎟⎜ ⎟ ⎜ ⎟
⎝ ⎠⎝ ⎠⎝ ⎠ ⎝ ⎠

. 

Hence J  has not IFP, but J  has the weakly IFP, by 
Corollary 1.12. 

By a similar way as used in Example 1.2, we can 
construct numerous ideals of  such that has 
weakly IFP but have not IFP, for . 

( )nT Z
2n ≥

 
Example 1.3.  Let  

12 13 14

23 24

34

0
0 0

| 2
0 0 0
0 0 0 0

ij

a a a
a a

J a pZ
a

⎧ ⎫⎛ ⎞
⎪ ⎪⎜ ⎟
⎪ ⎪⎜ ⎟= ∈⎨ ⎬⎜ ⎟⎪ ⎪⎜ ⎟⎪ ⎪⎝ ⎠⎩ ⎭

 

be an ideal of , where  is a prime number 
and 

4 ( )R Z 2p ≠
Z  is the set of integers. Then  

0 1 0 0 0 0 0 0 0 0 2
0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0

p p

J
p

⎛ ⎞⎛ ⎞ ⎛
⎜ ⎟⎜ ⎟ ⎜
⎜ ⎟⎜ ⎟ ⎜= ∈
⎜ ⎟⎜ ⎟ ⎜
⎜ ⎟⎜ ⎟ ⎜
⎝ ⎠⎝ ⎠ ⎝

⎞
⎟
⎟
⎟
⎟
⎠

,  

but  

0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 3 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0

P

P

⎛ ⎞⎛ ⎞⎛ ⎞
⎜ ⎟⎜ ⎟⎜ ⎟
⎜ ⎟⎜ ⎟⎜ ⎟
⎜ ⎟⎜ ⎟⎜ ⎟
⎜ ⎟⎜ ⎟⎜ ⎟
⎝ ⎠⎝ ⎠⎝ ⎠

 

 

30 0 0 3
0 0 0 0
0 0 0 0
0 0 0 0

p

J

⎛ ⎞
⎜ ⎟
⎜ ⎟= ∉⎜ ⎟
⎜ ⎟⎜ ⎟
⎝ ⎠

. 
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Hence J  has not IFP, but J  has weakly IFP, by 
Corollary 1.6. 

By a similar way as used in Example 1.3, we can 
construct numerous ideals of  such that have 
weakly IFP but have not IFP, for . 

( )nR Z
4n ≥

 
Lemma 1.4.  Let  

12 1

20
| , , 1

0 0

n

n
ij ij

a a a
a a

J a I a I i j n

a

⎧ ⎫⎛ ⎞
⎪ ⎪⎜ ⎟
⎪ ⎪⎜ ⎟= ∈ ∈ ≤⎨ ⎬⎜ ⎟⎪ ⎪⎜ ⎟⎪ ⎪⎝ ⎠⎩ ⎭

"
"

# # % #
"

< ≤

≤ ≤

,  

where  are ideals of , such that  
for  and 

I , ijI R ij isI I I⊆ ⊆

1 i j s n≤ < sjI I⊆ ij  for , 
. Then 

3, ,j n= "
2 i s n≤ ≤ ≤ J  is an ideal of . ( )nR R

 
Proof.  It is clear. 

In Propositions 1.5, 1.8 and Theorem 1.6,  and I J  
are ideals that mentioned in Lemma 1.4. 

 
Proposition  1.5.  Let  

12 1

20
( )

0 0

n

n
n

a a a
a a

A R R

a

⎛ ⎞
⎜ ⎟
⎜ ⎟= ∈
⎜ ⎟
⎜ ⎟
⎝ ⎠

"
"

# # % #
"

 

such that  for a non-negative integer . Then ka I∈ k
nkA J∈ . 
 

Proof.  We proceed by induction on n . Let 2n = . For 

a positive integer ,  and that 

. Hence 

k 12

0

ka b
⎜

k
kA

a
⎛ ⎞

= ⎟
⎝ ⎠

2
2 12 12

20

k k k
k

k

a a b b a
A

a
⎛ ⎞+

= ⎜ ⎟
⎝ ⎠

2kA J∈ , since 

. Now, let  2
12 12,k k ka a b b a I+ ∈

12 1

20
( )

0 0

n

n
n

a a a
a a

A R R

a

⎛ ⎞
⎜ ⎟
⎜ ⎟= ∈
⎜ ⎟
⎜ ⎟
⎝ ⎠

"
"

# # % #
"

  

such that  for a non-negative integer . 
Consider  

ka I∈ k

( 1)
12 1

( 1)
( 1) 2

( 1)

0

0 0

n k
n

n k
n k n

n k

a b b
a b

A

a

−

−
−

−

⎛ ⎞
⎜ ⎟
⎜ ⎟= ⎜ ⎟
⎜ ⎟⎜ ⎟
⎝ ⎠

"
"

# # % #
"

  

and  

12 1

20

0 0

k
n

k
k n

k

a c c
a c

A

a

⎛ ⎞
⎜ ⎟
⎜ ⎟= ⎜ ⎟
⎜ ⎟⎜ ⎟
⎝ ⎠

"
"

# # % #
"

.  

By the induction hypothesis all ’s, except , are in 

. Let . Hence  
ijb 1nb

I ( 1)
1 12 2 1

k n
n n nx a b c b c a −= + + +" k

12 1 1

2 1 2

1

0

0 0
0 0 0

nk
n

nk
n n

nk

nk
n n
nk

a y y x
a y y

A J
a y

a

−

−

−

⎛ ⎞
⎜ ⎟
⎜ ⎟
⎜ ⎟= ∈
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎝ ⎠

"
"

# # % # #
"
"

,  

since  and all ’s are in . ,nka x ijy I
 
Theorem 1.6.  Let  has the weakly IFP. Then I J  has 
the weakly IFP. 

 
Proof.  Let  

12 1

20

0 0

n

n

a a a
a a

A

a

⎛ ⎞
⎜ ⎟
⎜ ⎟=
⎜ ⎟
⎜ ⎟
⎝ ⎠

"
"

# # % #
"

,   

12 1

20

0 0

n

n

b b b
b b

B

b

⎛ ⎞
⎜ ⎟
⎜ ⎟=
⎜ ⎟
⎜ ⎟
⎝ ⎠

"
"

# # % #
"

and  

12 1

20
( )

0 0

n

n
n

c c c
c c

C R

c

⎛ ⎞
⎜ ⎟
⎜ ⎟= ∈
⎜ ⎟
⎜ ⎟
⎝ ⎠

"
"

# # % #
"

R   

such that AB J∈ . Then ab  and that I∈ ( )kacb I∈  
for some non-negative integer , since  has the 
weakly IFP. Thus ( )

k I
nkACB J∈ , by Proposition 1.5. 

Therefore J  has the weakly IFP. 
 
Corollary 1.7.  Let  has the weakly IFP. Then 

 has the weakly IFP, for each . 
R

( )nR R 2n ≥
 

Proof.  It follows from Theorem 1.6. 
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Proposition 1.8.  Let J  has the weakly IFP. Then  
has the weakly IFP. 

I

 
Proof.  It is clear. 
 
Corollary 1.9.  Let  has the weakly IFP, for 
some . Then  has the weakly IFP. 

( )nR R
n R

 
Proof.  It follows from Proposition 1.8. 
 
Lemma 1.10.  Let  

11 12 1

22 20
| ,1

0 0

n

n
ij ij

nn

a a a
a a

J a I i j n

a

⎧ ⎫⎛ ⎞
⎪ ⎪⎜ ⎟
⎪ ⎪⎜ ⎟= ∈⎨ ⎬⎜ ⎟⎪

≤ ≤ ≤

⎜ ⎟⎪⎝ ⎠⎩ ⎭

"
"

# # % #
"

⎪
⎪

,  

where  are ideals of , such that  for 
 and 

ijI R ij isI I⊆

1 i j s n≤ ≤ ≤ ≤ sjI I⊆ ij  for 1,..., ,j n=  
. Then 1 i s n≤ ≤ ≤ J  is an ideal of . ( )nT R

 
Proof.  It is clear. 

In Propositions 1.11, 1.14 and Theorem 1.12,  are 
ideals that mentioned in Lemma 1.10, for 1 . 

iiI
i n≤ ≤

 
Proposition 1.11.  Let  

11 12 1

22 20
( )

0 0

n

n
n

nn

a a a
a a

A T R

a

⎛ ⎞
⎜ ⎟
⎜ ⎟= ∈
⎜ ⎟
⎜ ⎟
⎝ ⎠

"
"

# # % #
"

  

such that  for some non-negative integer  
and  Then 

k
ii iia I∈ k

1,..., .i = n 2 1 1( )k nA J+ − ∈ . 
 

Proof. We proceed by induction on . For n 2n = , let 

. Since , where 

 we have 

11 12

220
a a

A
a

⎛ ⎞
= ⎜
⎝ ⎠

⎟

0,≥

2 1
2 1 11

2 1
110

k
k

k

a x
A

a

+
+

+

⎛ ⎞
= ⎜ ⎟
⎝ ⎠

11 12 22 , 2 , ,i jx a a a i j k i j= + =∑
2 1kA J+ ∈ . Now, assume  and 3n ≥ ( )nA T R∈ . 

Consider  
(2 1)( 2)

11 12 1
(2 1)( 2)

2 1 2 22 2

(2 1)( 2)

0
( )

0 0

k n
n

k n
k n n

k n
nn

a b b
a b

A

a

+ −

+ −
+ −

+ −

⎛
⎜
⎜

⎞
⎟

= ⎜
⎜⎜
⎝

"
"

# # % #
"

⎟
⎟
⎟⎟
⎠

  

and  

2 1
11 12 1

2 1
2 1 22 2

2 1

0

0 0

k
n

k
k n

k
nn

a c c
a c

A

a

+

+
+

+

⎛ ⎞
⎜ ⎟
⎜ ⎟= ⎜ ⎟
⎜ ⎟⎜ ⎟
⎝ ⎠

"
"

# # % #
"

.  

By the induction hypothesis all ’s, except ,  

are in . Hence (1,n)-entry of 
ijb 1nb

I 2 1 1( )k nA + −  is 
(2 1) (2 1)( 2)

11 1 12 12 1 1 1 1
k k

n n n n n nn
nx a b c b c b c a+ +

− − I−= + + + + ∈" , 
since . Therefore (2 1) (2 1)

11 2 1, , , ,k k
nn n n na a b b+ +

− ∈" I
2 1 1( )k nA J+ − ∈ . 

 
Theorem 1.12.  If each  has the weakly 
IFP, then 

, 1iiI i≤ ≤ n
J  has the weakly IFP. 

 
Proof.  It follows from Proposition 1.11. 
 
Corollary 1.13.  Let  has the weakly IFP. Then 

 has the weakly IFP for each . 
R

( )nT R 2n ≥
 

Proof.  It follows from Theorem 1.12. 
 
Proposition 1.14.  If J  has the weakly IFP, then each 

, 1iiI i n≤ ≤ , has the weakly IFP. 
 

Proof.  It is clear. 
 
Corollary 1.15.  Let  has the weakly IFP for 
some . Then  has the weakly IFP. 

( )nT R
2n ≥ R

2. Extensions of Ideals Which Have the IFP 
In this section α  is an endomorphism and δ  an α -

derivation of . For an ideal , we say that  is a R I I
α − compatible ideal if for each ,a b R∈ , 

( )ab I a b Iα∈ ⇔ ∈ . Moreover,  is said to be I
δ − compatible ideal if for each ,a b R∈ , 

( )ab I a b Iδ∈ ⇒ ∈ . If  is both I α − compatible and 
δ − compatible, we say that  is a I ( , )α δ − compatible 
ideal. If 0I =  is both ( , )α δ − compatible ideal, we say 
that R is a ( , )α δ − compatible ring. 

In [5, Example 2], the authors show that there exists 
a non-zero ideal  of a ring  such that has IFP but 
ideal  of  has not IFP. We will show that if 

 has the IFP then  has the weakly IFP. More 
generally, we will show that: (1) If I  is a 

I R
[ ]I x [ ]R x

I [ ]I x
( , )α δ −  

compatible ideal of  and has the IFP, then ideal R
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[ ; , ]I x α δ  of [ ; , ]R x α δ  has the weakly IFP. (2) For a 
monomorphism α  of R , if  is I α − compatible ideal 
of  and has the IFP, then ideal R 1[ , ; ]I x x α−  of skew 
Laurent polynomials ring 1[ , ; ]R x x α−  has the weakly 
IFP. 

For non-empty subsets ,A B  of  and R r R∈ , put 
{ | , }AB ab a A b B= ∈ ∈ ,  and . 0 {1}A = { | }rA ra a A= ∈

The following proposition extends [3, Lemma 2.1]. 
 
Proposition 2.1.  Let  be a I ( , )α δ − compatible ideal 
of  and . R ,a b R∈

(i) If ab , then I∈ ( )na b Iα ∈ ,  for each 
positive integer . Conversely, if 

( )n a b Iα ∈

n ( )ka b Iα ∈  or 
 for some positive integer , then ab( )k a b Iα ∈ k I∈ . 

(ii) If ab , then I∈ ( ) ( ), ( ) ( )m n n ma b a bα δ δ α I∈  for 
each non-negative integers . ,m n

 
Proof.  (i) If , then , since  is ab I∈ ( ) ( )n na bα α ∈ I I
α − ideal. Hence , since  is ( )n a b Iα ∈ I α −  
compatible. Conversely, let . Then 

, since I  is 
( )k a b Iα ∈

( ) ( )k ka bα α ∈ I α − compatible. Hence 
 and that ( )k ab Iα ∈ ab I∈ , since I  is α −  

compatible. 
(ii) It is enough to show that ( ) ( )a b Iδ α ∈ . If 

, then by (i) and ab I∈ δ −  compatibility of , I
( ) ( )a b Iα δ ∈ . Hence ( ) ( ) ( ) ( )a b ab a b Iδ δ α δ= − ∈ . 

Thus ( )a b Iδ ∈  and that ( ) ( )a b Iδ α ∈ , since  is I
α − compatible. 
 
Proposition 2.2.  Let  be a ring,  be an ideal of  
and 

R I R
: R Rα →  be an endomorphism of . Then the 

following conditions are equivalent: 
R

(1)  is a I α −  rigid ideal of ; R
(2)  is I α − compatible, semiprime and has the IFP; 
(3)  is I α − compatible and completely semiprime. 
If δ  is a α −  derivation of , then the following 

are equivalent: 
R

(4)  is a I α −  rigid δ −  ideal of ; R
(5)  is I ( , )α δ − compatible, semiprime and has the 

IFP; 
(6)  is ( ,I )α δ − compatible and completely 

semiprime. 
 

Proof.  (1) (2). It follows from [4, Propositions 2.2 
and 2.4]. 

⇒

(2)⇒ (1). Let ( )a a Iα ∈ . Then , since I  is 2a I∈
α − compatible. Hence aR , since I  has the IFP. 
Thus 

a I⊆
a I∈ , since  is semiprime. Similarly we can 

prove (1) (3). 
I

⇒
(4)⇒ (6). By (1)⇒ (3),  is I α − compatible and 

completely semiprime. We show that ( )a b Iα ∈ , when 
ab I∈ . If ab I∈ , then ( ) ( )ab a bδ δ= ( ) ( )a bα δ+  

( )Iδ∈ I⊆ . Thus  2( ( ) ( )) ( ) ( ) ( )a b ab a bα δ δ α δ=
( ) ( ) ( )a b a b Iδ α δ− ∈ , because ( ), ( )ab b a Iδ α ∈ . Since 

 is completely semiprime, we have I ( ) ( )a b Iα δ ∈  and 
so ( )a b Iδ ∈ , by Proposition 2.1. 

(6)⇒ (4) and (4)⇒ (5) are clear. 
Note that there exists a ring  for which every non-

zero proper ideals are 
R

α − compatible. For example, 

consider the ring 
0
F F

R
F

⎛
= ⎜
⎝ ⎠

⎞
⎟ , where F  is a field, 

and the endomorphism α  of  is defined by 

 for . 

R
0

( )
0 0
a b a

c c
α
⎛ ⎞ ⎛

=⎜ ⎟ ⎜
⎝ ⎠ ⎝

⎞
⎟
⎠

, ,a b c F∈

 
Lemma 2.3.  Let  be a I ( , )α δ − compatible ideal of 

 and has the IFP. If , for some , then R ( )kab I∈ 0k ≥

( ( )) , ( ( ))k ka b a b Iα δ ∈ . 
 

Proof.  Since  is I α − compatible and 
( ) ( ) ( )kab ab ab I= ∈" , we have ( ) ( )a b ab abα α "  

( )a bab ab Iα= ∈" . Hence ( ) ( )a b ab ab Iα α ∈" , 
since  is I α − compatible. Now, ( ) ( )a b a b ab Iα α ∈"  
and that ( ) ( ) ( )a b a b ab ab Iα α α ∈" . Continuing this 
procedure yields ( ( . Since  is ))ka b Iα ∈ I δ −  
compatible and ( ) ( ) ( )kab ab ab I= ∈" , we have 

( ) ( )( ) ( ) ( )a bab ab a b ab ab a b ab ab Iδ δ α δ= + ∈" " " . 
Since ( )( )a b ab ab Iα ∈"  and  is I δ − compatible, we 
have ( ) ( )a b ab ab Iα δ ∈" . Thus ( )( )a b ab ab Iδ ∈" . 
Continuing this procedure yields ( ( . ))ka b Iδ ∈
 
Lemma 2.4.  If  is a I ( , )α δ − compatible ideal of R , 
then [ ; , ]I x α δ  is an ideal of [ ; , ].R x α δ  

 
Proof.  It follows from Lemma 2.3. 
 
Lemma 2.5.  Let  be an ideal of  and has the IFP. 
Then 

I R
I  is an ideal of  and has the IFP. R

 

149 



Vol. 19  No. 2  Spring 2008 Hashemi J. Sci. I. R. Iran 

Proof.  Let ,a b I∈ . So  for some  
. Hence 

,n ma b I∈ ,m n
0≥ 1 1 1 11( ) ( ) ( m n m ni j i jm na b a b a b+ + + ++ ++ = )∑ " , 

such that , , . It can be 
easily checked that a  more than  or  more than  
in . Since  and  has 
the IFP, we have 

1k ki j+ = 0 1ki≤ ≤ 0 kj≤ ≤1

1( ) ( )m n m ni j ia b a + + + +"
m n m ni j i ja b a b+ + + +"

n b m
1 1 1 jb ,n ma b I∈ I

1 1 1 1( ) ( ) I∈ . 

Therefore  and 1( )m na b I+ ++ ∈ ( )a b I+ ∈ . Clearly 

I  has the IFP. 
 
Lemma 2.6.  Let  be a I ( , )α δ − compatible ideal of 

 and has the IFP. Then R I  is a ( , )α δ − compatible 
ideal of . R

 
Proof.  It follows from Lemmas 2.3, 2.5. 
 
Remark.  Given α  and δ  as above and integers 

 and a , let us write 0 i j≤ ≤ R∈ j
i

f  for the set of all 
“words” in α  and δ  in which there are i  factors of α  
and  factors of j i− δ . For instance, ( )j

jf a =  

 and 0{ ( )}, ( ) { ( )}j j ja f a aα = δ { ( ),j j
j

1
1f aα δ−=−  

. 2 1( ), , ( )}j ja aα δα δα− −"
 
Lemma 2.7.  Let  be a I ( , )α δ − compatible ideal of 

 and has the IFP. Let R 0( ) n
nf x a a x= + +" , 

0( ) [ ; , ]n
mg x b b x R x α δ= + + ∈"  with ( ) ( )f x g x ∈  

[ ; , ].I x α δ  Then i ja b I∈  for each  , .i j
 

Proof.  Note that 
0 0

( ) ( ) ( )( )
n m

i j
i j

i j
f x g x a x b x

= =

= ∑∑ . 

Then , since it is the leading coefficient of ( )n
n ma b Iα ∈

( ) ( )f x g x . Hence , since  is n ma b I∈ I α −  
compatible. Thus , for each 0( )j

n i ma f b I⊆ i j≤ ≤ , 
by Proposition 2.1. Since the coefficient of 1m nx + −  is 

 and 
, we have  

. Hence 

1 1
1 1( ) ( ) ( ( ))n n n

n m n m n ma b a b a bα α δ α− −
− −+ + I∈

I )1( ( ))n
n ma bδ α − ∈ 1

1 1( ) (n n
n m n ma b a bα α −

− −+

I∈ 1
1 1( ) ( )n n

n m m n m ma b b a b b Iα α −
− −+ ∈  and 

that 1
1 ( )n

n m ma b bα −
− ∈ I , since 1( )n

n m ma b bα − ∈ I . 

Thus 1n ma b I− ∈ , by Lemmas 2.5 and 2.6, and that 

1n ma b I− ∈ . Consequently, a f  1 1( ) ( )j j
n i m n i mb a f b− ∪ −

I⊆ , for each . Coefficient of 0 i j≤ ≤ 2m nx + −  is 
, where 

 is a sum of elements of 

. By a 
similar way as above, we can show that 

1 2
2 1 1 2( ) ( ) ( )n n n

n m n m n ma b a b a bα α α− −
− − − −+ + t+

0 1 1[ ( ) ( ) ( )]j j j
i j n i m n i m n i ma f b a f b a f b≤ ≤ − −∪ ∪∪

t

2 1 1 2, ,n m n m n ma b a b a b I− − − − ∈ . Continuing this process, 

we can prove i ja b I∈  for each . ,i j
 
Lemma 2.8.  Let  be a I ( , )α δ − compatible ideal of  
and has the IFP. Let 0( ) [ ; , ]n

nf x a a x R x α δ= + + ∈" . 

If 0 , , na a ∈" I , then ( ) [ ; , ]f x I x α δ∈ . 
 
Proof.  Suppose that , for . Let im

ia ∈ I n0, ,i = "

0 1nk m m= + + +" . Then ( ( ))kf x =  
01 011 1 1

0 1 0 1( ( ) ( ) ) ( ( ) ( )kn ki ii i in n
n na a x a x a a x a x )nki∑ " " " , 

0 1,r nri i+ + ="  1,r k= " , . Each 

coefficient of  
 is a sum of such elements 

0 rsi≤ ≤1

)

01 11 1
0 1( ( ) ( ) )ni i in

na a x a x" " 0 1
0 1( ( )k ki ia a x

( ) nkin
na x" γ ∈  
01 01 1 1

01 10(( ( )) ( ( )) )n n

n

s i s i
r r n

0 0

0 0(( ( )) (k k nk

k n

s if a f a"
k

s
r rf a f" "  

. It can be easily checked that there exists ( )) )nki
na

0{ , , }ka a an∈ "  such that . Since 1t tki i+ + ≥" tm

Itm
ta ∈  and  has the IFP and is I ( , )α δ − compatible, 

we have Iγ ∈ . Thus each coefficient of  

belong to . Therefore 

( ( ))kf x

I ( ) [ ; , ]f x I x α δ∈ . 
 
Theorem 2.9.  Let  be a I ( , )α δ − compatible ideal of 

 and has the IFP. Then R [ ; , ]I x α δ  has the weakly 
IFP. 

 

Proof.  Let 
0

( ) ,
m

i
i

i
f x a

=

= ∑ x   
0

( )
n

j
j

j
g x b x

=

= ∈∑
[ ; , ]R x α δ  such that ( ) ( ) [ ; , ]f x g x I x α δ∈  and let 

0
( ) [ ; , ]

k
s

s
s

h x c x R x α δ
=

= ∈∑  be any element. By 

Lemma 2.7, i ja b I∈  for each . Hence ,i j

( ) ( )q t
i p s r ja f c f b I⊆  for each , ,i j 0 p q≤ ≤ , 

0 r t≤ ≤ , by Lemma 2.5 and Proposition 2.1. Note that 
each coefficient of ( ) ( ) ( )f x h x g x  is a sum of such 
elements . Thus 0 0 ( ) ( )q t

p q r t i p s r ja f c f bγ ≤ ≤ ≤ ≤∈∪ ∪

( ) ( ) ( ) [ ; , ]f x h x h x I x α δ∈  by Lemma 2.8. This 
means that [ ; , ]I x α δ  has the weakly IFP. 
 
Corollary 2.10.  Let  be a R ( , )α δ − compatible ring 
and has the IFP. Then [ ; , ]R x α δ  has the weakly IFP. 
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Corollary 2.11.  ([13], Theorem 3.1) Let  be a R
α − compatible ring and has the IFP. Then [ ; ]R x α  has 
the weakly IFP. 

Recall that for a ring  with an injective ring 
endomorphism 

R
: R Rα → , [ ; ]R x α  is the Ore 

extension of . The set  is easily seen to be a 
left Ore subset of 

R 0{ }i
ix ≥

[ ; ]R x α , so that one can localize 
[ ; ]R x α  and form the skew Laurent polynomials ring 

1[ , ; ]R x x α− . Elements of 1[ , ; ]R x x α−  are finite sum 
of elements of the form j ix rx−  where  and  
are non-negative integers. Multiplication is subject to 

r R∈ ,i j

( )xr r xα=  and  for all . 1 1 ( )rx x rα− −= r R∈
Now we consider D.A. Jordan’s construction of the 

ring ( , )A R α  (See [8], for more details). Let ( , )A R α  
or A  be the subset { |  of the skew 
Laurent polynomials ring 

,i ix rx r R i− ∈ ≥ 0}
1[ , ; ]R x x α− . For each , 0j ≥

( ) ( )i i i j i jx rx x rx− − += + . It follows that the set of all 
such elements forms a subring of 1[ , ; ]R x x α−  with 

 and 
 for  

 and . Note that 

( ) ( )( ( ) ( ))i i j j i j j i i jx rx x sx x r s xα α− − − ++ = + +

+

0

( ) ( )( )( ) ( ) ( )i i j j i j j i i jx rx x sx x r s xα α− − − += ,r s
R∈ ,i j ≥ α  is actually an 

automorphism of ( , )A R α . We have 1[ , ; ]R x x α−  
1[ , ; ]A x x α−≅ , by way of an isomorphism which maps 

i jx rx−  to . For an ( )i jr xα− i− α −  ideal  of , put 
. Hence  is 

I R

0( ) i i
iI x −
≥∆ = ∪ Ix ( )I∆ α −  ideal of A . 

The constructions , ( )I I→∆ J J R→ ∩  are inverses, 
so there is an order-preserving bijection between the 
sets of α −  invariant ideals of  and R α −  invariant 
ideals of A . For an ideal  of , put I R

{ | i i
i }J r R x rx J−= ∈ ∈  for . 0i ≥

 
Theorem 2.12.  Let α  be a monomorphism of a ring 

. R
(i) If  is a I α − compatible ideal of  and has the 

(weakly) IFP, then  is a 
R

( )I∆ α − compatible ideal of 
A  and has the (weakly) IFP. 

(ii) If J  is a α − compatible ideal of A  and has the 
(weakly) IFP, then 0( )J J= ∆  and 0J  is a 
α − compatible ideal of  and has the (weakly) IFP. R

 
Proof.  (i) Let  be a I α − compatible ideal of . 
Hence  is an ideal of 

R
( )I∆ A . Now, let 

( )( ) ( )i i j jx rx x sx I− − ∈∆ . Hence  ( ) ( )( ) ( )i j j i i jx r s xα α− + +

( )I∈∆  and that . Thus  ( ) ( )j ir sα α ∈ I 1( ) ( )j ir sα α +

I∈ , since  is I α − compatible. Consequently 
( ) ( ) (i i j j )x rx x sx Iα− − ∈∆ . Therefore ( )I∆  is 
α − compatible. Now, assume ( )(i i j j )x rx x sx− −  

( )I∈∆ . Then . Hence  ( ) ( )j ir sα α ∈ I ( ) ( )j t i tr sα α+ +

I∈  for each . Since  has the weakly IFP, so for 
each 

0t ≥ I
a R∈  and each , there exists   

such that . Therefore 
0t ≥ 0n >

( ( ) ( ) ( ))j t i j i t nr a sα α α+ + + ∈ I
(( )( )( )) ( )i i t t j j nx rx x ax x sx I− − − ∈∆ . Consequently 

( )I∆  has the weakly IFP. 
(ii) Let 0r J∈ . Then  for each . 

Hence 
0( )n r Jα ∈ 0n ≥

( )n n nx rx r Jα − = ∈  for each . Thus 0n ≥
n nx rx J− ∈ , since J  is α − compatible. Therefore 

0( ) 0J J∆ ⊆ . Now, let m mx rx J− ∈ . Then 
( )m m mx rx Jα − ∈  and that , since r J∈ J  is 

α − compatible. Thus 0( )J J⊆ ∆ . Consequently, 

0( )J J= ∆ . Clearly 0J  has the weakly IFP. 
Note that if  is a I α −  ideal of , then R

1[ , ; ]I x x α−  is an ideal of the skew Laurent 
polynomials ring 1[ , ; ]R x x α− . By a similar way as in 
the proof of Lemmas 2.7, 2.8 and Theorem 2.9 one can 
prove the following results. 

 
Lemma 2.13.  Let  be a I α − compatible ideal of  
and has the IFP. Let 

R
α  be an automorphism of . Let R

( ) r n
r nf x a x a x= + +" , ( ) s m

s mg x b x b x= + +"  ∈  
1[ , ; ]R x x α−  with 1( ) ( ) [ , ; ]f x g x I x x α−∈ . Then 

i ja b I∈  for each . ,i j
 
Lemma 2.14.  Let  be a I α − compatible ideal of  
and has the IFP. Let 

R
α  be an automorphism of . Let R

1( ) [ , ; ]r n
r nf x a x a x R x x α−= + + ∈" . If  , ,r na a"

I∈ , then 1( ) [ , ; ]f x I x x α−∈ . 
 
Proposition 2.15.  Let  be a I α − compatible ideal of 

 and has the IFP. Let R α  be an automorphism of R . 
Then 1[ , ; ]I x x α−  has the weakly IFP. 
 
Theorem 2.16.  Let  be a I α − compatible ideal of  
and has the IFP. Let 

R
α  be a monomorphism of R . 

Then 1[ , ; ]I x x α−  has the weakly IFP. 
 

Proof.  Since  is I α − compatible and has the IFP, so 
( )I∆  is α − compatible and has the IFP, by Theorem 
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2.12. Since 1[ , ; ]I x x α− 1( )[ , ; ]I x x α−≅ ∆ , 1[ , ; ]R x x α−  
1[ , ; ]A x x α−≅  and α  is an automorphism of A , the 

result follows from Proposition 2.15. 
Corollary 2.17.  Let  be a R α − compatible ring and 
has the IFP. Let α  be a monomorphism of a ring . 
Then the skew Laurent polynomials ring 

R
1[ , ; ]R x x α−  

has the weakly IFP. 
 

Proof.  It follows from Theorem 2.16. 
 
Corollary 2.18.  If  has the IFP, then Laurent 
polynomials ring  has the weakly IFP. 

R
1[ , ]R x x −
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