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Abstract 

The time evaluation of quantum entropy in a four-level double-  type atomic 
system is theoretically investigated. Quantum entanglement of the atom and its 
spontaneous emission fields is then discussed via quantum entropy. It is found 
that the degree of entanglement can be increased by the quantum interference 
induced by spontaneous emission. The phase dependence of the atom-field 
entanglement is also presented. 
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Introduction 

Quantum correlation between different parts of a 
system leads to an important quantum phenomenon 
known as entanglement. A system consisting two 
components is said to be entangled if its quantum states 
cannot be described by a simple product of the quantum 
states of the two components [1]. The measurement on 
one of them gives information about the other 
component. Entanglement allows to reach a much closer 
relationship than is possible in classical physics. For a 
bicomponent system in a pure state, the reduced 
quantum entropy is the best tool for accurate measure of 
entanglement between two components [2-4]. 

The system is inseparable in such state, and each 
component does not have properties independent of the 
other component. The higher reduced quantum entropy, 
the higher degree of entanglement. In bicomponent 
systems, the entanglement can be established between 
two particles or between the particle and the field. The 
Einstein-Podolsky-Rosen (EPR) state [5] is an 
interesting example of two-particle components 

entanglement which can be used in secure quantum 
communication [6]. Quantum entanglement can also be 
generated in a system with multipule components [7]. 
Entanglement plays an essential role in quantum 
information processing such as quantum computing [8], 
quantum teleportation [9], quantum cryptography [10], 
and quantum communication [11]. 

The entanglement between atom and fields has 
widely been discussed due to its potential applications 
in memory storage devices. Various atomic systems 
have been proposed to investigate the entanglement of 
atom and its spontaneous emission fields.  A theoretical 
description on evolution of entanglement between the 
atom and field is recently proposed by Abdalla et al. 
[12]. The entropy evaluation of the field intensity with 
V-type three level atom was proposed to reach the 
atom-photon entanglement. It is shown that the quantum 
entropy as well as atom- photon entanglement can be 
controlled by the intensity of coupling field, detuning 
parameter and the initial photon number [13]. In another 
proposal, the effect of coupling laser field on the 
entanglement of the atom and its spontaneous emission 
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fields was theoretically discussed in two different three-
level configurations, i.e.  type and V-type [14]. Fang 
et al. [15] investigated the effect of coherent 
superposition of the atomic level on the entanglement of 
a  type three level atom and its spontaneous 
emission fields. It is shown that the atom-photon 
entanglement can be controlled by the initial coherent 
condition of the atomic levels. Phase control of the 
entanglement has also been proposed by Malinovsky et 
al. [16]. 

Atomic coherence and quantum interference, on the 
other hand, are the basic mechanisms for controlling the 
optical properties of the medium. Over the past few 
years, much attention has been devoted to the effects of 
quantum interference between multiple atomic 
transitions pathways and its applications for controlling 
the coherent phenomena such as electromagnetically 
induced transparency (EIT) [17]. In fact, the discovery 
of EIT has opened up a new route to control the optical 
properties of atom-photon coherent interaction [18]. It is 
also shown that the spontaneous emission can be used to 
produce atomic coherence as long as there exist two 
closely-lying levels with non-orthogonal dipole in an 
atomic system. Atomic coherence based on spontaneous 
emission is usually referred to as vacuum-induced 
coherence or spontaneously generated coherence 
( )SGC [19]. Quantum interference induced by 

spontaneous emission, however, can modify the 
response of atomic system to the applied fields [20]. 

Now, intriguing question arises that what is the 
effect of quantum interference on the atom-photon 
entanglement. It would be interesting to increase the 
degree of atom-photon entanglement via quantum 
interference arising among decay channels. In fact, 
quantum interference induced by spontaneous emission 
has recently been employed to coherent control of 
quantum entropy which can turn in quantum 
entanglement. The effect of quantum interference on the 
entanglement of a driven V-type three-level atom and its 
spontaneous emission fields has recently been 
discussed. It is predicted that in the absence of quantum 
interference the atom and its spontaneous emission 
fields are always entangled. However, in the presence of 
quantum interference the atom-photon entanglement 
will depend on the atomic parameters [21]. 

In this paper, the effect of quantum interference on 
entanglement of a coherently driven four-level double-Ʌ 
type atom and its spontaneous emission fields is 
investigated. The time evolution of the reduced atomic 
entropy is proposed to reach the entanglement of the 
atom and its spontaneous emission fields. The effect of 
coupling laser fields on entanglement of the atom and 

its spontaneous emission fields is then discussed. It is 
found that the entanglement of the atom and its 
spontaneous emission fields strongly depends on the 
quantum interference induced by spontaneous emission. 
In addition, we find that the quantum entropy (and also 
the atom-photon entanglement) becomes phase depen-
dent when the interference parameter is switched on. 

Materials and Methods 

Consider a four-level atomic system in a double-Ʌ 
configuration as depicted in Fig. 1. The scheme is 
consisting two metastable lower levels 1 , 2 , and two 

excited levels 3 , 4 . The electric-dipole allowed 

transitions 1 3 , 2 3 , and 2 4  are 

driven by three coherent strong laser fields, 
respectively. The corresponding Rabi-frequencies are 

denoted by 3131 31. /g E 


  , 3232 32 . /g E 


   and 

4242 42 . /g E 


  . The other transition 1 4  is 

driven by a weak coherent field, where its Rabi-

frequency is given by 4141 41. /g E 


  . Here, ij


 are 

the corresponding atomic dipole moments, while ijE  

denotes the amplitude of coherent laser fields. The 
spontaneous decay rates from level i  {3,4}i   to 

the level j  {1,2}j   are denoted by 2 ji . 

The dynamics of the system is described by the 
density matrix equation of motion 

[ , ] ,
i

H    


  (1) 

where H  is the interaction Hamiltonian of atom and 
fields. The term   represents the decay processes, 

where   is the liouvillian operator acting on the 
density matrix  . The density matrix elements in 

rotating frame and rotating wave approximation are 
given by: 

 

 

Figure 1. The four-level double-Ʌ type atomic system. The 
system is driven by three strong fields and a weak laser field. 
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 (2) 

where ij ij j     are the laser field detuning. Here 

ij i j     denote the frequency deference between 

level i  and level j , and j  is the frequency of 

coupling fields. We have further defined 1 2j j j    , 

and our chosen level scheme implies 1 2 0   . 

(2 2 ) / 2( {1, 2}ij i j i      and {3, 4})j   are the 

damping rate of the coherences on transitions i j . 

The term 1 31 32 33(2 )    2 41 42 44(2 )     in Eqs. 2 

represents the quantum interference resulting from the 
cross coupling between spontaneous emission paths 
3 1 3 2and 

 
( 4 1  and 4 2 ) . Note that 

in a V- type three- level system only for nearly 
degenerate upper levels the effect of quantum 
interference could be appeared in equations. However, 

for a given  type system only for nearly degenerate 
lower- levels the effect of SGC  become significant, 
and for large lower energy level separation it may be 
dropped [22, 23]. In a double  type atomic system 
considered here, two extra coherence terms ( )SGC  

appear between the lower levels due to the spontaneous 
decay from the upper levels to the nearly degenerate 
lower levels. The deriving laser fields coupled to this 
coherence allow additional path for the transitions from 
the upper levels to the lower levels and thus accounts 
for the interference effects in the coherence terms given 
by Eqs. 2. The parameters 1  and 2  denote the 

alignment of the two dipole moments, which define as 
31 32

1 1
31 32

.
( cos )

.

 
 

 
 

 

41 42
2 2

41 42

.
( cos )

.

 
 

 
  . Here, 

ij  represents the electric dipole moment, 1 2( )   is the 

angle between the two induced dipole moments 

31 32   ( 41 42  ). According to their definition, the 

alignment factor takes the value 1 for parallel dipole 
moments, −1 for antiparallel, and 0 for orthogonal. 
Maximal coherence corresponds to parallel or 
antiparallel dipole moments, while zero coherence 
corresponds to orthogonal dipole moments. These two 
extremes of maximal and minimal coherence deserve 
special attention. However, intermediate values on the 
[−1, 1] internal are also possible. In a real experiment 
the parameter 1 2     can be determined by the 

intensity of applied fields. In fact, the coefficient η 
depends on angle between two electric dipole moments, 
which can be controlled by the intensity of applied 
fields. Eqs (2) show that the relative phase appear in 
equation only through 1  and 2 . In fact, if we use 

31 2 4
41 41 42 42 31 31 32 32, , ,ii i ig g e g g e g g e and g g e       

 and redefining the atomic variables in equations (2) as 
31 2 4

41 41 42 42 31 31 32 32, , ,ii i ie e e e               , 

4 3( )
12 12

ie       and 4 3 2 1( ) ( )      , we obtain 

equations for the reduced density matrix elements ij . 

The equations are identical to equations (2), except that 

1  and 2  replaced by 1 1
ie      and 2 2

ie      

with 4 3( )     [24]. Therefore, for a nearly 

degenerate lower levels the effect of SGC  should be 
taken into account, thus the system becomes completely 
phase dependent. 

For such a system, the reduced quantum entropy can 
be used as a measure of the degree of entanglement 
between the atom and its spontaneous emission fields 
[3, 4]. The entropy of the atom and the spontaneous 
emission fields can be defined through their respective 
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reduced-density operators by 

( ) ( ln ), ( , )I I
i i i iS t Tr i a f    . (3) 

The entropy of a general two-component quantum 
system are linked by a remarkable theorem presented by 
Araki and Lieb [25], which states 

( ) ( ) ( ) ( ) ,a f af a fS t S t S S t S t     (4) 

where { ln }I I
af i iS Tr     is the total entropy of the 

atom-spontaneous emission fields system. We assume 
that the atom and the vacuum fields are initially in a 
disentangled pure state, so the total entropy afS  of the 

atom-spontaneous emission fields system is zero. One 
immediate consequence of inequality (4) is 

( ) ( )a fS t S t . Consequently, we only need to calculate 

the atomic quantum entropy ( )aS t  to discuss the 

entanglement of the atom and fields. We can also 
express the Ʌ-type four-level atomic quantum entropy 
in terms of the eigenvalues ( )aj t  of reduced atomic 

density operator by 

4

1

( ) ( ) ( ) ln( ( ))a f aj aj
i

S t S t t t 


   . (5) 

Now, we discuss the atom-photon entanglement only 
by the atomic quantum entropy ( )aS t  given by equation 

(3) and (5).  

Results and Discussion 

In this section, we numerically calculate the 
entanglement between the atom and its spontaneous 
emission fields via equations (2) and (3). The evaluation 
of the quantum entropy is employed to determining the 
quantum entanglement of the atom and its spontaneous 
emission fields. In particular, the effect of quantum 
interference due to the spontaneous emission, i.e. SGC, 
on entanglement of the atom and its spontaneous 
emission fields is then discussed. We assume that the 
atomic system is initially in superposition of upper 
levels 3  and 4 . In addition, we choose 

31 32 41 42         and all figures are plotted in 

unit of  . Quantum entropy  S ta  versus normalized 

time t  is displayed in Fig. 2. From Fig. 2a, we observe 

that for 41 42 0g g  (solid) and 31 32 0g g  (dashed) 

the quantum entropy increases and finally reaches to a 
constant value at the steady state as normalized time 
increases. In fact, for 41 42 0g g 

 
(or 31 32 0g g  ) 

the medium converts to a three level Ʌ-type atomic  

 

 

Figure 2. The time evolution of the atomic quantum entropy 
as a function of normalized time t . The intensity of applied 

fields are (a) 32 1.5g  31 41 420.01 , 0g g g   (solid line), 

41 42 31 321.5 0g g and g g     (dashed line), and (b) 

41 42 32 0.9g g g   (dashed line), 1.2 (dashed-dotted line), 

1.5 (solid line), and 31 0.01 .g   Other parameters are 

41 42 31 32 1        , and 31 32 420, 0.         

 
 

 

Figure 3. The effect of quantum interference induced by 
spontaneous emission on quantum entropy. (a) The parameters 

are 41 42 32 1.5g g g    , 31 0.01g  , 0  (dashed-

dotted), 0.5  (dashed), 1  (solid). Other parameters are 

41 42 31 32 1        , 0   and 31 32 42 0.       
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system, and the results are in a good agreement with the 
obtained results of ref. [15]. The effect of intensity of 
coupling fields on quantum entropy is displayed in Fig. 
2b. In this case the degree of entanglement of the atom 
and its spontaneous emission fields depends on the 
intensity of coupling laser fields. Physically, strong 
coupling fields create strong atomic coherence that 
leads to strong correlation between the atom and fields. 
This may explain the enhancement of entropy by the 
intensity of coupling laser fields. 

It is well known that atomic coherence and quantum 
interference are the basic mechanisms for controlling 
the optical properties of the medium. On the other hand, 
atomic coherence induced by spontaneous emission, i.e. 
SGC, substantially changes the correlation between the 
atom and fields. Here, we investigate the effect of 
quantum interference induced by spontaneous emission, 
i.e. SGC, on behavior of the quantum entropy in Fig. 3. 
We observe that the quantum entropy increase by 
increasing the quantum interference parameter  . So, 

for 1 2 1      the degree of entanglement of the 

atom and its spontaneous emission fields is larger than 

1 2 0     . In fact, the four-level double-Ʌ type 

atom and its spontaneous emission fields are strongly 
entangled due to the quantum interference induced by 
spontaneous emission fields. 

Now, we propose the effect of the relative phase of 
applied fields on entanglement between the atom and its 
spontaneous emission fields. It has already been shown 
that the Ʌ -type three-level atomic system with SGC is 
completely phase dependent, and phase appears in 
equations through parameter   [20]. So, the 

entanglement between the atom and its spontaneous 
emission fields should depend on the relative phase of 
applied fields. The phase variation of the entanglement 
for different values of quantum interference is shown in 
Fig. 4. In the absence of quantum interference, i.e. 0 
, the entanglement of the atom and the fields is phase 
independent Fig. 4a, while for 1   the entanglement 

substantially changes by changing the relative phase of 
applied fields (Fig. 4b). The phase variation of the 
quantum entropy is also displayed in Fig. 4c. We 
observe that for even multiples of  , the atom and the 
fields are strongly entangled, while for odd multiples of 
  the degree of entanglement of the atom and 
spontaneous emission fields is substantially reduced. 
Physically, the change of phase difference between 
applied fields may change the direction of the dipole 
moments; thus it changes parameter  . The parameter 

  may directly affect in the quantum entropies, which 

implies the entanglement of the atom and its  

 

 

 

Figure 4. The steady state atomic quantum entropy as a 
function of normalized time γt for (a) η=0, Δφ=0 (solid line) 

and Δφ=π (dashed line), and for (b) η=1, Δφ=0 (solid line) and 
Δφ=π (dashed line). (c) The venation of steady state quantum 
entropy versus relative phase Δφ for η=1 (solid line), and η=0 

(dashed line). Other parameters are same as Fig. 2. 
 
 

 

Figure 5. The steady state atomic quantum entropy as a 
function of as a function of Δ31 for η=0.99.  

Other parameters are same as Fig. 2. 
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spontaneous emission fields. Frequently detuning has an 
important role in creation the entanglement between 
atom and its spontaneous emission fields. The steady 
state entropy ( )aS t  as a function of 31  is displayed in 

Fig. 5. It can be realized that the degree of entanglement 
between the atom and its spontaneous emission fields 
are substantially decrease for 31 0  . However, around 

zero detuning the atom and the fields are strongly 
entangled. 
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