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Abstract 

We consider Gabor systems generated by a Gaussian function and prove certain 
classical results of Paley and Wiener on nonharmonic Fourier series of complex 
exponentials for the Gabor expansion .  In particular, we prove a version of 
Plancherel-Po ́lya theorem for entire functions with finite order of growth and use the 
Hadamard factorization theorem to study regularity ,  exactness and deficiency of 
Gabor systems. 
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Introduction 
The notion of Gabor transform ,  named after Dennis 

Gabor [7] ,  is a special case of the short-time Fourier 
transform .  Gabor transform and Gabor expansion are 
useful tools for signal processing ,  and recently  are 
heavily studied in Engineering and Applied 
Mathematics   )see for instance [12],  ]18]) . The structure 
of Gabor spaces and Gabor systems in ܮଶ(ℝଶௗ) are 
studied by Abreu [1]  and  Christensen [4].  Borichev et 
al .  [3] studied the stability problem for the Gabor 
expansions generated by a Gaussian function .  In [2] , 
 Ascensi and Bruna proved that the unique Gabor atom 
with analytical Gabor space  is the Gaussian function .   

On the other hand, the theory of nonharmonic 
Fourier series is concerned with the completeness and 
expansion properties of the sets of complex 
exponentials ൛݁௜ఒ೙௧ൟ in ܮ௣[−ߨ,  In 1952 ,  Duffin and  . [ߨ
Schaeffer [5] used frames to study this theory ,  and later 
Young put together many results in his book [19] .  Reid 
[15] proved that if {ߣ௡} is a sequence of real numbers 
whose differences are nondecreasing ,  then the set of 
complex exponentials ൛݁௜ఒ೙௧ൟ is a Riesz-Fischer 

sequence in ܮଶ[−ܣ, ܣ for every , [ܣ > 0.  Jaffard [9] 
investigated how the regularity of nonharmonic Fourier 
series is related to the spacing of their frequencies. This 
is obtained by using "a transformation which 
simultaneously captures the advantages of the Gabor 
and wavelet transforms" [9] . 

In this paper ,  we study nonharmonic Gabor 
expansions. We restate and prove some of the results on 
nonharmonic Fourier series (as reported in the book by 
Young [19]) for Gabor systems instead of sets of 
complex exponentials .  Most of the work can be fully 
understood with elementary knowledge of functional 
and complex analysis.  

Let us introduce the notions and basic results ,  needed 
later in the paper . 

 
Definition 2.1 A sequence {ߣ௡}௡∈ℤ of real or 

complex numbers is said to be separated if for some 
positive number ߝ, ௡ߣ| − |௠ߣ ≥ ݊ whenever ,ߝ ≠ ݉, 
and is said to be symmetric if ିߣ௡ = ݊  ௡ forߣ− ≥ 0. 

 
Definition 2.2  A sequence of vectors {ݔ௡} in a 

normed space ࣲ is said to be complete if its linear span 
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is dense in ࣲ, that is, if for each vector ݔ and each ߝ > 0 there is a finite linear combination ܿଵݔଵ + ⋯ +ܿ௡ݔ௡  such that ‖ݔ − (ܿଵݔଵ + ⋯ + ܿ௡ݔ௡)‖ <  .ߝ
 
Definition 2.3 A sequence { ௡݂} in a Hilbert space ℋ 

is said to be a Bessel sequence if  ෍|〈݂, ௡݂〉|ଶ < ∞,ஶ
௡ୀଵ  

for every element ݂ ∈ ℋ. It is called a Riesz-Fischer 
sequence if the moment problem  〈݂, ௡݂〉 = ܿ௡        (݊ = 1, 2, 3, ⋯ ) 

admits at least one solution ݂ ∈ ℋ, whenever {ܿ௡} ∈ ݈ଶ. 
 
Proposition 2.4 Let { ௡݂} be a sequence in a Hilbert 

space ℋ. Then 
(i) { ௡݂} is a Bessel sequence with bound ܯ if and 

only if the inequality ቛ෍ ܿ௡ ௡݂ቛଶ ≤ ܯ ෍|ܿ௡|ଶ 
holds for every finite sequence of scalars {ܿ௡}, 
(ii) { ௡݂} is a Riesz-Fischer sequence with 

bound ݉ if and only if the inequality ݉ ෍|ܿ௡|ଶ ≤ ቛ෍ ܿ௡ ௡݂ቛଶ
 

holds for every finite sequence of scalars {ܿ௡}. 
 
Remark 2.5  For a sequence { ௡݂} in a Hilbert space ℋ, the moment problem 〈݂, ௡݂〉 = ܿ௡        (݊ ≥ 1) 
has at most one solution for every choice of the 

scalars ܿ௡, if and only if { ௡݂} is complete. 
 
Definition 2.6 For ܿ ∈ ℝௗ the unitary operators ௖ܶ  and ܧ௖ on  ܮଶ(ℝௗ) defined by  ௖݂ܶ(ݐ) = ݐ)݂ − ܿ), (ݐ)௖݂ܧ      = ݁ଶగ௜௖௧݂(ݐ) 
are called the translation and modulation operators, 

respectively. Given a non-zero window ℎ ∈  ଶ(ℝௗ)  andܮ
lattice parameters  ܽ, ܾ > 0, the subset {ܧ௠௕ ௡ܶ௔ℎ}௠,௡∈ℤ೏ of ܮଶ(ℝௗ) is called a Gabor system. 
The system ൛ܧఓ೙ ఒܶ೙ℎൟ௡∈ℤ  with  (ߣ௡, (௡ߤ ∈ ℝଶௗ, 
for ݊ ≥ 1, is called an irregular Gabor system.  A 
Gabor system is exact in ܮଶ(ℝௗ) if it is complete, but 
fails to be complete if we remove any term. 

These systems was first introduced by Gabor in 1946 
for signal processing [7], and they are still widely used. 

 
Definition 2.7 [17, p.138] Let ݂ be an entire 

function. If there exist a positive number ߩ and 
constants ܣ, ܤ > 0 such that |݂(ݖ)| ≤ ݖ)       ஻|௭|ഐ݁ܣ ∈ ℂ), 

then we say that ݂ has an order of growth ≤  We .ߩ
define the order of growth of ݂ as ߩ௙ = inf  ,ߩ

the infimum being over all ߩ > 0 such that ݂ has an 
order of growth ≤  For example, the order of growth .ߩ
of the entire function ݁௭మ is 2. 

The following is the fundamental factorization 
theorem for entire functions of finite order of growth. It 
is due to Hadamard, who used the result in his 
celebrated proof of the Prime Number Theorem. It is 
one of the classical theorems in analytic function theory. 
The canonical factors are defined by ܧ଴(ݖ) = 1 − (ݖ)௞ܧ and ݖ = (1 − ݇ ௭ା೥మ/మା⋯ା௭ೖ/௞, for݁(ݖ ≥ 1. The 
integer ݇ is called the degree of the corresponding 
canonical factor. 

 
Theorem 2.8 (Hadamard Factorization Theorem) 

[17, Th. 5.5.1] Suppose ݂ is entire and has order of 
growth ߩ଴. Let ݇ be the integer with ݇ ≤ ଴ߩ ≤ ݇ + 1. If  ݖଵ, ,ଶݖ ⋯  denote the (non-zero) roots of ݂, then ݂(ݖ) = ݁௉(௭)ݖ௠ ෑ ௞ܧ ൬ ௡൰ݖݖ ,ஶ

௡ୀଵ  

where ܲ is a polynomial of degree ≤ ݇, and ݉ is the 
order of the zero of ݂ at ݖ = 0. 

Definition 2.9 The (Bargmann-)Fock space  ℱ(ℂௗ) 
is the Hilbert space of all entire functions ݂ on ℂௗ for 
which  ‖݂‖ℱଶ = න|݂(ݖ)|ଶ݁ିగ|௭|మ݀ݖℂ೏  

is finite. The canonical inner product on ℱ(ℂௗ) is 
defined by 〈݂, ݃〉ℱ = න ℂ೏ݖതതതതതത݁ିగ|௭|మ݀(ݖ)݃(ݖ)݂  

The Bargmann transform of a function ݂ ∈  ଶ(ℝௗ)ܮ
is the function ݂ܤ on ℂௗdefined by (ݖ)݂ܤ = 2ௗ/ସ න గకమ݁ିഏమ೥మ݁ଶగక௭ℝ೏ି݁(ߦ)݂  .ߦ݀ 

 
Definition 2.10 Fix a function ℎ ∈  ଶ(ℝௗ) (calledܮ

the window function). The Gabor transform with 
respect to the window ℎ is the isomorphic inclusion ௛ܸ: ଶ(ℝௗ)ܮ  ⟶  ,ଶ(ℂௗ)ܮ

defined by 

௛ܸ݂(ݔ + (ݕ݅ = 2ௗ/ସ න ߦ)ℎ(ߦ)݂ − തതതതതതതതതതത݁ିଶగ௜క௬ℝ೏(ݔ  ߦ݀ 

for every ݂ ∈ ,ݔ ଶ(ℝௗ) andܮ ݕ ∈ ℝௗ. The following 
subspace of ܮଶ(ℂௗ), which is the image of ܮଶ(ℝௗ) under 
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the Gabor transform with the window ℎ, ࣡௛ = { ௛ܸ݂ ∶  ݂ ∈  ,{ଶ(ℝௗ)ܮ
is called the Gabor or model space. A simple 

calculation shows that the Bargmann transform is the 
Gabor transform with the Gaussian window ݃(ߦ) =2ௗ/ସ݁ିగకమ in ܮଶ(ℝௗ), defined by 

 
(2.1)    ௚ܸ݂(ݔ − = (ݕ݅ ݁௜గ௫௬݁ିగ|ೣశ೔೤|మమ ݔ)(݂ܤ) +  .(ݕ݅
For more details, we refer the reader to [1, 2, 6, 8]. 
 

Results  
In this section we discuss the fundamental 

completeness properties of the Gabor systems to lay the 
ground for a more penetrating investigation of 
nonharmonic Gabor expansions in ܮଶ(ℝଶ). Our 
guidelines are the fundamental ideas of Paley and 
Wiener [14], applied to the case of complex 
exponentials ൛݁௜ఒ೙௧ൟ over a finite interval of the real 
axis. 

Let {(ߣ௡,   ௡)}௡∈ℤbe an arbitrary countable subset of ℝଶ andߤ
(3.1)     {߮௡(ߦ)}௡∈ℤ                            = ൛ܧఓ೙ ఒܶ೙݃(ߦ)ൟ௡∈ℤ= ൛√2݁ଶగ௜ఓ೙కିగ(కିఒ೙)మൟ௡∈ℤ, 
  
where ߦ ∈ ℝଶ or ℂ ,  be the corresponding Gabor 

system with respect to the Gaussian window ݃ in ܮଶ(ℝଶ) .  If {߮௡}௡∈ℤ is incomplete in ܮଶ(ℝଶ), then the 
closed linear span ℳ  of {߮௡}௡∈ℤ is a proper subspace 
of ܮଶ(ℝଶ) .  By Hahn-Banach Theorem, there exists a 
function ܨ in ܮଶ(ℝଶ) such that ܨ|ℳ = 0 and ܨ ≠ 0 . 
 Riesz Representation Theorem implies that ܨ =  ఝ, forܨ
some ߮ in ܮଶ(ℝଶ)  and  ܨ(ℎ) = ఝ(ℎ)ܨ = න ℎ ߮ ݀ߦ.ℝమ  

 For (ݖ, (ݓ ∈ ℂଶ, take  (3.2)    ݂(ݖ, (ݓ        = √2 න ݁ଶగ௜௪కିగ(కି௭)మ߮(ߦ)݀ߦ,ℝమ  

 then ݂(ߣ௡, (௡ߤ = (௡߮)ܨ = 0, since ܨ|ℳ = 0 .   
 
Remark 3.1  The system (3.1) is incomplete in ܮଶ(ℝଶ) if and only if there exists a nontrivial entire 

function of the form (3.2) in the Gabor space ࣡௚ ,  which 
is zero for every (ߣ௡,   ௡) .  Furthermore ,  sinceߤ

,ݖ)݂  (ݓ = ௚ܸ߮(ݖ, (ݓ− = ݁௜గ௭௪݁ିగ|೥|మశ|ೢ|మమ ,ݖ)(߮ܤ)  ,(ݓ

  
we have  |݂(ݖ, |(ݓ ≤ ‖߮‖ଶ݁ഏమ|(೥,ೢ)|మ. 
  
Theorem 3.2 Let {ߣ௡}௡∈ℤ be a symmetric sequence 

of real numbers .  If the   Gabor system  
 
(3.3)                             ൛√2ర ݁ଶగ௜ఒ೙௧ିగ(௧ିఒ೙)మൟ௡∈ℤ 
is exact in ܮଶ(ℝ) ,  then for ܣ ∈  ℝ,  the product  ݁஺௭మ ෑ ቀ1 − ௭మఒ೙మ ቁஶ

௡ୀଵ ݁௭మఒ೙మ  

converges to an entire function which belongs to the 
Gabor space with Gaussian window in ܮଶ(ℝ) . 

 
Proof. By Remark 3.1, if the system (3.3) is exact, 

then there exists an entire function ݂ in the Gabor space ࣡௚ such that ݂(ߣ௡) = 0, for ݊ ≠ 0, and  ݂(ݖ) = √2ర න ݁ଶగ௜௭௧ିగ(௧ି௭)మ߮(ݐ)݀ݐ.ℝ  

  
Since ݂(ߣ௡) = 0,  for ݊ ≠ 0,   and {ߣ௡}  is 

symmetric ,   ߮(−ݐ) has the same orthogonality 
properties as ߮(ݐ).  But by Remark 2.5, ߮(ݐ) is unique , 
 so ߮(ݐ) must be even .  Hence ݂(ݖ) is even .  Now ݂(ݖ) vanishs only at ߣ௡ with ݊ ≠ 0.   Indeed , if ݂(ݖ) vanishes at ݖ = (ݖ)then the function  ሚ݂  , ߛ = ݖ(ݖ)݂ݖ − ߛ  

would also belong to ࣡௚ and would vanish at every ߣ௡ .  The system (3.3) would then be incomplete in ܮଶ(ℝ) ,  contrary to the hypothesis .  
Let us observe that the function ሚ݂ belongs to ࣡௚ . 

 Since the Bargmann transform is related to the Gabor 
transform by formula (2.1) ,  it is sufficient to show that 
the function ݁௜గ௫௬݁ഏమ൫|ೣ|మశ|೤|మ൯ ሚ݂(ݖ); ݖ         = ݔ +  ,ݕ݅

 
belongs to the Fock space ℱ(ℂ).  In other words ,  we 

must show that the integral  න ݖ|ଶ|ݖ| − ଶℂ|ߛ ቚ݂(ݖ)݁௜గ௫௬݁ഏమ൫|ೣ|మశ|೤|మ൯ቚଶ      ݁షഏ൫|ೣ|మశ|೤|మ൯݀ݕ݀ݔ; = ݖ          ݔ +  ,ݕ݅
is finite .  Since lim௭→ஶ ቚ ௭௭ିఊቚ = 1,  we have ቚ ௭௭ିఊቚ ≤3/2 outside a square ܶ with complement ܶ௖.  Thus, for  ݃(ݖ) =  ௜గ௫௬݁ഏమ൫|ೣ|మశ|೤|మ൯݁(ݖ)݂
 the above integral is no larger than න ݖ|ଶ|ݖ| − ଶ்|ߛ  ݕ݀ݔଶ݁షഏ൫|ೣ|మశ|೤|మ൯݀| (ݖ)݃|
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             +9/4 ׬ ೎்ݕ݀ ݔ݀ ଶ݁షഏ൫|ೣ|మశ|೤|మ൯| (ݖ)݃|  ≤ න ݖ|ଶ|ݖ| − ଶ்|ߛ  ݕ݀ ݔ݀ ଶ݁షഏ൫|ೣ|మశ|೤|మ൯| (ݖ)݃|

+9/4 න ℂ.ݕ݀ ݔ݀ ଶ݁షഏ൫|ೣ|మశ|೤|మ൯| (ݖ)݃|  

In the last expression ,  since ܶ is compact, the first 
integral is finite, and since the function ݃(ݖ) is in the 
Fock space ℱ(ℂ) , so is  the second integral. Next, since  |݂(ݖ)| ≤ ‖߮‖ଶ݁ഏమ|೥|మ, 

 the order of growth of ݂ is 2 ,  and by Hadamard's 
factorization theorem,  ݂(ݖ) = ݁஺௭మା஻௭ ෑ ଶܧ ൬ ௡൰ஶߣݖ

௡ୀଵ= ݁஺௭మା஻௭ ෑ ቀ1 − ௭మఒ೙మ ቁஶ
௡ୀଵ ݁௭మఒ೙మ  . 

Since ݂(ݖ) and the canonical product are both even , ܤ = 0 and  ݂(ݖ) = ݁஺௭మ ෑ ቀ1 − ௭మఒ೙మ ቁஶ
௡ୀଵ ݁௭మఒ೙మ . 

 
This proves the claim and completes the proof.  ∎ 
  
We have the following version of Plancherel-Pólya 

theorem .  We give the proof which is similar to [19 ,  Th . 
 2.16] for the sake of completeness .  

 
Theorem 3.3 (Plancherel-Ṕܗlya). If ݂(ݖ) is an 

entire function of order of growth ≤ ߬ and for some 
positive number ݌ , න|݂(ݔ)|௣ஶ

ିஶ ݔ݀ < ∞, 
then  න|݂(ݔ + ௣ஶ|(ݕ݅

ିஶ ݔ݀ ≤ ݁௣ఛ|௬| න|݂(ݔ)|௣ஶ
ିஶ  .ݔ݀

 
The proof will require two preliminary lemmas . 

Suppose that (ݖ)ݍ is a non constant, continuous function 
in the closed upper half-plane ,  ݖ ݉ܫ ≥ 0 , and analytic in 
its interior .   Let ܽ and ݌ be positive real numbers and put  ࣫(ݖ) = න|ݖ)ݍ + ௣௔|(ݐ

ି௔  .ݐ݀
 It is clear that ࣫(ݖ) is continuous for ݖ ݉ܫ ≥ 0. 

 Since |(ݖ)ݍ|௣ is subharmonic for  ݖ ݉ܫ > 0 (see [10 , 
 p.83]) ,  so is ࣫(ݖ) . 

 

Lemma 3.4 Let (ݖ)ݍ be a function of order of 
growth ≤ ߬ in the half-plane  ݖ ݉ܫ ≥ 0 and suppose that 
the following quantities are both finite : ܯ = supିஶழ௫ழஶ ܰ  and  (ݔ)࣫ = sup௬வ଴  .(ݕ݅)࣫

 Then on this half-plane ,  ࣫(ݖ) ≤ max(ܯ, ܰ). 
  
Proof. Since (ݖ)ݍ is of order of growth ≤ ߬,  there 

exist positive numbers ܣ and ܤ such that  
|(ݖ)ݍ|       (3.4) ≤ ݖ ݉ܫ)   ஻|௭|ഓ݁ܣ ≥ 0). 
 For each positive number ߝ, define the auxiliary 

function  

(ݖ)ఌݍ        (3.5) =  ,ఌ൫ఒ(௭ା௔)൯యమି݁(ݖ)ݍ
  
where ߣ  = ݁ି௜గ/ସ .  The exponent of ݁ in (3.5) has two 

possible determinations in the half-plane  ݖ ݉ܫ > 0; we 
choose the one whose real part is negative in the 
quarter-plane ݔ > −ܽ, ݕ ≥ 0 .  Put  ࣫ఌ(ݖ) = න|ݍఌ(ݖ + ௣௔|(ݐ

ି௔  ,ݐ݀
 which is defined and continuous in the upper half-

plane  ݖ ݉ܫ ≥ 0,  and subharmonic in its interior .  A 
simple calculation involving (3.4) and (3.5) shows that 
in the quarter plane ݔ > −ܽ, ݕ ≥ 0  , 

 

|(ݖ)ఌݍ|        (3.6) ≤  ,஻|௭|ഓିఌఊ|௭ା௔|యమ݁ܣ
 where ߛ = cos |(ݖ)ఌݍ| and  , 8/ߨ3 ≤ (ݖ)Hence  ࣫ఌ  . |(ݖ)ݍ| ≤ ݔ )     (ݖ)࣫ ≥ 0, ݕ ≥ 0), 
 and in particular  
 ࣫ ఌ(ݔ) ≤ ݔ     for     ܯ ≥ 0 
and ࣫ఌ(݅ݕ) ≤ ܰ    for     ݕ ≥ 0. 
 
Let ݖ଴ be a fixed but arbitrary point in the first 

quadrant .  We shall apply the maximum principle to ࣫ఌ(ݖ) in the region Ω = :ݖ} ݖ ܴ݁ ≥ 0, ݖ ݉ܫ ≥ 0, |ݖ| ≤ܴ} ,  choosing ܴ large enough so that (i) ݖ଴ ∈ Ω ,  and (ii) 
the maximum value of ࣫ఌ(ݖ) on Ω is not attained on the 
circular arc|ݖ| = ܴ (this is possible by virtue of (3.6)) . 
 Since ࣫ఌ(ݖ) does not reduce to a constant ,  the 
maximum value of ࣫ఌ(ݖ) on Ω must be attained on one 
of the coordinate axes ,  and  in particular , ࣫ఌ(ݖ଴) ≤ max(ܯ, ܰ). 

 Now let ߝ → 0.  This establishes the result for the first 
quadrant, the proof for the second quadrant is similar . ∎ 

 
Lemma 3.5 In addition to the hypotheses of Lemma 

3.4 ,  suppose that  
(3.7)        lim௬→ஶ ݔ)ݍ + (ݕ݅ = 0, 
 uniformly in ݔ,  for −ܽ ≤ ݔ ≤ ܽ.  Then  
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 ࣫ (ݖ) ≤ ݖ ݉ܫ)ܯ ≥ 0). 
Proof. It is sufficient to show that ܰ ≤  By virtue  .ܯ

of (3.7) , the function ࣫(݅ݕ) tends to zero as ݕ → ∞ ,  and 
so must attain its least upper bound ܰ for some finite 
value of ݕ,  say ݕ = ଴ݕ ଴.  Ifݕ = 0 ,  then  ܰ = (଴ݕ݅)࣫ = ࣫(0) ≤  .ܯ

 If  ݕ଴ > 0 ,  then the maximum principle shows that 
the least upper bound of ࣫(ݖ) in the half-plane ݖ ݉ܫ ≥0 cannot be attained at the interior point ݖ =  .଴ݕ݅
 Therefore ,  by Lemma 3.4 , ܰ = (଴ݕ݅)࣫ < max(ܯ, ܰ), 

 and again ܰ < .ܯ ∎ 
     
Theorem 3.3 now follows.  
Proof of Theorem 3.3 It is sufficient to prove the 

theorem when ݕ > 0 and ݂(ݖ) is not identically zero . 
 Let ߝ be a fixed positive number and consider the 
function  (ݖ)ݍ =  .௜(ఛାఌ)௭݁(ݖ)݂

  
It is easy to see that, for each positive number ܽ ,  the 

functions (ݖ)ݍ and ࣫(ݖ) satisfy the conditions of 
Lemmas 3.4 and 3.5 .  Consequently ,  for ݕ > (ݕ݅)࣫  , 0 ≤ ܯ < න|(ݔ)ݍ|௣ ݀ݔ.ஶ

ିஶ  

 This together with the definitions of (ݖ)ݍ and ࣫(ݖ) 
implies  ݁ି௣(ఛାఌ)௬ න|݂(ݔ + ݔ݀ ௣|(ݕ݅ < න|݂(ݔ)|௣ ݀ݔ.ஶ

ିஶ
௔

ି௔  

 To get the result,  first let ܽ → ∞ ,  then let ߝ → 0.     ∎ 
 
The order of entire function ݂(ݖ), ݖ ∈ ℂௗ, is defined 

as  ߩ = lim sup௥→ஶ log log log(ݎ)ܯ ݎ  

  
where  (ݎ)ܯ = sup|௭|ୀ௥|݂(ݖ)|        is the maximum 

modulus function [11]. The Definition 2.7, given by 
Stein and Shakarchiin in [17] for entire functions of one 
complex variable, could be used for entire functions of 
several complex variables . 

 
Proposition 3.6 Let ݂(ݖ,  be an entire function of (ݓ

order of growth ≤ ߬ and suppose that {ߣ௡} , {ߤ௡} are 
increasing sequences of real numbers such that  ߣ௡ାଵ − ௡ߣ ≥ ଵߝ > 0    

and          ߤ௡ାଵ − ௡ߤ ≥ ଶߝ > 0. 
 
 If for some positive number ݌, 

(3.8)       sup௡ න|݂(ݔ௭, ௭ݔ݀ ௡)|௣ߤ < ∞ஶ
ିஶ       

            sup௡ න|݂(ߣ௡, ௪ݔ݀ ௪)|௣ݔ < ∞,ஶ
ିஶ  

 then  ෍|݂(ߣ௡, ௡)|௣௡ߤ < ∞. 
 
Proof. First ,  using the Plancherel- Pólya Theorem, 

observe that the conditions (3.8) imply that  sup௡ න|݂(ݖ, ௭ஶݔ݀ ௡)|௣ߤ
ିஶ ≤ ݁௣ఛ|௬೥| න sup௡ ,௭ݔ)݂| ௭,ஶݔ݀ ௡)|௣ߤ

ିஶ  

 and  sup௡ න|݂(ߣ௡, ௪ஶݔ݀ ௣|(ݓ
ିஶ ≤ ݁௣ఛ|௬ೢ| න sup௡ ,௡ߣ)݂| ௪.ஶݔ݀ ௪)|௣ݔ

ିஶ  

 Now, since |݂|௣ is pluri-subharmonic ,  the inequality  
,଴ݖ)݂|      (3.9)       ≥ ଴)|௣ݓ ߨ12 න ห݂((ݖ଴, (଴ݓ + ,ߞ) ଶగߠ݀ ௜ఏห௣݁(ߟ

଴  

 
  holds for all values of (ߞ, ߟ Fix  .[16 ,10]  (ߟ = 0 , 

 multiply both sides of (3.9) by ߞ and integrate between 0 and ߜଵ ,   
׬        ,଴ݖ)݂| ఋభ଴ߞ݀ ߞ଴)|௣ݓ   

≤ ߨ12 න න ห݂൫ݖ଴ + ,௜ఏ݁ߞ ଶగ.ߞ݀ ߞ ߠ଴൯ห௣݀ݓ
଴

ఋభ
଴  

Thus |݂(ݖ଴, ଴)|௣ݓ ≤ ଵଶߜߨ1 ඵ ,ݖ)݂| ଴)|௣Ωభݓ  ,௭ݕ݀ ௭ݔ݀
 
where Ωଵ = ,ݖ)} ݖ| :(଴ݓ − |଴ݖ ≤ ߞ ଵ} .  Similarly fixߜ = 0 ,  multiply both sides of (3.9) by ߟ and integrate 

between 0 and ߜଶ ,    
,଴ݖ)݂|  ଴)|௣ݓ ≤ ଶଶߜߨ1 ඵ ,଴ݖ)݂| ௣Ωమ|(ݓ  ,௪ݕ݀ ௪ݔ݀
  
where Ωଶ = ,଴ݖ)} ݓ| :(ݓ − |଴ݓ ≤  ଶ} . Thenߜ
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,଴ݖ)݂|2  ଴)|௣ݓ ≤ ଵଶߜߨ1 ඵ ,ݖ)݂| ଴)|௣Ωభݓ +௭ݕ݀ ௭ݔ݀ ଶଶߜߨ1 ඵ ,଴ݖ)݂| ௣Ωమ|(ݓ  .௪ݕ݀ ௪ݔ݀
  
Now let  Ωଵ௡ = ௡ߣ)} + ,ݖ :(௡ߤ |ݖ| ≤   {ଵߜ
and   Ωଶ௡ = ,௡ߣ)} ௡ߤ + :(ݓ |ݓ| ≤  ,{ଶߜ
then  
 2 ෍|݂(ߣ௡, ௡)|௣௡ߤ  

≤ ෍ ቆ ଵଶߜߨ1 ඵ ௡ߣ)݂| + ,ݖ ௡)|௣Ωభ೙ߤ ௭௡ݕ݀ ௭ݔ݀  

+ ଶଶߜߨ1 ඵ ,௡ߣ)݂| ௡ߤ + ௣Ωమ೙|(ݓ  ௪ቇݕ݀ ௪ݔ݀

≤ ෍ ቆ ଵଶߜߨ1 න න ௡ߣ)݂| + ,ݖ ௭ఋభିఋభݕ݀ ௭ݔ௡)|௣݀ߤ
ఋభିఋభ௡  

+ ଶଶߜߨ1 න න ,௡ߣ)݂| ௡ߤ + ௪ఋమିఋమݕ݀ ௪ݔ௣݀|(ݓ
ఋమିఋమ ቇ 

= ෍ ቆ ଵଶߜߨ1 න න ,ݖ)݂| ௭ఒ೙ାఋభఒ೙ିఋభݕ݀ ௭ݔ௡)|௣݀ߤ
ఋభିఋభ௡  

+ ଶଶߜߨ1 න න ,௡ߣ)݂| ௪ఓ೙ାఋమఓ೙ିఋమݕ݀ ௪ݔ௣݀|(ݓ
ఋమିఋమ ቇ. 

 
 It is clear that the last expression above is no larger 

than    
 ෍ ቆ ଵଶߜߨ1 න න sup௡ ,ݖ)݂| ௭ఒ೙ାఋభఒ೙ିఋభݕ݀ ௭ݔ௡)|௣݀ߤ

ఋభିఋభ௡  

+ ଶଶߜߨ1 න න sup௡ ,௡ߣ)݂| ௪ఓ೙ାఋమఓ೙ିఋమݕ݀ ௪ݔ௣݀|(ݓ
ఋమିఋమ ቇ. 

 
 Now for ߜଵ = ఌభଶ and ߜଶ = ఌమଶ  ,  the intervals (ߣ௡ ,ଵߜ− ௡ߣ +  ଵ) are pairwise disjoint, and the same holdsߜ

for intervals (ߤ௡ − ,ଶߜ ௡ߤ +  ଶ), thusߜ
 2 ෍|݂(ߣ௡, ≥௡)|௣௡ߤ ଵଶߜߨ1 න න sup௡ ,ݖ)݂| ௭ஶݕ݀ ௭ݔ௡)|௣݀ߤ

ିஶ
ఋభିఋభ  

+ ଶଶߜߨ1 න න sup௡ ,௡ߣ)݂| ௪ஶݕ݀ ௪ݔ௣݀|(ݓ
ିஶ

ఋమିఋమ . 
  

We conclude that  
 2 ෍|݂(ߣ௡, ≥௡)|௣௡ߤ ଵଶߜߨ1 න ቆ݁௣ఛ|௬೥| න sup௡ ,௭ݔ)݂| ௭ஶݔ௡)|௣݀ߤ

ିஶ ቇఋభିఋభ  ௭ݕ݀

+ ଶଶߜߨ1 න ቆ݁௣ఛ|௬ೢ| න sup௡ ,௡ߣ)݂| ௪ஶݔ௪)|௣݀ݔ
ିஶ ቇఋమିఋమ = ௪ݕ݀ ଵܤ sup௡ න ,௭ݔ)݂| ௭ஶݔ௡)|௣݀ߤ

ିஶ ଶܤ+  sup௡ න ,௡ߣ)݂| ௪ݔ௪)|௣݀ݔ < ∞ஶ
ିஶ , 

 
where  ܤଵ = ,݌)ଵܤ ߬, ଶܤ ଵ) andߝ = ,݌)ଶܤ ߬,  ∎                   . (ଶߝ
 
Remark 3.7 In the above proposition ,  if we replace 

the conditions (3.8) by  න න ,௭ݔ)݂| ௪)|௣ஶݔ
ିஶ

ஶ
ିஶ ௪ݔ݀ ௭ݔ݀ < ∞ 

   
the interior integral is finite everywhere except on a 

null set. If we use Fubini to change the order of 
integration, we get a null set for the integral against the 
second variable. If we know that none of ߣ௡ 's  and ߤ௡'s  
lie in these null sets, the conclusion still holds. 

 
Theorem 3.8  If {ߣ௡}௡∈ℤ and {ߤ௡}௡∈ℤ  are separated 

sequences of real numbers such that 0 ≤ ௡ߣ ≤ 1 and 0 ≤ ௡ߤ ≤ 1, for each ݊,  then the Gabor system (3.1) 
forms a Bessel sequence in ܮଶ(ℝଶ) .  If  ∑ |ܿ௡|ଶ௡ < ∞ , 
 then the Gabor expansion  

 ෍ ܿ௡݁ଶగ௜ఓ೙కିగ(కିఒ೙)మ௡  

converges in mean to an element of ܮଶ(ℝଶ) . 
 
Proof. If ߶ ∈ ଶ(ℝଶ) then the inner product  ܽ௡ܮ = 〈√2݁ଶగ௜ఓ೙కିగ(కିఒ೙)మ,  ;〈(ߦ)߶
 is just the value ݂(ߣ௡, ,ݖ)݂  ௡) of the entire functionߤ (ݓ = √2 න ℝమ(ߦ)߮ ݁ଶగ௜௪కିగ(కି௭)మ݀ߦ; =(ߦ)߮       , തതതതതത(ߦ)߶
in the Gabor space ࣡௚ and ݂ is of order of growth 2. 

 We have  
           sup௡ න|݂(ݔ௭, ௭ஶݔ݀ ௡)|௣ߤ

ିஶ                     ≤ 2௣ଶ ܯ௣݁గ 
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න ቎න ݁ିଶగ൫௫഍ି௫೥൯మ
ℝ కݔ݀ න ݁ିଶగ൫ห௬഍หିଵ൯మ݀ݕకℝ ቏௣ଶஶ

ିஶ ௭ݔ݀   < ∞, 
and similarly sup௡ න|݂(ߣ௡, ௪ݔ݀ ௪)|௣ݔ < ∞.ஶ

ିஶ  

  Therefore ݂ satisfies the conditions (3.8) and by 
Proposition 3.6, we have  ෍ห〈√2݁ଶగ௜ఓ೙కିగ(కିఒ೙)మ, หଶ〈(ߦ)߶ = ෍|ܽ௡|ଶ௡௡ = ෍|݂(ߣ௡, ௡)|ଶ௡ߤ < ∞. 

 
Thus the Gabor system (3.1) forms a Bessel 

sequence in ܮଶ(ℝଶ).  The second part follows from the 
first one by Proposition 2.4 .                                              ∎ 

 
Paley and Wiener showed in Theorem XLII of [14] 

that whenever 
 lim௡→±ஶ(ߣ௡ାଵ − (௡ߣ = ∞, 
for a sequence of real numbers {ߣ௡} , the exponentials 

are weakly independent over an arbitrarily short 
interval : ∑ ܽ௡݁௜ఒ೙௧ = 0 only when all coefficients ܽ௡ 
are zero . The next lemma states a similar statement for 
the set of complex exponentials replaced by the system 
(3.3). Here l.i.m. is used to show the limit in mean-
square in ܮଶ. The proof is almost identical to that of 
Paley and Wiener.  

 
Lemma 3.9 Let no ܽ௡ vanish ,  ∑ |ܽ௡|ଶஶିஶ  converges , 

 and let  
 ⋯ < ௡ିߣ < ⋯ < ଵିߣ < ଴ߣ < ଵߣ < ⋯ < ௡ߣ < ⋯ 
such that  lim௡→±ஶ(ߣ௡ାଵ − (௡ߣ = ∞. 
Let  ݂(ݐ) = ݈. ݅. ݉.ே→ஶ ෍ ܽ௡݁ଶగ௜ఒ೙௧ିగ(௧ିఒ೙)మ;ே

ିே  

  over every bounded range .  If ݂(ݐ) is equivalent to 
zero over any interval (ܽ, ܾ) then ݂(ݐ) is equivalent to 
zero over every interval ,  and all the coefficients ܽ௡ 
vanish .  

 
Now we want to show that if the separation of the ߣ௡ 's is big enough then the system (3.3) is a Riesz-

Fischer sequence . 
 
Theorem 3.10 Let {ߣ௡} be a sequence of real 

numbers whose differences are non-decreasing and 
satisfy  ෍ ௞ାଵߣ)1 − ௞)ଶߣ < ∞. 

 
Then the Gabor system (3.3) is a Riesz-Fischer 

sequence in ܮଶ(ℝ) . 
 
Proof. We adapt the proof of [15 ,  Th .  1] .  By the 

second part of the Proposition 2.4, we have to show that 
for all finite sequences of scalars {ܿ௡}  and some 
constant ݉ > 0 , (3.10)     ݉ ෍|ܿ௡|ଶ ≤ ቛ෍ ܿ௡ √2ర ݁ଶగ௜ఒ೙௧ିగ(௧ିఒ೙)మቛଶ. 

 Using ܿ to denote an ݈ଶsequence {ܿଵ, ܿଶ, ⋯ } , the 
above  inequality (3.10) is the same as  〈ܿܩ, ܿ〉௟మ〈ܿ, ܿ〉௟మ ≥ ݉, 

 where the ݈ଶ operator ܩ is the Gram matrix of the 
members of the Gabor system (3.3) .  It is to be shown 
that the eigenvalues of finite subsections of ܩ are 
bounded away from zero ,  which in turn  follows from 
these two conditions : 

ݒܩ (1) = 0 implies ݒ = 0 ,  for every ݈ଶ sequence ݒ. 
ܩ (2) = ܫ +  . is a compact operator ܯ where ,ܯ
  
The first condition is satisfied by Lemma 3.9 .  To 

verify condition (2), observe that the entries of ܩ = ܫ are  ݃௡௠ ܯ+ = √2 න ݁ଶగ௜(ఒ೙ିఒ೘)௧ିగ(௧ିఒ೙)మିగ(௧ିఒ೘)మஶ
ିஶ  .ݐ݀

 
 Now ܯ can be shown to be compact by showing that 

its Schmidt norm is finite .  Since ܩ is symmetric ,  it 
suffices to show that  ෍ ෍ ݃௡௠ଶஶ

௠ୀ௡ାଵ
ஶ

௡ୀଵ < ∞. 
 The sum is bounded above , ෍ ෍ ݃௡௠ଶஶ

௠ୀ௡ାଵ
ஶ

௡ୀଵ = 2 ෍ஶ
௡ୀଵ  

෍ ൭ න ݁ଶగ௜(ఒ೙ିఒ೘)௧ିగ(௧ିఒ೙)మିగ(௧ିఒ೘)మஶ
ିஶ ൱ଶஶݐ݀

௠ୀ௡ାଵ  

≤ 2 ෍ ෍ ൭ න ݁ଶగ௜(ఒ೙ିఒ೘)௧ஶ
ିஶ ൱ଶஶݐ݀

௠ୀ௡ାଵ
ஶ

௡ୀଵ  

= 2 ෍ ෍ lim஺→ஶ ቌ න ݁ଶగ௜(ఒ೙ିఒ೘)௧஺
ି஺ ቍଶஶݐ݀

௠ୀ௡ାଵ
ஶ

௡ୀଵ  
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≤ ଶߨ2 ෍ ෍ ௡ߣ)1 − ௠)ଶஶߣ
௠ୀ௡ାଵ

ஶ
௡ୀଵ  

< ଶߨ2 ෍ ෍ ௡ାଵߣ)1 − ݉)௡)ଶߣ − ݊)ଶஶ
௠ୀ௡ାଵ

ஶ
௡ୀଵ , 

 
 where (ߣ௠ − (௡ߣ ≤ ௡ାଵߣ) − ݉)(௡ߣ − ݊) follows 

from the assumption that differences are non-
decreasing .  Letting ݇ = ݉ + ݊,  one concludes that  

 ෍ ෍ ݃௡௠ଶஶ
௠ୀ௡ାଵ

ஶ
௡ୀଵ < 13 ෍ ௡ାଵߣ)1 − ௡)ଶߣ < ∞,ஶ

௡ୀଵ  

   
establishing the result .                                           ∎ 
 
Theorem 3.11 Let  ݂(ݖ) = න ଶగ௜௭௧ିగ(௧ି௭)మஶ݁(ݐ)ߙ

ିஶ  ,ݐ݀
where ߙ ∈ (ߤ)݂ ଶ(ℝ) .  Ifܮ = 0 and ݃(ݖ) = ௭ିఒ௭ିఓ    , (ݖ)݂
 
then there exists a function ߚ in ܮଶ(ℝ)  such that  (3.11)    ݃(ݖ) = න ଶగ௜௭௧ିగ(௧ି௭)మஶ݁(ݐ)ߚ

ିஶ  .ݐ݀
 Moreover , (3.12)  (ݐ)ߚ = (ݐ)ߙ + ݅)ߨ2 + ߣ)(1 − ଶగ௜ఓ௧ାగ(௧ିఓ)మି݁ (ߤ න ௧,ݏଶగ௜ఓ௦ିగ(௦ିఓ)మ݀݁(ݏ)ߙ

ିஶ  

almost everywhere on ℝ . 
 
Proof. To motivate the proof ,  let us suppose that ݃(ݖ) is in fact representable in the form (3.11) ,  and try 

to deduce (3.12) .  If (3.11) holds ,  then  1ݖ − ߤ න ଶగ௜௭௧ିగ(௧ି௭)మஶ݁(ݐ)ߙ
ିஶ ݐ݀

= ݖ1 − ߣ න ଶగ௜௭௧ିగ(௧ି௭)మஶ݁(ݐ)ߚ
ିஶ  .ݐ݀

The trick in solving for (ݐ)ߚ is to transform each of 
these integrals by first rewriting  ݁ଶగ௜௭௧ିగ(௧ି௭)మ 

as  
 ݁ ଶగ௜௭௧ିగ(௧ି௭)మ =݁ଶగ௜(௭ିఓ)௧ାଶగ௜ఓ௧ିగ(௧ିఓ)మାగ(௭ିఓ)(ଶ௧ି௭ିఓ). 
 
and then integrating by parts .  When this is done ,  the 

result is  

ݖ1 − ߤ න ଶగ௜௭௧ିగ(௧ି௭)మஶ݁(ݐ)ߙ
ିஶ ݐ݀

= න ଶగ௜௭௧ିగ(௧ି௭)మஶ݁(ݐ)ଵߙ
ିஶ  ,ݐ݀

 
 with  ߙଵ(ݐ)= = −2(݅ + ଶగ௜ఓ௧ାగ(௧ିఓ)మି݁ߨ (1 න ௧ݏଶగ௜ఓ௦ିగ(௦ିఓ)మ݀݁(ݏ)ߙ

ିஶ , 
and  1ݖ − ߣ න ଶగ௜௭௧ିగ(௧ି௭)మஶ݁(ݐ)ߚ

ିஶ ݐ݀
= න ଶగ௜௭௧ିగ(௧ି௭)మஶ݁(ݐ)ଵߚ

ିஶ  ,ݐ݀
 with  ߚଵ(ݐ) = −2(݅ + ଶగ௜ఒ௧ାగ(௧ିఒ)మି݁ߨ (1 න ௧ݏଶగ௜ఒ௦ିగ(௦ିఒ)మ݀݁(ݏ)ߚ

ିஶ . 
It follows that ߙଵ(ݐ) =  almost everywhere (ݐ)ଵߚ

on ℝ,  and so  
 ݁ଶగ௜(ఒିఓ)௧ାగ(ఒିఓ)൫ଶ௧ି(ఒାఓ)൯ න ௧ݏଶగ௜ఓ௦ିగ(௦ିఓ)మ݀݁(ݏ)ߙ

ିஶ  

= න ௧ݏଶగ௜ఒ௦ିగ(௦ିఒ)మ݀݁(ݏ)ߚ
ିஶ . 

 
To obtain (3.12) ,  differentiate both sides of this 

equation with respect to ݐ .  Now simply observe that all 
of the above steps are reversible ,  that is, ߚ ∈  ∎ .ଶ(ℝ)ܮ

 
Remark 3.12 A similar result holds when ݂ is of the 

form  ݂(ݖ) = න ݁ଶగ௜௭௧ିగ(௧ି௭)మஶ
ିஶ  ,(ݐ)ߙ݀

and ߙ is of bounded variation on ℝ,  only now  ݃(ݖ) = න ݁ଶగ௜௭௧ିగ(௧ି௭)మஶ
ିஶ  ,(ݐ)ߚ݀

 with   ݀(ݐ)ߚ = (ݐ)ߙ݀ + ߣ)݅ߨ2 − ଶగ௜ఓ௧ାగ(௧ିఓ)మି݁ (ߤ න ݁ଶగ௜ఓ௦ିగ(௦ିఓ)మ݀(ݏ)ߙ.௧
ିஶ  
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Corollary 3.13 The completeness of system (3.3) is 

unaffected if one ߣ௡ is replaced by another number . 
Nowak [13] showed that the deficit of the regular 

Gabor system generated by ℎ ∈ ,ܽ ଶ(ℝௗ) andܮ ܾ > 0 is 
either zero or infinite, if the system is a Bessel sequence 
in ܮଶ(ℝௗ) .  The next result on the deficit of the irregular 
Gabor system (3.3) is proved as in [19 ,  Th .  4.6] .  Here 
we give the proof for the sake of completeness . 

 
Theorem 3.14 If {ߣ௡} is a separated sequence of real 

numbers such that  ߣ௡ାଵ − ௡ߣ > 1;    (݊ = 0, ±1, ±2, ⋯ ) 
then the Gabor system (3.3) has infinite deficiency in ܮଶ(ℝ) .   
 
Proof. Let ܰ be a fixed but arbitrary positive integer . 

 If ܭ is large enough ,  then we can replace  ߣ଴, ,ଵߣ ⋯ ,  ௄ߣ
 by  ߤ଴, ,ଵߤ ⋯ ,  ,௄ାேାଵߤ
 
so that the resulting sequence ,  relabeled {ߤ௡} , 

 satisfies  inf௡ ௡ାଵߤ) − (௡ߤ > 1. 
 By Theorem 3.10 there is a function ߮ ∈  ଶ(ℝ)  suchܮ

that  න (ݐ)߮ √2ర
ℝ ݁ିଶగ௜ఓ೙௧ିగ(௧ିఓ೙)మ݀ݐ = ൜1   ݂݅   ݊ = 0,0   ݂݅   ݊ ≠ 0. 
Thus the system  ൛√2ర ݁ଶగ௜ఓ೙௧ିగ(௧ିఓ೙)మ: ݊ ≠ 0ൟ 
is incomplete in ܮଶ(ℝ) ,  and we conclude by the 

above corollary that the deficiency of the system in ܮଶ(ℝ) is at least ܰ.              ∎ 
 

Conclusion 
In this paper, certain known results on nonharmonic 

Fourier expansions are proved for Gabor systems. 
Hadamard Factorization and Plancherel-Pólya theorems 
are used to get results about the entire functions of finite 
order of growth in the Bargmann-Fock space. 
Completeness and deficiency of Gabor systems are 
studied. 
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