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Abstract

Let S be a commutative (not necessary unital) inverse semigroup with the set of
idempotents E then #1(S) is a commutative Banach #!(£)-module with canonical
actions. Recently, it is shown that the triangular Banach algebra

r=["O

M
£1(S)

is (n)-weakly ¢1(£)-module amenable, provided that M = #1(S) and S is unital or E
satisfies condition D, for some k € N. In this paper, we show that T is (2n + 1)-
weakly #1(£)-module amenable, without any additional conditions on S and E, if M is a

certain quotient space of £1(S).

Keywords: Inverse semigroup; Triangular Banach algebra; First module cohomology group; Weak
module amenability; (n)-weak module amenability.

Introduction

Let A and B be Banach algebras, and M be a Banach
A, B-module, that means, M is a left Banach 4-module
and right Banach B-module. Then

T = Tri(A,B,M) = {[a T:]:a €AbeEBmE M}.
considered with the usual operations associated with

2 x 2 matrices and the Banach space norm
a m

11 ]Il = el + imll = 1Bl becomes a Banach

algebra which is called a triangular Banach algebra.

This class of Banach algebras was studied by Forrest

and Marcoux in [1]. They have researched the
permanent weak amenability ofa type of Banach

algebra known as triangular Banach algebras in [2].
They consider the cases where 4 and B have units and
M is unital A4, B-module, and show that the weak
amenability of T is tantamount to the weak amenability
of the corner Banach algebras 4 and B.

The concept of weak module amenability for
Banach, was presented in [3]and was shown for
commutative inverse semigroup S, the semigroup
algebra £1(S) is always weakly amenable as a module
over the semigroup algebra £1(E) of its subsemigroup
E of idempotents. Also, Bodaghi ef al, in [4] researched
permanent weak module amenability of £1(S). The first
author and Pourabbas in [5] and Bodaghi and Jabbari in
[6] extended this result and proved that £1(S) is
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(2n + 1)-weakly module amenable and (n)-weakly
module amenable (n € N) as an #1(E)-module,
respectively.

In [7], the first author and Pourabbas have
studied the weak module amenability of triangular
Banach algebras. They confirmed Forrest and
Marcoux's results correctly, for weak module
amenability instead of weak amenability (See also [8]).
As a consequence, the proved that, the triangular
Banach algebra Tri(£1(S), £1(S),£1(S)) is weakly
£1(E)-module amenable, when S is commutative and
£1(S) is as an £ (E)-module with the following actions:
G5 0o =0, 05 =0, %8s = ¢ (s€S,e €E),

where 85 and §, are the point mass at s €S and
e € E, respectively. This result was improved by
Bodaghi and Jabbari in [6]. Indeed, they showed that
Tri(£1(S), £1(S), #1(S)) is (n)-weakly £1(E)-module
amenable (n € N), when the idempotent set £ satisfies
condition D), for some k € N.

Let S be a discrete, commutative and not
necessarily unital inverse semigroup and £ be the set of
its idempotent elements. Let M, be the closed linear
span of {8,; — 8,: ecE, seS} in £1(S) and set M =
£1(8)/M,. In this paper, we consider
T = Tri(£1(S), M, #1(S)) as an F-module and I'-
module and show that the first order module
cohomology group of T with coefficients in 7?1 is
trivial. In other words, we show that T is (2n + 1)-
weak T-module amenable and (2n + 1)-weak T'-
module amenable, without any additional conditions on
Sand E.

Preliminaries and Notations

Let A and U be Banach algebras and A4 is a Banach
A-module with compatible actions. Let X to be a
Banach space and both A-module and UA-module, with
compatible actions (for more details see [3], [4], [5], [6],
[7], [8] and [9]). In this case we call X is a Banach U-A-
module. If a-x=x-a(a-x=x-a) (e eWac
A,x €X), then we call X is a (bi-commutative)
commutative Banach 2-A-module.

If X is a (commutative) Banach 2-A-module,
then so is X*, when the action A and U on X* are
considered by
(@a- ) =flx-a), (a-Hx)=f(x-a) (a€
Wa€eAfeX, xeX),

and the same for the right actions. Therefore, if 4 is
a commutative Banach 2-module, then A and the its
dual space are also commutative Banach U-A4-modules.

An U-module map D:4A — X is called an UA-
module derivation if

D(ab)=a-D(b)+D(a)-b (a,b € A).
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Note that, D:A — X is bounded if there exists a
constant M >0 such that ||D(a)|| <M |lal|, for each
a € A. Although D may be nonlinear, but because D
preserves subtraction, its boundedness implies its norm
continuity.

When X is a commutative Banach 2-A-module,
any x € X defines an inner U-module derivation as
follows

ad,(a)=a-x—x-a (a €A,

If X is a bi-commutative Banach U-A-module, then
each inner Y-module derivation is zero. We application
the notation Zg(A4,X) for the set of all U-module
derivations D: A — X and By (4, X)for those which are
inner. The first order A-module cohomology group with
coefficients in X is denoted by Hgy (A4, X) which is the
quotient group Zg (4, X)/Ba (4, X).

Definition 1.1. An U-module amenable Banach
algebra is a Banach algebra A such that, Hy (A, X*) = 0,
for any commutative Banach 2U-A-module X.

Definition 1.2. A weak U-module amenable Banach
algebra is a Banach algebra 4 such that, Hy (4, A") = 0.

Let 2, A and B be Banach algebras such that both
A and B are Banach 2-modules with compatible actions
and let M is a left Banach A-module and a right Banach
B-module (That being said M is a Banach A, B-module).
Furthermore, let M be commutative Banach U-A-
module and commutative Banach 2-B-module (See [6],
[7] and [8]). Let
T=ﬁiMBJD=ﬂa ?}aeAbeRmeM}
considered with the usual 2 x 2 matrix addition and
o a m
formal multiplication and the norm ||[ b ] ” =
llall4 + |Ibllg + llm]ly is a Banach algebra. We call this
algebra the triangular Banach algebra. Since, as a

Banach space, T is isomorphic to the ¢-sum of A, B
and M, it is clear that T7* = A" @y M* Py B* =
AT M* _[a m

[ B*]' Suppose that t = [ b] €T and
Y= [f ‘Z] € T*. Then the action of 7" upon T is
give by Y(t) = f(a) + g(m) + h(b). With a little
calculation we understand that, module action T on
T *are as follows:

t'll}:([a-f+m-g b-g)

b'g
([ | | )
g.m+h.b

Let A be a Banach algebra. We define
={* |ecuj=u

and

1,0 .
()
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That is, T = Tri(A, A, 0), so T is a Banach algebra.
The triangular algebra T with the usual 2 X 2 matrix
product is a T-module, but is not commutative I-
module and so we need additional conditions.
Throughout we will drop the sign - to show the module
actions.

Definition 1.3. A discrete semigroup S is called an
inverse semigroup if for each s € S there is a unique
element s* € S such that ss*s = s and s*ss* = s*.
We call e € S an idempotent if e = e* = e?. The set
of idempotent elements of S is denoted by E.
Throughout this paper, we consider S is a commutative
inverse semigroup with idempotent set E. In this case
£1(S) is a commutative Banach ¢1(E)-module with the
following actions

85+ 8¢ = 8¢ 65 = 8¢ * 05 = es (2)

where dgand 6, are the point mass at s €S and
e € E, respectively. Also, throughout this paper, we will
assume that that M, is the closed linear span of {§,5 —

8s: eeE, seS }in £1(S), where M = %(OS). Suppose
T = Tri(€1(S), M, £1(S)) = {[a 'I:‘] .a,b €
£(S),m € M},
I =

JP

T = {[“ /)’] ‘a,B € €1(E)} ~ ¢1(E) @ ¢'(E).

In this case 7" is a commutative T-T"-module and
F'-T-module with the actions (1). For every m € M
there exists m € £1(S) such that m = p(m) = [m],
where p: £1(S) —» M is the canonical map. Then T is a
commutative T-module and I'-module with the
following actions

L B

a] ‘a€ fl(E)} ~ P1(E),

ol

-1
a
e -
[aa [c;rf]] [ab [m]'[ ﬁ] [aa ,Bm]
’ b
[aFo[rm]]all [a a]e T, [a B]Ei{’ and
eq7.
b

By induction, on n € N U {0}, we find that the T-
bimodule actions on T @™+ are formulated as follows:
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" i
for all [a [1;1]] € 7 and [¢ :Z] € T@n+1),

(2n+1)-Weak module amenability
Tri(£1(S), M, £1(S)) as an €1 (E)-module

In this section, we examine the conditions in which
T is (2n + 1)-weak module amenable as an T-module.
To clarify the relation between (2n + 1)-weak -
module amenability 7 and (2n + 1)-weak #1(E)-
module amenability #1(S), we need the following
lemma. The proof of the next lemma is elementary and
left to the reader (compare with [7, Lemma 1.1]). Before
that, we need to be reminded that the maps
Ty, : TEVD — £1(S)@™*D) are projection maps on

arrays. Indeed,
9
and T ( D =
4 l/) w

i

([¢ 1‘2] € T@n+D)y).

of

Lemma 2.1. Let D: T — T@*D be a continuous
¥-module derivation and define D; and D,: £1(S) —
{)1(5)(2""'1) by

Dl(a):=ﬂ1<D([a g])) and
b,y =m(0([° ) G

Then D; and D, are ¢'(E)-module derivations.
Conversely, if Dy and Dy € Zp (1(S), £1(S)@n+D)
and D;,: T — T @D is defined by

D1s ([a TZLD - [Dl(a) D4(b)]
then D,, € ﬂ(E)(fl(S) £1(S)@™D), Furthermore,

D4 is inner if and only if D; and D, are inner.

Lemma 2.2. Let D: T — 7@+ be g continuous
T-module derivation. Then

o™ SD=1° 3 @
o[ o) =" ®
o s)-1" ©®

for each e € E and some y € M@+1),
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Proof: We first prove by induction on k € N that
P5, =D =d5, (PeM® xeE). 7)
We proceed by induction on k. For k=1, let
¢ € MM = M*, since M* = Mg,

(96 — d)(8s) = d(0xs — 65) =0,

for every s € E. From linearity and continuity, we
see that (7) works for k = 1, since S is commutative.
Assume that (7) holds for every k > 2. Let ® € M+
and x € E, by the induction hypothesis,

D6, (P) = P(6:¢) = P(P) = P(Pp6,) = 6,P(),

for every ¢ € M), Therefore, 5, = ® and (7) is

0]_
8.1

] and D is an T-module derivations,

)
proven. To prove (4), let e € E. Since [ ¢

s

sl =2( )

o
Therefore, D<[ 6]) [0 0] By Lemma 2.1,
o G- Gl=[0 ] o som

Ye € M@ and 9, € £1(S)@"*+1D ., By the observation,

o[ D=2 ol )

it follows immediately that
o 8 71 )
0 0 0
Since D is additive,
o sD=e (™SI 3
O, 0
=[* 7l

To complete the proof, we need to show that y, =
¥x, for all x €E. To this end, let x € E. Since

o[ pl)=o(* SI[*
[0 Vegyx]=[0 yegyx][(se ch]
gl o

—ny)c?e] +[0 5x(ye0— Vx)]

0
6x])’ so we have

=[0 (e

(By)
0 20y, — yx)]
0 .

Therefore, y, = .

O

Lemma 2.3. Let D: T — 7@ be a continuous
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T-module derivation and y € M@V be as in Lemma
2.2. Then, for every e € E,

D ([0 [%]D _ [—[69]1’ y[ge]]' &

Proof: Let D ([0 [%]D _ [Ze ze] R
The equality 0 5 o o ;

implies t[hat 0 ] i [ 0 ] [ 6@]’

o|” = el

From this and
[68]] = [5“’ 0] [0 [691], we conclude that
0 0 0

o([* )= [_[Se]y [?se]]'

Lemma 2.4. Let D: T — TG be a continuous
T-module derivation. Then there exist Di,D, €
2;1(5)@1(5),fl(S)(Z”“)) and y € M@ D guch that

using

[0

D([(SS g]) [91(55) y6] o
b ([0 OD - [ D4(55)] (10)
([ %)= y[?gs]]’ (11

for every s € S.
Proof: Let D; and D, be as in Lemma 2.1 and
¥y € M@™*1D be as Lemma 2.2. For arbitrary s € S, let

([5 0]) [D1(6) ijT(Z"“).Sincess*eE,
from (5) and (7), we get
o> D=2 oll* ol
_[0 7v][8 O], [0 O][P2(8) ¥s
| =0][L yg]] +[[6D0!5[> 0 2
[5ss*D1(5) Y65
[D1(5) V5]

This proves (9). To prove (10), let D ([0 (?D -
S

HUs Ys ) . )
[ D4(65)]' Using (6) and (7), since ss* € E, we

o o g L)

o[’
_ [Ms Vs

[0 0“0 m(&)“ 6s*s+
)
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=" o)l

- [ D4(5s)]
Finally, by (8) and (10) * ] [

of[* D=2( *

o
2

— [_[655*]V ] [0 ]
SS
> )
0 D4(6$
— [0 0 ] [ [655*]55)/ 0] +
V[SSS*](SSS* 0
_ [—[55]1/ 0 ]
jaea
Therefore (11) is also proved and this complete the
proof. o

Now it's time to present the main result of this
section which shows that the conclusion of [7, Lemma
1.1 and 1.2] and [6, Proposition 4.2], holds for the
triangular Banach algebra T = Tri(¢1(S), M, ¢1(S))
without any conditions on commutative inverse
semigroup S.

Theorem 2.5. Let D: T — 7 @™ be a map. Then
D € Z1(T, 7@+ D) if and only if

D ([a [T;l]]) _ [Dl(a) = [mly

(12)

for some D;,D, € Z{,1(E) (£1(S), £1(S)@* D) and
y € M@n+D_ Furthermore, D is inner if and only if D,
and D, are inner.

ya — by
D,(b) +y[m])

Proof: To start proving, consider
D € Z1(7,7(@n*D), then by Lemmas 2.1 and 2.4, there
exist y € M@t and

D,,D,€Zp w0 &), £1(S)@n*+ 1) such that (12) holds
for point masses. Since the linear combinations of point

masses are dense in £1(S), it is enough to show that D is
linear. To do this, let s € S and A € C, then

o™ D=2 (™ s, ] D
P LR
=[5 o (> g
= ([ 5 ][ 8])(

=m([> )

Similarly, D is linear on other arrays. The converse
and the last part follow from Lemma 2.1 and the
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observation that
D = D14_ - ad[() y].

Indeed, for [a [22]] eET,
o PO

o[ 7))

IR o R
(" 1)-
adjo g]([a ) g

Using Theorem 2.5, we have the next result
which will allow us to describe the first order module
cohomology group Hi (T, T @) of T.

Theorem 2.6. Let T = Tri({’1 (S), M, £1(S)). Then
}[Z (T T(2n+1)) {’1(E) (fl(S),fl(S)(er—l)) @
€ ® ({)1 (S),{’l (S)(2n+1))'

Proof: Let D € 21 (7T,7@™D). By Theorem 2.5,
there exist #!(E)-module derivations D;,D, €
1{,1(15)(?1(5) £1(S)+ DY) and y € M@™+D guch that
(12) is valid.

Consider the map:
r: zi(7,70m0) — Fpr ey (£1(5), £ (S)P™D) @ s ) (£1(S), £1(H)ED)

D B (Dy+ By (£1(5), 1)), Dy + By (£1(5), £1(5)™) )

Clearly, I' is additive. Let D € 23 (7,7 @"D) and
A € C. Since projection maps on arrays are linear, for
every a € £1(S), we have

(), (@) =m @ ([¢ ) =
amy( ([ g]))=,101(a).

This shows that [AD], (a) = AD;. Similarly, we have
[AD],(@) = AD,. Thus, I’ is linear. That
I' is surjective follows from Lemma 2.1. Next by
Theorem 2.5, we get
D € BL(T,7%"*V) & Dy, € BL (T,73n+D)
& Dy, Dy € By i (£1(S), £1(5)™HD)
< D € KerT.

Therefore, B: (7,7 ?"*D) = Ker I'. By elementary
linear algebra theory, we have
Z%(T, T(2n+1))

1 2n+1)) — 7
HZ(T,T n ) - B% (T,T(2n+1))
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B Z% (T, T(2n+ 1))
a Ker I’

H i gy (£1(S), £ ()™ V) @
Hpi gy (£2(S), £1(HE™V). o

(2n+1)-Weak module amenability
Tri(£1(S), M, £1(S)) as an €' (E) @ €' (E)-module
In this section, we consider S, My, M and T as
the previous section and we study the first module
cohomology groups H: (7,7 @"*V), where n € N and

T = {[“ /)’] .a,B € fl(E)}z 01(E) @ £1(E).

In this case, we get similar results:

of

Lemma 3.1. Let D: T — T@n+1) be continuous
T'-module derivation. Then, for every s € S,

o[> o) =>4l

[° D%”]:g
o([* SD=1° o

[r;l]] €T

b ([a [rg]]) N [Dl(a) D40(b)]’
where D; and D, are defined by (3).

Proof: For s €S, let D ([65 8]) = [

Since D is T'-module map, we have
O o
0 0 0
ol S L)
0 0

g

and for every [a

D1 (65) gj '

_[BrDi 8
_ [P ] ’

0
So (15) is true. Similarly, we can prove that (16) is

true. Now, let D ([O [%S]D = [,us )9/5,,] By reuse
S

from actions (2), we have

o[ D =e (>l T )

= oo ” D b
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— [655* 0] [:u;, ]/s”] [0 0
0 95” 55*5
— [Sss*ys” O] [0 0
- 0 65*5
_ [0 0].
0

So (17) is true. Finally, similar to the Lemma 2.4,
since D is additive and continuous, on the other hand
functions of finite support are dense in £1(S) and every
function of finite support is linear combination of point
masses, (18) is true. O

Lemma 3.2. Let D:T — T@™D be T'-module
map and D; and D, define by (3). Then D;,D, €
z;l(E)(fl(S),191(5)(2““)) if and only if D€
Z%r (T T (2”“)). Morevere
Dl,D4eB}l(E)(fl(S),191(5)(2”“)) if and only if
D € By/(7,7@m0),

Proof: The proof is the same as that of Lemma 2.5.
o

Theorem 3.3. Let S, 7 be as the above and I’ =~
¢1(E) @ ¢*(E). Then
7'[}1(5)69{1(5)(7'7(2“1)) =
7_[{)11(5) (fl (S), fl (S)(2n+1)) @
H i ) (£1(S), £1 () +D),

Proof: Let D € ZL/(7,7@D). By Lemma 3.1,
there exist £1(E)-module derivations D; and D, such
that

o([* 5D il

Consider the map:

r: zy (7,7@") — Hji gy (€1(S), £2(S) D) @ H ) (£1(S), €1 (S)™+D)

D o (Dy o+ Bl (£1(9), £1()ED), Dy + B (£1(5), £1(5)2™V) )

The same as that proof of Theorem 2.6 we can show
that ' is linear and surjective with Ker [l =
y:2 (7,7@+D) and

‘{H-Il’ (T,T(2n+1)) ~ :}_[[11(5) (#1 (S), fl(s)(2n+1)) ®
H i ) (£1(S), £1(S)D). o

Results and Discussion

Our main destination in this section is to show that
the first module cohomology groups Ha(7T,T#n+1)
and M (7,7 3™*D) are zero which means, (2n + 1)-
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weak T-module amenability and (2n + 1)-weak T'-
module amenability of the triangular Banach algebra T,
respectively, without any additional conditions for
commutative inverse semigroup S.

The first author and Pourabbas in [5, Theorem
2.4], showed that £1(S) is always (2n + 1)-weakly
£1(E)-module amenable; see also [3] and [4]. Thus, as a
consequence of Theorem 2.6, we have the next result.
Compare with [7, Example 2.3] and [6, Example 1].

Corollary 4.1. For every commutative inverse
semigroup S, }[%(T,T(Zr‘“)) = 0; or in other words
T is (2n + 1)-weak T-module amenable.

Finally, by Theorems 2.6 and 3.3, we have the
next results:

Corollary 4.2. For every commutative inverse
semigroup S,

}[Il (T,T(2n+1)) — :H‘Ill (T,T(2n+1)).

Corollary 4.3. For every commutative inverse
semigroup S, Ho (7,73 1) = 0 and so Tis (2n +
1)-weak £1(E) @ #*(E)-module amenable.

The question that can naturally be asked at the
end is: Under which conditions, 7 is permanently
weakly module amenable?
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