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ABSTRACT. In this paper some new hyperoperations are introduced in a dif-
ferent context and analyzed. The setting is as follows. In the place of the
membership function p : U — [0, 1], we have a function A from a finite uni-
verse H to a totally ordered set < V; <>. Finally one determines a necessary
and sufficient condition on a hypergroup < H;o > such that it may be con-
sidered as the join space associated with a fuzzy set < H;pu >.

1. Introduction

The concept of algebraic hyperstructures, which is a generalization of that of
algebraic structure, started with Martys paper [17] and then itwas developed by
many researchers. They used it in different contexts: algebraic functions, rational
fractions, noncommutative groups. At the beginning, general aspects of the theory,
connections with group theory and different applications in geometry have been
studied. In the last decades, many connections between hyperstructures and other
branches of mathematics were considered, leading to applications in geometry, hy-
pergraphs, binary relation, combinatorics, artificial intelligence, automata, rough
and fuzzy sets. The book [3] is surveys of the theory of algebraic hyperstructures
and their applications. After the introduction of the concept of fuzzy set, various
connections between fuzzy sets and algebraic structures have been established and
studied. In 1971, Rosenfeld defined the fuzzy subgroup of a group, which led to a
new area in the abstract algebra and its applications. Ameri and Zahedi in Iran
[1] have extended this connection for constructing a new hyperstructure associated
with a group G, which under suitable conditions is a hypergroup and moreover a
join space. Another topic on the relations between hyperstructures and fuzzy sets,
was introduced by P. Corsini in Italy; he associated a join space with a fuzzy set [4]
and a fuzzy set with a hypergroupoid. Relations between Fuzzy Sets, Rough Sets
and Hyperstructures, had been already considered, see [4], [5], [6], [7], [8], [9], [10],
[12], [15], [16], [22]. Now, in this paper some new hyperoperations are introduced
in a different context and analyzed.

IReceived: ***; Revised:***; Accepted: ***
Key words and phrases: ***
This paper has been done by M.U.R.S.T. support

1
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2. Main Results

We shall suppose in the following U to be a non empty finite set, A to be a
function from U to a totally ordered set < V, <>. We shall denote, for V(x,y) € U?

A(z) V A(y) the maximum between A(z) and A(y),
A(z) A A(y) the minimum between A(z) and A(y).

81. We consider the following hyperoperations 7, ..., 74 and we shall analyze their
properties.
Let be V(a,b) € U?

m) a§b ={zeU|Ax) < Aa) v A(b)}
m) asb={y €U | Aly) = A(a) v A(b)}
1) aSh={u el | Aw) < Afa) A A(b)}
) a§b: {veU|A()> Ala) A A(b)}

Theorem 2.1. (1) The hypergroupoids (n1), (n2), (n3), (n4) are associative.
(2) (m), (m2), (n3), (na) are endowed with identities.
(3) (m), (na) are hypergroups.

Proof. (1) We can remark that V(a,b, c) € U® we have

(aéb)éc :{er|ﬁ(m)gﬁ(a)vﬁ(b)vﬁ(c)}zaé(béc)
(a8b)5c ={yeU|A(y) = Ala) vV A(bB) V A(c)} =as(bSe)
(a§b)§c :{zeU|Z(z)zﬁ(a)AZ(b)AZ(c)}=a§(b§c)
(a§b)§c :{ueUM(u)gﬁ(a)Aﬁ(b)Aﬁ(c)}:a§(b§c)

(2) Set
20 : A(zo) = min{A(z) | z € U}
z1: A(zy) = max{A(z) |z € U}
We have clearly that z( is an identity for both < U; é > and < U; é >. xp 1s an
identity for both < U; § > and < U; § >.
(3)V(a,b)erehaveaEaébanda€a§b. O

Theorem 2.2. (1) U coincides with the set of identities of < Us; é > and <
U; 5 >.

A
(2) The set of identities of < U; § > is A7t A(zg). The set of identities of < U; § >
is A~LA(z1).

(3) < U; § > and < U, § > are reqular reverstble hypergroups.
(4) < U, 5 > and < U, § > are not hypergroups.
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Proof. 1) Indeed Vx € U, Yu € U, we have
A(z) < A(z) V A(u), A(z) > A(z) A A(u)

< >
WhencexExou,xExou.
\% A

2) Set z € A(zo), v € A(x1), z € U. Then

A(z) = A(z) V A(z) whence z € xéz
A(z) = A(z) A A(v) whence z € x§v.
On the other hand, if y ¢ A(xo) we have xo ¢ zo éy

It follows that y is not an identity for (). Hence A~1A(zo) = EZ = the set of

identities of (172). By a similar proof one sees that A~*A(z1) = EX.
3) It follows from (1).

4) < U; é > < U; § > are not hypergroups.
Indeed, if A(b) < A(a),  does not exist such that b € aéx that is A(b) >

Al@) Vv A®@). o N
Similarly, if A(b)>A(a), y does not exist such that A(b)<A(a) A A(y), that is
a€b§y. O

Definition 2.3. I. We call quasi—join space a commutative semi-hypergroup which
satisfies the condition (j): a/bNc¢/d #0 = aodNboc# 0.

II. We call semi-join space a semi-hypergroup which satisfies the condition (j).
Theorem 2.4. < U, é >, < U; § > are join spaces, < U, 5 >, < U; § > are

semi-join spaces.

Proof. Set V(a,b) € U?

aANb=q if and only if A(a) < A(D)
aANb=1>b ifand only if A(b) < A(a)
aVb=qa ifand only if A(a) > A(D)
aVb=>b ifand onlyif A(b) > A(a)

Follows A(a Ab) = A(a) A A(b), A(aV b) = A(a) V A(b).
(e1) Set (a,b,c,d) € U, y = a A c. We have
y<a<aVd whence yEaéd
y<c<bVc whence yebéc
So aédﬂ béc # (). Hence < U; é > by (3) Theorem 2.1(3), is a join space.
(e4) By a similar proof one sees that a V¢ € a ;dﬁ b§c. So, by Theorem 2.1(3),

> ..
< U; ° > is a join space.



4 P. Corsini

(e2) Set z € a/bN¢/d. Then
ac b§x ={z| A(z) > A(b) V A(z)} and
ce d§x ={z| A(z) > A(d) v A(z)}

Follows

AlaVc) = Ala) V Ac) > A(b) vV A(d) v A(z) > A(b) V A(d).
Hence
A(aVe) > Aa) V A(d)  whence aVee aéd

A(aVe)> Ab)V A(c) whence aVee béc.

Therefore < U, § >, by Theorem 2.1, is a quasi-join space.
(e3) By a similar proof one sees that if in < U;§ >, a/bNc/d#D then a A c €

aéd N b§c # (). Therefore < U; § > is by Theorem 1.1, a semi-join space.

(Il
82. We consider now, in a context which generalizes, to the totally ordered set
< V; <>, the notion of factor space, new hyperoperations which extend to this
setting the hyperoperation < 6 > defined in §1 of [8].
We shall use the same notations utilized in [14] and in [8].
Let f: U — X(f) be a factor of a description frame (U, C, F), o € C' a concept
and A : U — V the extension of . Let 77{ be the hyperoperation defined in U:

afévb = {a | Alx) < f(A)(f(@) v FA)(F())}

and let ng , 77:1; , nf: be defined analogously.
Since |U| < xo, there exist ag, by such that

fAf@) =\ A(u) = A(ao), f(A)f(b) = A(bo)
f(w)=f(a)

< > > < .
Theorem 2.5. < U; o > < U; o > < U; o > < U; o > are semi-
v fv A A

hypergroups. < U; fg >, < U; fg > are hypergroups.
v A

Proof. (61) It follows by the above remark and by Theorem 2.1(1),

s c).

V(a,b,c), (a févb) févc = {x | A(x) < A(ao) V A(bo) V A(co)} = afév 33

By a similar proof one sees that also < 5 >, < S >, < o > are associative.
v A A
(02) Va, set xq such that A(xg)=max{A(u) | f(u)=f(z)}. Set (a,b) € U?. If we
set x = b, since A(b) < A(bg), whence A(b) < A(ag) V A(zg), we have b € afgvx,

so < U; fé > is a hypergroup. By a similar proof one sees that < U, fg > is a
v A

hypergroup. O
Theorem 2.6. < U, fé >, < U, fg > are join Spaces.
v A
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Proof. Set y = a A ¢ where
y=a if and only if g(ao) < AV(CO)

y=c ifandonlyif A(co) < A(ao)

So
cither A(y) < A(ag) < A(ag) V A(dg) whence 1y € afé d
\%
or Aly) < A(co) < A(bg) V A(co)  whence y € bfgvc
It follows

asdnbsc.
fv fv
Therefore, by Theorem 2.1, < U; fg > is a join space. By a similar proof one sees
\

that < U; fg > is a join space. (Il
A

Remark 2.7. We have V(z,y) € U?,
(i)wz Cadyandz SyDady, zoydadsyandaroyCa o
fvy vy f\/y \/y’ /\y f/\y /\y fAZ‘/'
(ii) the above inclusions become equalities if f is an injection.
Proof. (i) Indeed, we have f~1f(A) D> A that is
Yue U, A(u)< \/ A).
fw)=f(u)

(ii) Follows from Prop. 18 ch. 3 [14]. O

Now, let us suppose the extension of a € C is not known, but the extension
representation of the factor f, that is the function B(f): X(f) — V is known.

Then we have the feedback extension of « with respect to f, B(f)-f:U — V and
we can define the following hyperoperations in U:

') @ Sy="{=] BUU) < BU@) v BAT )}
m!) & y="{z| BU)((=) = B @) A B W)}

We can define also in X(f), the following ones: V(a,b) € X(f) x X(f)
m’) a®b={ce X(f) | BU)e) < B)(@) v B)®)

nf)a®b*&%iﬂ)IéﬁﬂdzéﬁwaEUXM}
and analogously to Theorem 2.1, n;,f , n;f , 71; , n;,f . As in Theorems ?7 one can
prove

Theorem 2.8. n;f,...,n;f, nlf,...,n4f7 are associative. < U, f<§ >, < U; f>o> >,
v A

< > .
< X(f); )@ >, < X(f); }X) > are join spaces.
v v
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83. Let (U,C,F) be a description frame and let A be the extension of a concept
a€eC. Let f,g be in F and let us suppose f A g =0. Let us denote Vh € F, zoy

} |

the hyperproduct denoted xSy in §1 [8],

x%yz{uA [ VooAw, VAW

h(u)=h(z) h(v)=h(y)

Let us define Yu € U, V(z,y) € U?
plu) = (f v g)~ (1177 F(A) N (1577 9(A))(w)
(for notations, see Z’heorem 1.14, ch. 3, [14]),
(a1) @ o y={z]A(2) € [p(x) Ao(y) p(@) Ve(u)]}-
By [14], Theorem 1.14, ch.3, we have o(u) = f(A) f(u)Ag(A)g(w), so az) ¢(u) =

( \V ﬁ(u'))A( \V Z(v')).
fu)=f(u) g(v)=g(u)

_ Since U is finite, there are xo, yo, x1, 41 in U such that F(A)(z) = A(zo), F(A)(y) =
Ayo), 9(A)(z) = z1, g(A)(y) = y1, that is

Vo AW =A@\ AW) = Aly)
fw)=f(z) fv)=£(y)
VoA =A@), Al = Aw)

g(s)=g(z) g(t)=g(y)

It is possible to suppose

(i) A(o) < A(yo),

By a1) and as), we obtain
2o y={z] A(2) € [A(wo) A A1) A Alyo) A Alyn),

fvg
(A(0) A A(21)) v (A(yo) A Alyn))] }
We have
Theorem 2.9. V(z,y), z o y=zoy if and only if
fvg !

0) Vz € H, A(z) < A(z)
Proof. We have indeed, by (6),
v oY= {z | A(2) € [A(z0) A Alyo), Alwo) V A(yo)]}
It follows N
z o y={z]A(z) € [A(0), A(yo)]} = zoy.
fvg f
On the converse, let us suppose

V(z,y) € H?>, z o y==zo
(2,9) 0=y
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and by absurd, let us suppose that 3z € H such that
A(z1) < A(zp).
Then we have
Zoz= {w| Aw) = A(z0)}

z 0 z={v| A(v) € [A(20) A A(z1), (A(20) A A(21)) V (A(z0) A A(21))]} =

fvg
= {v| A(v) € [A(21), A(z1)]} = {v | A(v) = A(=1)}

which is different from z? z since 21 ¢ z? z. ]

84. Let < H; R;u > be a rough fuzzy set where R is an equivalence on H, u €
[0,1]#, Vx € H, denote by R(x) the equivalence class of z.

Vz € H set
pe () = inf{pu(s) [ s € R(x)}
p*(x) = sup{pu(s) | s € R(x)}.
V(x,y) € H? set

v o y={2€H | p(2) N pa(y) < pa(2) p7(2) < 7 (2) V 17 () }-

Theorem 2.10. (i) We have x o y = U R(z)
Rpy

pox (@) A (Y) S s (2)
n¥(z)vp*(y)>p*(2)

(i) < S > is associative, whence < H; S > is a hypergroup.
o o

Proof. (i) It is enough to remark that if z € oy, from z’'Rz, it follows p.(z") =
m
pi(2), p*(2") = p*(2), whence
(@) A ply) < ('), pt(2') < (@) Vot (y).

(ii) We clearly have
(@ob)oc= U R(z)=a o (bo c).

Rp R Ru ' R
weo A e (@) At (B) Agie () S (2) peo SR
(Vi (D) ()3 ()

Moreover < H; 0 > is a quasi-hypergroup since V(z,y) € H?, {z,y} C z o y.
n n
[l

Now, let us set:

a2 b={z]p.(a) Ap.(b) < p(2) < p*(a) v " (b)}-

Remark 2.11. The hyperoperation < Ré > is not generally associative.
n

It is enough to consider the following example:

Let H = {1,2,3,4,5,6,7,8} be endowed with the equivalence R defined by the
partition

Ay ={1,2}, As ={3,4}, A3 ={5,6}, Ay ={7,8}
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and with the membership function p: p(1) = 0,2
0,3; pu(5) = 0,05; u(6) = 0,15; p(7) = 0,07; (8
p*(1) = 0,45 1. (3) = 0,15 p*(3) = 0,3; pu(5) =0
(7)) = 0,24.

s (2) = 0,45 p(3) = 0,1; u(4) =
) = 0,24. We have p.(1) = 0,2;
,05; 1 (5) = 0,15; p.(7) = 0,07;

50 5=1{573,6}, 50 8=1{573,68, 50 3=1{53,7,8,6,4,1},
Ru Ry Ry

506 1=1{56,7,81,3,2}

Rp

It follows

(505)08—{5736841} 5o(5&>8):H.
Ry Ry~ Rp

Theorem 2.12. < H; B(? > is an H,—group (see [23]).
L

Proof. Indeed, ¥(z,y,z) € H® we have xlg y D {z,y} and moreover {z,y,z} C
"
G . O
(fﬂlg y) o AN e (ylgMZ)

§5. Now, let (I, <) be a totally ordered set.
Theorem 2.13. Let m = {A;}ier be a partition of a set H. Let us define

9) V(x,y)€A], zoy = Ai, if i<j €A, y€Aj, zoy= [J As
™ ™
i<s<j

Then < H;o > is a hypergroup.
From Theorem 1.13 we obtain

Theorem 2.14. For every function p : H — I such that Vo € H, p~‘p(x) =
A(x), the hypergroupoid defined

V(z,y) € H?, Toy = {2 | (@) Ap(y) < p(z) < plz) vV op(y)}

s a join space which coincides with < H;o >.
Soif I = p(H) C [0,1], < H;o > is the join space associated with the fuzzy set
< Hj;p>.

Definition 2.15. We call < H;o > a I-pr—hypergroup, if a partition
m = {A;}ier of H exists, which satisfies (9).

Theorem 2.16. A hypergroup < H;o > is the join space associated with a fuzzy
set if and only if it is an I-pr-hypergroup with I C [0,1].

Proof. Tt follows by a similar proof to that of Theorem 1.4, §4 [4], from Theorem
1.14 and from Theorem 1.3, §2 [5]. O

Theorem 2.17. Let < Hl;? >, < HQ;S > be pr-hypergroups and let {A;}icr,
{Bj}jes be the partitions of Hi and Hy which define the structure of the two hy-
pergroups. Then Hy x Hy endowed with the partition m = {A; X Bj}(; jyerx 5, by
0), a pr-hypergroup, where I x J is the lexicographic product of I and J.
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Let < T /3\ >, < T é > be hypergroups such that a function exists f : T — I

(where < I; <> is a totally ordered set), so that, setting Vael, Ap,={z€l | x > a},
B, ={yeI|y<a}, wehave

> _ _
voy=f"HAsw) U (Arw)
< _ _
w0y =f""(Brw) N (Byy)

Theorem 2.18. The hyperstructures < T, § > and < T; é > are join spaces.

Proof. The proof is similar to that of Theorem 1.4. By the same way for the
following (Il

Theorem 2.19. Set
> _ _ < _ _
v9y =7 Asa) NI Apw) 20y = 7 Brw) U I Brw)-

> < o
The hyperstructures < H; ° >, < H; ° > are quasi—join spaces.
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